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ABSTRACT

The noise performance of the sawtooth phase detector when demodulating a sinusoidal
subcarrier plus direct data modulation is studied. At predetection signal-to-noise ratio
(SNR) levels of about 10 dB or more, significant improvements in the postdetection SNR
of the subcarrier can be obtained using the sawtooth detector rather than a linear
multiplier. Below predetection SNR levels of about 10 dB, significant improvements can
still be obtained; however, a threshold occurs and the performance degrades until leveling
off at 3.2 dB worse than that of a linear multiplier. The predetection SNR level where the
sawtooth detector performance becomes worse than that of a linear multiplier depends
upon the subcarrier and direct data modulation indices. Performance curves are given
between predetection SNR levels of -20 dB and +20 dB for various values of subcarrier
modulation index and direct data modulation index.

INTRODUCTION

A sinusoidal subcarrier summed with direct data is often used as the baseband signal
format in phase-modulated (PM) telemetry links. To demodulate the composite PM
signal, ground receivers will typically use a phaselock loop (PLL) with a sawtooth phase
detector because of its extended linear characteristic curve. Previous analysis [1,2] of the
noise performance of this detector has assumed subcarrier-only modulation and ignored
the case of a subcarrier summed with direct data. In this paper, the more general case is
examined. The results show that, at high predetection signal-to-noise ratio (SNR) levels,
the sawtooth phase detector can produce a significantly greater subcarrier SNR than a
linear multiplier, with maximum improvement obtained at predetection SNR levels of
10 dB and greater. A threshold effect similar to that of FM demodulators occurs at a
predetection SNR of about 10 dB. Below this level, the performance degrades to a worst 



case of 3.2 dB less than that obtained from a linear multiplier. The linear multiplier is used
for comparison because it is the assumed phase detector in many link analyses.

Theoretical curves are plotted in this paper for the sawtooth detector performance at
various values of predetection SNR, subcarrier modulation index, and direct data
modulation index. The curves are plotted relative to a linear multiplier to emphasize the
nonlinear performance.

LINEAR PHASE DETECTION THEORY

Typical calculations of the performance of a PM system implicitly assume that a linear
multiplier is used for the phase detector in the receiver PLL. This detector would be
physically implemented with a mixer and an AGC circuit to keep the input signal power to
the mixer constant. The resulting characteristic curve is sinusoidal in shape as shown in
Fig. 1a. Assume that the input carrier to this phase detector is phase-modulated with a
sinusoidal subcarrier plus direct data,

s(t) = Acos[T t + $ sinT t + $ c(t)] (1)c   s m   d

where:
A = peak input signal amplitude
T = radian frequency of the carrierc

T = radian frequency of the subcarrierm

$ = peak phase deviation (modulation index) of the subcarriers

$ = peak phase deviation (modulation index) of the direct datad

c(t) = ±1 represents the direct data

The input noise to the phase detector will be additive and modeled by the usual
narrowband approximation. This consists of independent in-phase N (t) and quadraturei

N (t) Gaussian noise components in a narrow bandwidth about the carrier frequency T ,q             c

n(t) = N (t)cosT t - N (t)sinT t (2)i c   q c

The reference signal for this detector will be in quadrature with the input carrier signal,

S (t) = -sinT t (3)ref   c

The noise is assumed to have constant density N  throughout the predetection bandwidtho

B . Also, the average power of the in-phase and quadrature noise components ispre

assumed equal so that,

(4)



The output signal (plus noise) of the detector is obtained by multiplying [s(t) + n(t)] by
S  (t). The output signal-to-noise ratio (SNR ) is defined to be the power of theref      o

subcarrier component at T  divided by the total random noise power. Postdetectionm

filtering would presumably be used to separate out the subcarrier and reduce the noise
power; however, its effect will not be discussed until a later section. Detailed calculations
of the output SNR of the subcarrier are given in the appendix. The result is given here,

(5)

where:

It can be verified by expansion of Equation (1) that the numerator of Equation (5) is
exactly equal to the ratio of subcarrier power to total power in the RF spectrum. This is
an expected result because the linear multiplier simply translates the fundamental
subcarrier components from the RF spectrum down to baseband. Also note that the
output SNR is directly proportional to the predetection SNR for all values of predetection
SNR (i.e., there is no threshold effect).

