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Republic of China

ABSTRACT

The polarity uncertainty in coherent demodulation of biphase signal raises a new question
to the application of error-correcting codes. In this paper the real capability of error-
correcting codes used with differential biphase modulation is analysed and, with the
special cases of cyclic Hamming codes and two BCH codes, the degree of performance
deterioration is estimated. Three methods for solving polarity inversion with preserving the
error-correcting capability at the cost of one information bit lost are proposed. Practical
implementation of these methods is briefly discussed.

INTRODUCTION

Biphase modulation with coherent demodulation is well known as one of the best forms for
digital information transmission. In order to avoid the extra frequency band and power for
transmitting the carrier reference, the carrier signal needed for demodulation usually is
obtained from the received modulated signal directly. The possible methods include so
called “full-wave detection-filtering - frequency division”, “quantized-data compensation”
and various kinds of phase-lock technique such as square loop, Costas loop, quantized-
data feedback loop etc. [4,5,6]. The carrier recovered by methods mentioned above always
possesses the inherent phase ambiguity of 180. So the polarity of the baseband output of
coherent demodulator will be uncertain and the quantized binary sequence may be either
the code in consideration or its complement (i.e. each 0 becomes 1 and 1 becomes 0).
Several techniques have been proposed to overcome this trouble [7]. Among them the
relative modulation (differential PSK ) is the most popular one and has found wide-spread
application. But due to the relative transformation, correlation is introduced into the
adjacent bits, so that a single isolated error produced in channel can cause a double error
of the adjacent bits at the output. Ignoring this fact would lead to a reduction of
performances. In the following we will try to explore in detail the rational application of 



block error-correcting codes under such conditions. Everywhere in this paper only the
binary codes will be considered.

RELATIVE TRANSFORMATION (RT) AND ERROR PATTERN

Let A(an-1, an-2,....,a1, a0) be the binary sequence to be transmitted.

This sequence is associated with a polynomial over the Galois field GF(2)

RT converts A into B(bn, bn-1,..., b0), which can be called the relative code of A, where bn

is the reference bit (it might be the last bit of the preceding code block). The rule for RT is

(1)

where addition is of modulo 2.

Correspondingly, code polynomial of B is

The relationship between a(x and b x can be expressed as

(2)

The inversion of codeword can be considered as the sum of code polynomial and the full-
terms polynomial of degree n which corresponds to the all 1's codeword.

Obviously code B will be inverted when b is inverted since



Suppose that the codeword at the output of demodulator is C(c ,c ,...c ,c) with the
polyomial

Now

(3)

where                                    Is the error polynomial. 

We will call the received codeword positive when $ = 0 and inverted when $ = 1.

After inverse relative transformation (IRT) we have sequence D(d   ,d   ,...,d   ,d   ,d  ) ,  or

The rule for IRT is

di = ci + ci+1      ,    i = 0,1,..., n-1 (4)
i.e.

(5)

Substituting (3) into (5), we get

Clearly, the second term is equal to zero. Substituting (2) gives



We have shown that RT not only eliminates the uncertainty of decoding polarity but also
bring about some changes in the structure of error pattern. It is the difference between A
and D that should be taken as the actual error patterm. Denote

or

(6)

We can see now that except for the head bit and the tail bit, any single error from channel
gives an adjacent double error. But consecutive channel errors at the adjacent bit positions
cause only two errors at the boundary positions (the error bits in between cancel out each
other). When the channel error is located at the head bit or the tail bit position only a single
error results for this codeword, because the other error bit goes to the range of the
preceding codeword or the next one. As a result, the bit error rate in systmes with relative
modulation is worse in some degree and is nearly doubled in comparison with absolute
modulation in low error region [6,7]. What is more important is that errors are not random-
independent now. The error pattern becomes something like the mixture of random errors
and bursts of length equal to 2. Undoubtedly, if we still confine ourselves to using the
ordinary codes for error control in these systems, lost in the performances will be
inevitable.

RT AFTER ENCODING

The block-diagram of data transmission system in this case is shown in fig.1.

Suppose that a cyclic code generated by g(x) with minimum Hamming distance d is used
for error correction. If d is odd, then at most d -1/2 random errors can be corrected. To
find the real minimum distance d we must search for the smallest weight of the
corresponding e(x) when r(x) becomes a code word, that is the minimum number of terms
in e(x) which is the solution of the following system of equations:

(7)



Clearly,
drmin $ dmin /2 + 1

We are goings to show that drmin < dmin by examining the cyclic Hamming codes and two
BCH codes as examples.

