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ABSTRACT

Demonstration results are presented for a high dynamic GPS receiver. The receiver tested
is a breadboard unit capable of tracking one simulated satellite signal in pseudorange and
range rate. The receiver makes approximate maximum likelihood estimates of pseudorange
and range rate each 20 ms, and tracks these observables using a third order filter with a
time constant of 0.14 s. Carrier phase is not tracked, which eliminates the typical failure
mode of loss of carrier lock associated with PLLs at high dynamics. The receiver tracks
with pseudorange lag errors of under 0.06 m when subjected to simulated 50 g turns with
40 g/s peak jerk. Pseudorange errors due to receiver noise alone are approximately 0.6 m
rms at a carrier power to noise spectral density ratio of 34 dB-Hz. The tracking threshold
SNR is approximately 28 dB-Hz, which provides 12 dB margin relative to the 40 dB-Hz
that occurs with minimum specified satellite signal strength, 3.5 dB system noise figure,
and 0 dBi antenna gain.

Key-words: GPS, GPS Receiver, Global Positioning System Receiver, Pseudorange
Tracking, High Dynamic Tracking, Radio Navigation, Position Location.

1.  INTRODUCTION

The range instrumentation community of the Department of Defense has a need for low
volume Global Positioning System (GPS) receivers which can operate in the high dynamic
environment of missiles and drones. Both to meet the miniaturization requirements and to
reduce cost, it is highly desirable that the receiver not require inertial aiding. The Jet
Propulsion Laboratory (JPL) has developed a new concept to meet these goals. A
breadboard receiver and signal simulator have been developed to validate the pseudorange
tracking capability of this receiver concept. This paper describes the maximum likelihood
receiver concept, the predicted performance as determined by analysis and simulation, the
one-channel receiver breadboard, the demonstration configuration and tests, and the test
results.



2.  MAXIMUM LIKELIHOOD RECEIVER CONCEPT

The main innovation is that the basic estimates of pseudorange and range rate are made in
quasi-open loop, approximate maximum likelihood (ML) manner, rather than by phase
locking to the carrier in a Costas loop and to the pseudorange in a delay locked loop. The
raw pseudorange and range rate estimates are then processed simultaneously by a tracking
filter to produce filtered estimates. This enhances the ability to maintain tracking under
high receiver dynamics, and eliminates the problem of loss of carrier loop lock, since
carrier phase is not tracked.

The ML estimation method has been described previously [1], and is summarized here.
The received L1 band, P code signal can be represented as

r(t) = AD(t ! J) p(t ! J) cos(T1t + Td t + N) + n(t) (2.1)
where

r = received signal plus noise

A = amplitude of received L1, P code signal

D = data modulation, amplitude 1

p = P code signal

t = receiver clock time

J = pseudorange to be estimated

T1 =  radian frequency

Td = radian Doppler frequency, proportional to range rate to be estimated

N = random phase

n = receiver noise

The parameters J and Td are related, and vary with time according to the vehicle
dynamics.

Now assume that the signal is observed over one data bit time, T, so that D is constant,
and assume that the parameters A, J, Td and N are constant over the observation interval. 



Then the ML estimates of pseudorange and range rate are the values of Jm and Tn which
maximize

(2.2)

In other words, one multiplies the received signal by all possible time delays of the code,
and energy detects at all possible frequencies. The time delay and frequency which result
in maximum energy are the ML estimates.

3.  APPROXIMATE MAXIMUM LIKELIHOOD RECEIVER

The receiver is approximate ML in the sense that decisions are based on a discrete set of
observables over a restricted delay-frequency window, rather than on a continuum of
values over the entire relevant section of the delay-frequency plane. In particular, equation
(2.2) is evaluated for 11 values of Jm spaced by one-half P-code chip, or 14.7 m, and for
64 frequencies spaced by 1/2T, or 25 Hz. Only the 9 internal delays are used for obtaining
“rough” pseudorange estimates: the two extreme delays are needed merely to ensure
correct operation of the interpolation algorithm (the “fine” pseudorange estimator) in the
demonstration receiver. This implementation is referred to as “Approximate Maximum
Likelihood Estimation” (AMLE).

4.  THEORETICAL PERFORMANCE

The performance of the AMLE is assessed in terms of rms estimation error as a function of
input signal-to-noise ratio (SNR). The SNR of interest is the ratio of P code power to noise
spectral density (C/N0) at the input to the signal processor (or output of receiver front end).
First, the performance of the approximate ML estimator is presented assuming that the
SNR is high enough that errors in time delay and frequency estimation are almost always
small. Low SNR performance is then presented, using outlier theory.