SAWTOOTH PHASE DETECTOR THEORY

The sawtooth phase detector has been used widely because of its extended linear
characteristic curve. It can be implemented by hard limiting and differentiating the
predetection and reference signals, then toggling the inputs of an RS flip-flop with them to
obtain a characteristic curve that extends from ! B to + B as shown in Fig. 1b.

Assume at first that the predetection SNR is very high (D>>1). The shape of the detector
characteristic curve is linear from ! B to + B; therefore, the voltage at the detector output
will be an exact replica of the phase modulation on the carrier (assuming, of course, that
the phase deviations do not exceed ± B). By inspection of Equation (1), the subcarrier
signal at T  and its power level at the detector output will be,m

v(t) = $ sinT t (6)s m

(7)



To calculate the noise power at the detector output, first note that the relative phase of an
unmodulated carrier signal plus additive Gaussian noise can be described by the following
probability density function [3],

(8)

where

Because of the linear shape of the sawtooth detector characteristic curve, the phase of this
unmodulated carrier will transform directly to a random noise voltage at the detector
output. This random noise voltage can also be described by the probability density
function of Equation (8).

Equation (8) applies only to an unmodulated carrier. When the carrier is phase-modulated,
additional noise can be expected at the detector output due to interactions between the
modulation and the noise. Ghais and Wachsman [1] showed that, for sinusoidal
modulation, the noise power output can be separated into two terms. The first term is
equal to the variance F  of Equation (8) and represents the noise power from an2

N

unmodulated carrier. The second term is the additional noise due to nonlinear products of
the modulation and interactions between the modulation and the noise. They showed that,
at high and low values of predetection SNR, the second term is insignificant to F  and can2

N

be neglected. At intermediate values of predetection SNR, the second term becomes more
significant as the peak phase deviation of the modulation rises, but part of the additional
noise power is due to nonlinear products of the modulation, which are not being
considered as noise here. Based upon the above observations and for mathematical
simplicity, only the unmodulated noise power F  will be used as the output noise power2

N

from the detector for this paper.

At high predetection SNR (D>>1), Equation (8) is approximately Gaussian and can be
expressed as,

(9)

where



Again, we will define the output SNR to be the power of the subcarrier component at Tm

divided by the total random noise power F  . The output SNR of the subcarrier at high2
N

predetection SNR can now be calculated,

(10)

Note that the output SNR for D>>1 is independent of the direct data Modulation. When
comparing Equation (10) to Equation (5) it is seen that, at high predetection SNR, the
sawtooth detector can produce a significantly greater output SNR than the linear
multiplier. For example, using Equation (11) and choosing $  and $  to be 0.5 and 1.1s  d

radians, respectively, an improvement of 7.1 dB is obtained.

(11)

The sawtooth detector performance can also readily be evaluated at very low predetection
SNR levels (D<<1). Previous works [1,2,4] have shown that the presence of noise tends
to reshape the characteristic curve of the detector into a sinusoidal shape described at
very low values of D by,

(12)

The angle $ represents the relative phase of the carrier due to the phase modulation. A
qualitative explanation for this reshaping can be made by referring to Fig. 2. For a fixed
phase offset $  , the phase noise will produce excursions along the characteristic curveo

above and below the operating point. Some of these excursions will exceed B radians
and, because of the periodicity of the characteristic curve, will go negative. The average
value at the detector output will be reduced, thus we have modulation suppression.

For the case of a sinusoidal subcarrier summed with direct data modulation, the subcarrier
component at the detector output can be calculated by letting $ = $ sinT t + $ c(t).s m   d

Expansion of Equation (12), with the help of Equations (A-7) and (A-8) from the
appendix, will show the subcarrier signal at T  and its power level at the detector outputm

to be,
(13)

(14)



At low predetection  SNR  levels (D<<1), Equation  (8)  becomes  uniform  over  the
interval [!B, + B] so the total noise power at the detector output will be,

(15)

The output SNR of the subcarrier at low predetection SNR levels can now be calculated,

(16)

Note that the output SNR for D<<1 is highly dependent on the direct data modulation.
When comparing Equation (16) to Equation (5) it is seen that, at very low predetection
SNR, the sawtooth detector performance is 2B/3 or 3.2 dB worse than that of a linear
multiplier.