1.  (n,k) cyclic Hamming codes.

We know that Hamming codes are the perfect codes with dmin = 3 and n = 2n-k -1 [1,2,8].
Let us first look at the generator matrix of these codes G = [Ik P]. Matrix P has rows
consisting of all possible (n-k)-tuples with weight greater than one, i.e. there are altogether 

                                                                   rows.

Among them certainly exists a row with two 1’s in the adjacent bit positions and 0’s
elsewhere. Let it be the J-th row. Then the codeword corresponding to the j-th row of G is

xn-j + (x + 1) xR     ,0 < R < n-j-1

Since the code is cyclic, it remains a codeword after (j-1) left cyclic shifts that is

xn-1 + (x + 1)xR+j-1

From (7) we get

es (x) = xn + xR+j

So drmin < 2. But according to (8), we have drmin > 2. Therefore drmin = 2.

2.  (15,7) BCH code, dmin = 5, the generator polynomial is

g(x) = (x4 + x + 1)(x4 + x3 + x2 + x + 1) = x8 + x7 + x6 + x4 + 1

There are 27 = 128 codewords for this code. They can be partitioned into 12 equivalence
classes according to cycle:

a).  two classes of cycles with period equal to 1, i.e. the all 1's and the all 0’s code
words;

b).  two classes of cycles with period equal to 3, i.e. (110110110110110) and
(001001001001001);



c).  eight classes of cycles with period equal to 15, i.e.
 (000000111010001),(000001001110011),(000011010010101),
 (000010100110111)
(000111101011001),(000110011111011),(000101110111111)
(001011010101111).

So we have drmin = 4.

3.  (15,5) BCH code, dmin = 7, the generator polynomial is

g(x) = (x4+x+1)(x4+x3+x2+x+1)(x2+x+l) = x10+x8+x5+x4+x2+x+1

Its 32 codewords can be partitioned into :

a).  two classes of cycles with period equal to 1, i.e. the all 1’s and the all 0’s
codewords;

b).  two classes of cycles with period equal to 15, i.e. (000010100110111) and
(000111101011001).

So drmin = 5.

To preserve the performance we consider a possible modification of RT. We assume that
RT is done in a closed-loop manner.

Let bn = bo . Summing all terms of (1) together, we have

an-1 + an-2 + ... + a1 + ao = 0

which means that A must satisfy even parity check. So (x + 1)1 a(x). Now B may be
shortened to n bits. Denote it as 4n-1, ..., bo ). The relation between A and B are rewritten
as

bi = bi+1 + ai+1         , i = 0,1,..., n-2 (9)

We can arbitrarily set bn-1 = 0, then

(10)

(11)



IRT should be carried out by the following rule

di = ci + ci-1    ,    i , Zn (12)

e(x) / (x+1)c(x)       (mod xn + 1) (13)

Taking (10) and (11) into account, we finally get

d(x) = a(x) + ((x+1)e(x))x n+1 (14)

Suppose that the generator polynomial of the cyclic code is
g(x) = (x + 1)g1 (x)

Since a(x) is a codeword, so g(x) 1a(x) , then (a(x)) g(x) = 0. The syndrome by (14) is

s(x) = (d(x)) g(x) =(a(x)) g(x) +((x + 1)e(x))x n+1 )g(x)

= (((x + 1)e(x)x n+1 )g(x)

Now g(s)1(xn + 1), this formula is simplified to

s(x) = ((x + 1)e(x))g(x)

Let e(x) -q(x)g1 (x) + (e(x))g1(x)

and multiply both sides by (x + 1),

(x + 1)e(x) = q(x)(x+1)g1 (x) + (x + 1)(e(x))g1(x)

Now *o g1(x)< *o g(x) , so

s(x) (x + 1)e(x))g1(x)  (15)

Since (x + 1) … 0, so s(x) = 0, iff (e(x))g1(x) = 0. Assume the minimum distance of the (n,k)
cycle code generated by g(x) to be odd, then, in general, the code generated by g(x) has
the minimum distance equal to dmin + 1. Meanwhile the real equivalent minimum distance
is drmin = dmin according to (15).



