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MULTIVARIATE SYSTEMS ANALYSIS

Duane Wolting
Hewlett-Packard Company

8020 Foothills Blvd.
Roseville, CA 95678

ABSTRACT

In many engineering applications, a systems analysis is performed to study the effects of
random error propagation throughout a system. Often these errors are not independent, and
have joint behavior characterized by arbitrary covariance structure. The multivariate nature
of such problems is compounded in complex systems, where overall system performance is
described by a q-dimensional random vector. To address this problem, a computer
program was developed which generates Taylor series approximations for multivariate
system performance in the presence of random component variablilty. A summary of an
application of this approach is given in which an analysis was performed to assess
simultaneous design margins and to ensure optimal component selection.

KEY WORDS:  Systems Analysis, Error Propagation, Uncertainty Analysis.

INTRODUCTION

Consider a system whose performance is characterized by Y, a vector in q-dimensional
space, Rq. Let X be a p-dimensional vector. Let M be a q-dimensional array of real-valued
functions of X such that

Y = M (X) (1)

Here, M determines the functional behavior of the system in response to X. The
components of X are taken to represent all salient influences on system performance.
These may be from external sources or from internal system characteristics.

Let S(q) represent a region in Rq We define two states of the system, corresponding to
acceptable and unacceptable performance. If Y is in S(q), then system performance is
acceptable; otherwise system performance is unacceptable. Now assume that S(q) is
constructed of q individual performance requirements, one for each component of Y, and
that these requirements are given independently of one another. We can express S(q) as



S(q) = S1 x S2 x ... x Sq (2)
where Sj is the individual performance requirement for the jth component of Y.

If all the components of X are known fixed quantities, the problem of assessing system
performance reduces to that of evaluating M(X), and comparing the result with S(q). In
such situations, the accuracy of the assessment is influenced only by the model M. In
performing a systems analysis however, we want to know the net effect of random
variability in X on overall performance Y. Thus X is a random vector, and the systems
analysis problem becomes that of determining the probability, Pa, that system performance
is acceptable. If Y is a continuous random vector, then

(3)

where f(y1,...,yq ) is the probability density of Y.

Sometimes, when M is an array of simple functions, and when the distribution of X is
known (including its parameters). The task of generating the distribution of Y is straight
forward, and can be done without resort to either numerical approximations or the
computer. In such cases, the integration over S(q) can be done either directly or
numerically. In many settings however, M is sufficiently complex so as to preclude closed-
form derivation of the distribution of Y. In fact, in many applications an explicit expression
for M may not even be available. For example, Y may be a function of X which is
determined by the solution to a set of simultaneous non-linear differential equations, and is
available only in the form of a numerical solution. Under these circumstances, the problem
of evaluating Pa via derivation of the density of Y is considered intractable.

APPROACH

As one approach to this problem, expand Equation (1) in a multivariable Taylor series
about µx , the mean of X. Truncating the series to first order yields

(4)

where fj (X) = jth multivariate function in the array M, evaluated at X,

Xi = ith component of X,



= mean of Xi,

and gji = first partial derivative of f. with respect to Xi

   taken about the mean of X.

This expansion assumes that the functions which make up M are continuously
differentiable in the region of interest. Now let G be a q x p matrix which contains all the
first partial derivatives of M with respect to X, evaluated at µx . That is let

(5)

Then
µy Ñ M (µx) (6)

and Gy Ñ G Gx G
t (7)

where µy is the mean vector of Y, Gy is the covariance matrix of Y, and Gx is the
covariance matrix of X. When the components of Y are linear combinations of the
components of X, then Equations (6) and (7) hold exactly. Otherwise, they represent first-
order approximations for the mean and covariance of Y.

In order to make practical use of Equations (6) and (7) in gauging system performance, we
first define a basis of orthogonal unit vectors (u1 , ..., uq )

t, where Yt.u j = Yj . If we assume
Y is multivariate normal, then the q univariate marginal densities of Y are normal. We can
then construct q simultaneous prediction intervals, Bj (1!"/2) ; j=1,...,q, where

(8)

Here µy and Gy are given by Equations (6) and (7), respectively, and z("/2q) defines the
upper (1!"/2q) x 100th percentile of the standard normal distribution. Clearly, P[(Yt.uj) ,
Bj(1!"/q)] = 1 ! "/q. Then, from the Bonferroni inequality, we know that

(9)



approximately. Thus Equation (9) defines q simultaneous Bonferroni intervals for system
performance. The probability that all the components of Y fall into their corresponding
Bonferroni intervals is at least ~(1!"). We can therefore conclude that Pa is at least 1!",
provided the errors of approximation are small, and Bj(1!"/q) f Sj for j = 1,...,q.