The problem now remains to calculate the sawtooth detector performance at intermediate
values of predetection SNR and determine how high the predetection SNR must be to
actually attain the improvement of Equation (11). This calculation is complicated because
in this region the detector characteristic curve is not linear or sinusoidal, but something in
between. Previous detailed analysis [1] of the noise performance of the sawtooth detector
assumed sinusoidal modulation only and showed the detector to exhibit a threshold effect
similar to that of an FM demodulator. For this paper, the work done in Ref. 1 was
expanded to treat the more general case of sinusoidal modulation summed with direct data
modulation. Using the methods of Ref. 1, the output power of the subcarrier component
at T  was calculated for predetection SNR levels between !20 dB and +20 dB. The totalm

output noise power at each predetection SNR level was then calculated by evaluating the
variance F  of Equation (8) using a numerical integration routine. The resulting output2

N

signal-to-noise ratios are plotted in Fig. 3 relative to those calculated from Equation (5) for
the linear multiplier. The plots in Fig. 3 show that the detector gives full improvement at
predetection SNR levels of about 10 dB or more. Below D = 10 dB, the performance
degrades until the output SNR reaches a worst case of 3.2 dB below that of the linear
multiplier. In general, the point at which the sawtooth detector gives superior performance
compared to the linear multiplier depends slightly upon the subcarrier modulation index $s

and highly upon the direct data modulation index $  .d

POSTDETECTION FILTERING

Throughout this paper, the total (unfiltered) noise power at the detector output has been
used in SNR calculations. In practice, a bandpass filter would be placed at the detector



output to extract the subcarrier component T  and reduce the noise power. If the spectralm

density of the output noise was flat, the noise power would be reduced by a factor of
2B /B , where B /2 is the unfiltered postdetection bandwidth and B  is thesub pre   pre       sub

subcarrier filter bandwidth. This would apply to the linear multiplier, where the RF
spectrum is folded over into the baseband spectrum. It would also apply to the sawtooth
detector at high predetection SNR levels (D>>1), where the output spectrum is white [5].
However, it would not directly apply to the sawtooth detector at lower predetection SNR
levels, where the output spectrum is complex due to the nonlinear behavior of the
detector. This represents a limitation to the curves of Fig. 3, which are valid for unfiltered
noise but should be used with some caution for filtered noise.

CONCLUSION

This paper has examined the noise performance of the sawtooth phase detector when
demodulating a sinusoidal subcarrier plus direct data modulation. It has demonstrated
that, at higher predetection SNR levels, the sawtooth phase detector can produce a
significantly greater postdetection subcarrier SNR than a linear multiplier. This occurs
because the sawtooth detector directly extracts the phase modulation from the carrier
rather than transforming the RF spectrum down to baseband, like the linear multiplier
does. The advantage of the sawtooth detector fades at lower levels of predetection SNR,
mainly because of modulation suppression due to the noise. This information, coupled
with the performance curves contained within, can give system engineers a better
understanding of the performance of their PM links.
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APPENDIX:  Calculation of the Linear Multiplier Output Signal-to-Noise Ratio

The output SNR of the linear multiplier will be calculated by taking the input signal and
summing it with the noise, then multiplying the sum by the reference signal. Double
frequency terms will then be removed, leaving only the baseband signal and the noise. The
direct data, harmonics of the subcarrier, and cross products between the direct data and
the subcarrier will then be removed, leaving only the subcarrier signal and the noise at the
detector output. To begin, we repeat expressions from the text for the input signal s(t), the
additive noise n(t), and the reference signal s (t),ref

(A-1)

(A-2)
(A-3)

The detected output signal (plus noise) can be calculated as follows,

(A-4)

(A-5)

After filtering out the double frequency (2 T  ) terms,c

(A-6)

To further expand v(t), the following relations involving Bessel functions of the first kind
will be useful,

(A-7)

(A-8)



The output signal (plus noise) becomes,

(A-9)

The first term in Equation (A-9) corresponds to the subcarrier component alone. The
second term corresponds to odd harmonics of the subcarrier. The third term corresponds
to the direct data alone. The fourth term corresponds to cross products between the
subcarrier and the direct data. The final term corresponds to the output random noise.
Only the subcarrier component at T  is of interest here. The subcarrier signal v (t) and itsm        s

power           at the detector output will be,

(A-10)

(A-11)

The random noise term in Equation (A-9) represents the total noise (unfiltered) at the
detector output. It will have a power of,

(A-12)

The output SNR of the subcarrier can now be calculated from Equations (A-11) and
(A-12),

(A-13)

where



Fig. 1  Phase detector characteristic curves.

Fig. 2  Sawtooth detector reshaping.



Fig. 3  Sawtooth detector performance.