Suppose that the range rate, or received frequency, is constant and known. Then the ML
method for pseudorange is to measure the received energy at all possible code delays, at
the appropriate frequency. In the approximate implementation, only a finite number of
code delays can be used. The pseudorange estimation error can then be calculated as a
function of the spacing between the code lags. (There is also an effect due to sampling and
due to bandwidth limiting before sampling. Here, we ignore the bandwidth limitation.) We
assume that there are N samples per code chip, and that the pre-sampler filter integrates its
input over the time between samples. With these assumptions, it can be shown that the rms
error in pseudorange estimation is



Fr = cTc (4NT)-0.5 (C/N0)
-0.5 (4.1)

where

C = Speed of light

N0 = Noise spectral density

C = Code power

T = Integration time

Tc = Chip time

N = Number of lags per chip time

This result does not depend on the phasing between the code lags processed, or on having
the actual delay be constant over the integration interval. Note that in this approximate
calculation, the rms error goes to zero as the lag spacing goes to zero. This is explained by
the assumptions made in the calculations not being valid as this occurs.  For any fixed
SNR, the assumption that the rms delay error is small compared to the lag spacing breaks
down as the lag spacing is decreased. Equation (4.1) is in agreement with the
corresponding results for delay locked loops [2,3].

Pseudorange rate estimates are made by estimating received carrier frequency. Assuming
perfect delay estimation, frequency estimation in the AMLE is analogous to maximum
likelihood reception of Frequency Position Modulation. This is treated by Wozencraft and
Jacobs [4, Chapter 8]. Transforming the notation of [4] to our notation, equation (8.116a)
of the reference becomes

Fv = (c/T1) 6
0.5 T-0.5 (C/N0)

-0.5 (4.2)

One factor of T arises because frequency estimation inherently improves as coherent
measurement time increases. The remaining factor of T0.5 arises because the signal energy
in the measurement time is proportional to T.

At low SNR, nonlinear estimation is often accompanied by threshold effects that may
cause catastrophic deterioration in system performance. The SNR at which rapid
degradation begins to occur is generally referred to as the threshold. In the AMLE,
thresholding is caused by the appearance of large noise spikes, which can result in 



pseudorange and range rate estimates that are essentially independent of the actual
parameters embedded in the received signal.

The operation of the AMLE below threshold can be explained in terms of the decision
array generated by the FFT. Each element of the array represents the energy of both signal
and noise at a particular frequency and delay. The total number of coherence-areas (or
“degrees of freedom”) in the decision array is estimated to be 32 x 5 = 160
(32 independent time-samples derived from each waveform, over a range of 9 delay-lags
corresponding to 5 independent correlation intervals). The square root of the energy that
occurs in a coherence region which contains only noise can be modeled as a Rayleigh
random variable. The corresponding random variable for the coherence region containing
the signal is Rician. Since the AMLE selects the coordinates of the largest element, the
probability of correct decision, Pc is simply the probability that the Rician random variable
exceeds each of the 159 Rayleigh random variables. Coherence areas corresponding to
Rayleigh random variables are often called “outliers” in the literature [5]. The probability
of choosing an outlier is q = 1 ! Pc. The variation of q with SNR is shown in Fig. 1.

Conditioned on the occurence of an outlier event, the variances of pseudorange and range
rate can be obtained by treating them as uniformly distributed random variables over their
respective domains. Therefore the conditional variance in range is (R2)/12, while the
conditional variance in range rate is (V2)/12. (Here R = 4 x 29.4 m is the total extent of
range, and V = 32 x 9.5 m/s is the extent of range rate in an AMLE window.) The variance
of range and range rate at any SNR can be represented as a combination of the low and
high SNR results. The following general expressions are obtained, valid for any SNR, with
q given in Fig. 1:

(4.3)

(4.4)

The above equations do not include processing losses. These losses are estimated to be
equivalent to a reduction in C/N0 of 1.5 dB ±1.0 dB. The losses are summarized in
Table 1.

The random noise components of pseudorange and range rate at the output of the AMLE
are reduced by the tracking filter. This is a third-order fading memory filter with a time
constant of 0.14 s. It reduces the random error in pseudorange and range rate by factors of
about 3.5 and 1.2, respectively. For constant jerk, pseudorange and range rate errors are
proportional to jerk, and are 0.0014 m and 0.2 m/s per 1 g/s of jerk, respectively.



Table 1.  Processing Losses

Transmitter Filter (Gain due to Definition of C) -0.3dB ± 0.1dB
Correlation Loss due to Bandwidth in Receiver 0.5dB ± 0.1dB
Analog to digital conversion, 3-bit 0.3dB ± 0.1dB
Reference sine wave 3-level quantization 0.4dB ± 0.1dB
FFT filter loss, offset from center frequency 0.3dB ± 0.1dB
Dynamics losses (50 g accel., 50 g/s jerk)0.3 0.3dB ± 0.2dB
Miscellaneous 0.0dB ±0 .3dB

Total processing losses 1.5dB ± 1.0dB

The random noise components of pseudorange and range rate at the output of the AMLE
are reduced by the tracking filter. This is a third-order fading memory filter with a time
constant of 0.14 s. It reduces the random error in pseudorange and range rate by factors of
about 3.5 and 1.2, respectively. For constant jerk, pseudorange and range rate errors are
proportional to jerk, and are 0.0014 m and 0.2 m/s per 1 g/s of jerk, respectively.