Note that the converse is not necessarily true. It is conceivable that one such interval may
fail to be contained by its performance interval, yet P(Y , S(q)) $1!". On the other hand,
use of Equation (9) offers at least an approximate method for addressing the performance
issue in the affirmative. We know that if all the Bonferroni intervals are contained by the
system performance requirements, then the joint probability of acceptable system
performance is not less than ~(1!").

IMPLEMENTATION

A computer program was developed to perform the calculations necessary to evaluate
Equations (6), (7), and (8). The program, called MSAP (Multivariate Systems Analysis
Program), is general nature, and has been designed to allow the user to tailor it to a variety
of situations. The program structure is shown schematically in Figure 1. Input to the
program consists of 1) the dimension p, of X, 2) the mean vector and convariance matrix
for X, 3) the dimension q, of Y, and 4) the name of a user-defined subprogram which
computes the system performance vector, given numerical values for X. The program
computes the approximate mean vector for Y, and generates numerical approximations for
the qp first partial derivatives of Y with respect to X, evaluated at µx . These data are then
used to construct the q simultaneous Bonferroni prediction intervals for system
performance, as defined by Equation (8). A summary of the input and output data are
printed.

The program was written in BASIC 2.1 on a Hewlett-Packard Series 200 personal
computer.

CASE STUDY

As part of a recent development effort, MSAP was used to analyze the cumulative effect
of component variability in a network of electronic components. The network in question
is part of the touch-screen system for a personal computer. While it is not the purpose of
this paper to present a detailed summary of the design of this system, a brief description of
the principle of operation is useful for understanding the systems analysis problem
presented.



Figure 1.  Multivariate Systems Analysis Program

The touch screen system consists in part of an array of pairs of optoelectronic devices,
located around the periphery of the CRT seen by the user. Each pair consists of an infrared
emitter and a phototransistor. The emitter is located at one end of the screen, with the
phototransitor at the opposite. In this arrangement, each pair comprises either a horizontal
or vertical channel, depending on its location. There are q channels in all. The emitter in
each channel converts electrical energy into light, which is transmitted through a medium
to the phototransistor at the opposite edge of the screen. When a user touches the screen,
the light beam for one or more of the vertical channels is interrupted, as is one or more of
the horizontal channels. The resulting change in output levels for the affected channels is



then used to determine the location of the interrupt. This enables the computer to “sense”
where the user is pointing on the screen.

In a preliminary characterization of this system, the designer developed a simple model, in
which channel performance is the product of three factors: 1) emitter efficiency, 2)
phototransistor efficiency, and 3) transmittance of the medium separating the components.
Using this model, it was possible to provide numerical values for channel performance
which when combined, defined the region of satisfactory system performance. For
purposes of this analysis, Sj = (1.00, 4.00); j=1,...,q.

The systems analysis problem can now be stated as follows: given that the three channel
factors cited earlier are subject to random manufacturing variablity, determine a lower limit
for Pa the joint probability that all q channels will perform satisfactorily. Here, q = 51.

Using the approach outlined, we let X2j!1 denote the emitter efficiency for channel j, and
X2j the phototransistor efficiency for channel j. We will assume that the realization of
transmittance is a constant for all q channels, but may vary randomly from system to
system. Thus we let X2q+1 denote the transmittance. Equation (1) then becomes

(10)

where Yj denotes the performance of channel j ; j=1,...,q. Based on engineering estimates
and sample data, the components of the mean vector of X were

E(X2j!1) = 1.23 , (11)

E(X2j)   = 2.09 , (12)

and E(X2q+l) = 0.85 . (13)



The mean vector for X in this case has p = 2q+l components and is simply composed of q
multiples of E(X2j!1) and E(X2j), plus E(X2q+l). Thus,

= [E(X1), E(X2),..., E(X2j!1), E(X2j),..., E(X2q+1)]
t (14)

The elements of the covariance matrix of X were

Var(X2j!1)  = .0231 , (15)

Var(X2j)    = .0231 , (16)

and Var(X2q+l) = .0025 . (17)

None of the data available suggested the presence of non-zero off-diagonal elements in the
covariance matrix of X. Thus,

Cov(Xi ' ,Xi ' ') = 0 for i' = 1,...,2q+l; i ' '= 1,...,2q+l ; i ' … i ' '. (18)

Note that even though the components of X are linearly uncorrelated in this problem, the
approach does allow for the case where the off-diagonal elements of Gx are non-zero. In
general, the components of X need not be statistically independent.