5.  DESCRIPTION OF ONE CHANNEL DEMONSTRATION RECEIVER

The present demonstration uses a one channel receiver to track pseudorange and range rate
of one simulated satellite signal. A block diagram of the receiver is shown in Figure 2. The
simulated received signal r(t) is filtered by a 37 MHz bandpass filter and mixed against the
nominal L1 carrier frequency T1 to in-phase and quadrature baseband.  The phase
quadrature signals are lowpass filtered and then sampled at 20.46 MHz, or twice the P
code chip rate. All processing from this point on is digital. The approximate ML estimation
is implemented by a correlator followed by a fast Fourier transform (FFT). For this
processing, it is necessary to align the code (relay into the correlator so that the difference
between the code delay and the signal time delay (pseudorange) is within the range of the
correlator. It is also necessary to translate the signal frequency so that the signal frequency
into the correlator is low compared to the correlator bandwidth, or inverse correlation time,
and so that the frequency into the FFT is within the range of the FFT. Thus predictions of
pseudorange and range rate are required for each measurement interval, or bit time. In the
normal situation, when tracking, these predictions are supplied by the tracking filter.
During acquisition, they are supplied by an acquisition algorithm, which is not discussed in
this paper. Bit synchronization is initialized by external input, and then maintained by the
receiver using the estimates of pseudorange.

Complex Multiplier.  The digital samples, treated as complex numbers, are first multiplied
by exp (jTpt) , where Tp is the predicted frequency, to reduce the frequency to zero, plus



prediction error. A three-level approximation to sine and cosine is used for implementation
convenience, at a cost of approximately 0.4 dB in signal-to-noise ratio. The instantaneous
phase is generated in a numerically controlled oscillator (NCO).

Correlator and Code Generator.  Each bit time is divided into 32 subintervals of length
T/32, called correlation intervals. During each correlation interval an 11-lag cross-
correlation is completed between the received signal and the code. The lags are centered
about the predicted delay, and the lag spacing is equal to one sampling interval of the basic
20.46 MHz clock, i.e., one-half chip time. This corresponds to approximately 14.7 m in
pseudorange. The code generator produces the code delayed by the predicted time delay,
offset by half the range of the correlator, or five lags. The correlator generates 10
additional delays of the code. For each of the 11 lags, it multiplies the complex signal by
the code and sums over the correlation interval.

FFT.  At the end of each correlation interval, the 11 complex correlation values, one for
each lag, are output to a buffer. At the end of each bit time, the buffer has correlation
values for 32 correlation intervals for each lag. One lag at a time, the 32 correlation values
are output from the buffer to the FFT microprocessor. The processor appends 32 complex
zeros, and computes a 64 point complex FFT. For each of the 11 lags, this results in the
desired ML estimation function at 64 frequencies, spaced at 25 Hz intervals.

Maximization and Interpolation.  The approximate ML estimation procedure is completed
by finding the f requency-lag pair which has maximum FFT value, or energy, and then
interpolating using nearest neighbors to obtain a final estimated maximum point. End lags
and frequencies are excluded from the maximization, and used only for interpolation. The
predicted pseudorange and range rate, which were subtracted out by the code generator
delay and the complex multiplier, are added back in to obtain the final approximate ML
estimates of pseudorange and range rate. Note that the final ML estimates do not depend
on the predicted values as long as a correct detection occurs within the AMLE window.

Tracking Filter.  The ML estimates are operated on by a tracking filter to obtain filtered
estimates ot the two parameters, valid for the last measurement time used in the
computation, and predicted values of the parameters, valid for the center of the bit three bit
times ahead.

6.  DEMONSTRATION AND SIMULATION DESCRIPTION

The demonstration system consists of a one-channel receiver, a test instrumentation
subsystem (TIS), and a data evaluation subsystem (DES). As shown in Figure 3, the TIS
generates an L1 (1575.42 MHz) signal coherently modulated by a 10.23 MHz pseudo
random, code and by a 50 bit/s data sequence. A computer-controlled frequency



synthesizer is used to simulate the Doppler signature associated with the dynamics. After
the L1 mixing, random noise is added, simulating the required signal-to-noise ratio. The
receiver tracks the simulated pseudorange and range rate and transfers the results via a
parallel interface to the TIS where real time tracking results are displayed. In addition, data
are stored on 8" floppy diskettes for later processing by the DES.

The tests are characterized by the simulated dynamics and by the SNR. Performance was
measured at power-to-noise spectral density ratios of 60 dB-Hz, 50 dB-Hz, 40 dB-Hz, and
in 1 dB steps from 34 dB-Hz until loss-of-lock threshold was reached, just below
28 dB-Hz.

Tests were conducted for two types of high dynamics trajectories: circular motion and step
acceleration. For the circular motion, the pseudorange was varied sinusoidally with a
period of 8 s. Range rate, acceleration and jerk are related to this period, with peak
acceleration of 50 g corresponding approximately to peak jerk of 40 g/s. Tests were
conducted with acceleration up to 150 g. Step acceleration test trajectories were closed
loop trajectories with 6 s intervals of positive and negative acceleration, separated by 9 s
intervals at maximum positive and negative velocities. Tests were conducted with step
acceleration of up to 100 g.

The software simulation was carried out under conditions similar to the experimental tests.
In the simuation, the SNR was adjusted to account for processing losses occuring before
the input to the FFT, where the simulation begins.

7.  RESULTS

Both the experiments and the simulations generate plots of input pseudorange and range
rate trajectories, along with time histories of pseudorange and range rate errors measured
either at the output of the AMLE or at the output of the tracking filter. Typical examples of
demonstration results are shown in Figures 4 and 5. Figure 4 corresponds to 50 g, 40 g/s
circular motion at a SNR of 33 dB-Hz. For circular motion trajectories, the peak error in
pseudorange due to dynamics is approximately 0.0014 m per 1 g/s jerk, or 0.06 m for the
40 g/s trajectory shown. This dynamic pseudorange error is negligible compared to the
random error. The range rate error is 0.2 m/s per 1 g/s jerk, or 8 m/s for the 40 g/s
trajectory, as apparent in Figure 4.

For the 50 g step acceleration shown in Figure 5, the discontinuity in acceleration causes a
transient range rate error of approximately 24 m/s. The dynamic component of the
pseudorange error is small , and is comparable to the random error at 34 dB-Hz.



Pseudorange performance curves as determined by theory, simulation and experiment are
shown in Figure 6, for 50 g, 40 g/s circular motion. Thresholding begins to occur at
approximately 32 dB-Hz, while loss-of-lock typically occurs below 28 dB-Hz. There is
excellent agreement between theory, experiment, and simulation. All three results agree to
within 1 dB for SNRs below 40 dB-Hz. The results deviate for high SNRs, due to
instrumentation and processing effects which are estimated at 0.15 ni for the receiver as
implemented.

The noise performance of the GPS high dynamic receiver depends very little on the
trajectory dynamics. This dependence is illustrated in Figure 7, which shows experimental
rms pseudorange error as a function of input SNR for 3 g, 50 g and 100 g accelerations in
a circular 8 s trajectory. The corresponding peak jerks are 2.4 g/s, 40 g/s and 80 g/s. The
theoretical curve, shown for comparison, is matched to the dynamics losses associated
with the 50 g trajectory. Note that in the moderate to low SNR regions (28 dB-Hz to
40 dB-Hz) even extreme dynamics do not degrade receiver performance significantly.

The most severe dynamics shown is for a 150 g, 6 s period trajectory, with 157 g/s jerk,
and at a SNR of 34 dB-Hz. Performance is close to theory, with pseudorange error of
0.7 m rms .

8.  CONCLUSIONS

A new high dynamic GPS receiver concept has been analyzed, simulated and
demonstrated. All results are in good agreement, confirming the validity of the
demonstration experiment.

The receiver was demonstrated to operate with acceleration of 150g and jerk of 150 g/s,
and with instantaneous acceleration steps of 100g. Operation is satisfactory at signal-to-
noise ratios down to 28 dB-Hz. Random pseudorange error is 0.6 m rms at 34 dB-Hz.
Details of the receiver and the demonstration, more complete characterization of
performance, and extensions of capability will be presented in a final report to USAF
Armament Division.
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FIGURE 1.  OUTLIER PROBABILITY AS A FUNCTION OF SNR



FIGURE 2.  DEMONSTRATION RECEIVER FUNCTIONAL BLOCK DIAGRAM



FIGURE 3. DEMONSTRATION SYSTEM BLOCK DIAGRAM



FIGURE 4.  CIRCULAR MOTION, 50G, 40G/S, SNR = 33 dB-Hz



FIGURE 5.  50G STEP ACCELERATION, SNR = 34dB-Hz



FIGURE 6.  PSEUDORANGE RMS ERROR (CIRCULAR MOTION, 50G, 40G/S)



FIGURE 7.  PSEUDORANGE RMS ERROR (CIRCULAR MOTION) 