The Table presents the output obtained from MSAP for this problem, including the
approximated mean and covariance of Y, the elements of the first order sensitivity matrix,
G, and the resulting Bonferroni prediction intervals for system performance. Although Gx

has no non-zero off-diagonal elements, Gy does. This is due to the common appearance of
X2q+1 in each of the q functions in M. The prediction interval for the performance of a
typical channel, (1.03, 3.34), was contained by the channel performance requirement
interval, (1.00, 4.00). Thus the probability that all 51 channels perform at satisfactory
levels simultaneously is not less than 0.95, approximately. The selection of components
described here was optimal in this sense: the resulting µx and Gx represented the best
choice for maximizing Pa without incurring other difficulties, given the available alternates.



Table.  System Performance Summary

Components of the Mean Performance Vector, µy:

E(Yj) = 2.19         (j = 1,2,...,q)

Elements of the 51 x 51 Covariance Matrix of Y, Gy:

Var(Yj)      = 1.24E!01

Cov(Yj,Yj') = 1.65E!02    (j ' = 1,2,...,q ; j…j ')

Elements of the 51 x 103 sensitivity matrix G:

gj,2j!1 = 1.77,    gj,2j = 1.05,     gj,2q+l = 2.57

Simultaneous Bonferroni Intervals for Yj,  (" = .05, q = 51):

Bj(1!"/2q) = (1.03, 3.34)

SIMULATION RESULTS

The results of two Monte-Carlo simulation studies which were performed to evaluate the
effectiveness of the approach are presented in Figures 2 and 3. Each Figure depicts 100
simulated observations on two typical components of Y, Yj ' and Yj ' ', where j ' = 1,...,q ;
j ' ' = 1,...,q ; j ' … j ' '. Each simulated observation was determined by generating a random
observation on X, where X is a random vector with mean defined by Equation (14) and
covariance matrix defined by Equations (15) through (18). The components of X generated
in this manner were then used in Equation (10) to compute the components of a simulated
observation on Y. In each case, the mean and covariance of X were identical to the values
used to construct the Bonferroni prediction intervals in MSAP. An ellipse showing the
0.95 probability contour of the joint density of Yj ' and Yj ' ' is also plotted, invoking the
multivariate normality assumption and using the approximated values for µy and Gy. In
each Figure, 96 of the 100 simulated observations are contained by the ellipse. This was
typical of results obtained in repeated simulations of the system. In 1000 simulated
observations where X was multivariate normal, the ellipse contained 95.3% of the
observations. Similarly, in 1000 simulated observations where the components of X were
uniformly distributed, the ellipse contained 95.9% of the observations. The simulation
results suggest that the multivariate normality assumption is a reasonable one in both
cases.

The region formed by the intersection of Bj ' (1!a/q) and Bj ' ' (1!a/q) is also shown. This
region is actually representative of the intersection of all 51 intervals in R51, projected onto
the two-dimensional subspace spanned by uj ' and uj ' ' . It fully surrounds the ellipse in both



cases, since all 51 components of Y are contained by their corresponding Bonferroni
intervals simultaneously with joint probability at least 0.95.

Recent production experience with this product has been consistent with the results of the
systems analysis performed for this measure of overall performance. In manufacturing test,
where any defective channels are detected and corrected, system yield rates at initial
turnon have exceeded 95%. Continuous efforts are underway to improve the levels of
component and system quality, with the goal of 100% acceptable channel performance at
initial test.

CONCLUSION

Experience with the application presented indicates that the procedure outlined would offer
a practical approach for handling a variety of problems of this type. It would be especially
useful in systems where many simultaneous performance requirements must be met, and
where the components of performance are not independent. The approach is quite flexible.
It requires few distributional assumptions for the sources of variability in the system, and
will accommodate random vectors of arbitrary dimension and covariance structure.
Implementation of the procedure is straightforward.
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Figure 2. N = 100 Simulated Observations an (Yj ',Yj ' ').
(Components of X Normally Distributed.)

Figure 3. N = 100 Simulated Observations on (Yj ',Yj ' ').
(Components of X Uniformly Distributed.)