When designing decoders, we must keep in mind the feature that errors tend to cluster in
couples at adjacent bits (including head and tail end to end roundup). It is preferable to use
cyclic decoding schemes. For instance, we can turn the Meggit decoder into closed-loop
type and to correct single channel errors we need only to change the syndrome condition to
(110...0) and simultaneously correct two adjacent bits respectively.

In general, RT can be done with a division circuit consisting of a single-stage feedback
shift register. As to IRT, then in addition to using a multiplication circuit of a single-stage
feed-forvard shift register, it is necessary to exclusive-or the head and the tail bits of
decoded word to get the information of the last code bit.

RT BEFORE ENCODING

Another way to solve the polarity inversion problem is using (n,k) linear codes with the all
1’s word as its codeword. Due to the closedness of linear codes any codeword has its
complement counterpart in the codewords set. For cyclic codes with odd n, this demand
implies that g(x) must not contain (x + 1) as its factor, i.e. (x + 1) x g(x) . This assertation
can be proved by showing the follows.

Since n is odd, by Theorem 4 on P.38 in [1], binomial (x +1) does not possess repeated
roots, then it can be factored into

xn + 1 = (x + 1)g(x)h1 (x)      ,      (x + 1) xg(x)

Therefore

which means that all-ones vector is a codeword.

The block-diagram for such system is shown in fig. 2. Here the input information is first
relatively transformed. Then the transformed relative code enters the error-correcting code
encoder as the information bits. At the receiver end error-correction is first performed, then
through the IRT of the information bits the correct information is restored.

Demodulation polarity inversion in this case does not have effect on the work of the
decoder. The inversion of the information bits is automatically eliminated after IRT. So the
system can function normally. Since one information bit has to be given to the reference,
which itself does not carry any utilizable information, actual quantity of useful information
is (k-1) bits.



METHOD FOR AUTOMATIC DETECTION AND CORRECTION OF
DEMODULATION POLARITY INVERSION BY USING ERROR-
CORRECTING CODES

Let n be odd, then

xn + 1 = (x + 1)g1 (x)g2  (X)

where degree of g1(x) is equal to n - k, *0 g1(x) - n - k

It was shown above, that (x + 1) x g1 (x) and (x + 1)xg2 (x).

Denote the (n,k) cyclic code generated by g(x) as C and the (n,k-1) cyclic code generated
by (x+l) g1 (x) as C1 . The relationship between C and C is as follows.

Theorem 1.

C is a subset of C with the property that all its members have even weisht. The number of
its elements is one half of the number of codewords in C. The set C&1 which consists of
complements of all codewords in C&1 is contained in C, i.e. C&1dC, and C = C1 cC&1

Proof.

Let code polynomial of C1 be C1 (x). From (x + 1)g1 (x)1c1 (x) we conclude that
g1(x)1c1(x). So any codeword belonging to C1 also belongs to C. Also because of
(x+1)ic1(x), number of terms in c1 (x) has to be even, i.e. weight of codewords in C1 is
even. There are total 2k codewords in C including all-zero word. Now the number of
codewords in C1 is 2k-1. So C1 forms just that half of C with even weight codewords.
Furthermore, since complement of any codeword in C is still in it, C1 d C. Since the sum
of the weights of any codeword and its complement equals n, every world in C&1 has odd
weight.

Then C1 and C&1 are disjoint. Obviously, the mapping from C1 to C&1 is a one to one
correspondence, the number of elements in C&1 is 2k-1. Thus C = C c C&1. 

Corollary.

Assume that the minimum distance of code C is odd. Then the minimum value of
Hamming distance between an argitrary vector in C1 and an arbitrary vector in C&1 is equal
to the minimum distance of C.



Proof.

We know that if the minimum distance of code C is odd, then the minimum distance of
code C1 is at least dmin + 1. The set C&1 is not closed so it does not form a linear code. But
the sum of any two vectors in C&1 is a code vector in C1 because of cancellation of all-ones
vector (it also can be seen from the fact that any two odd-weished vectors always give a
even-weished sum) . This means that Hamming distance between two vectors in set C&1 has
the minimum equal to the minimum distance of C1 namely dmin + 1. Thus the minimum
value of distance between an arbitrary vector in C1 and an arbitrary vector in C&1 must
equal dmin , the minimum distance of C.

Theorem 2.

The complement of every codeword in C1 has g1 (x) as the remainder.

Proof.

Let the generator polynomial of code C1 be g(x) = (x + 1)g1 (x)
Denote

The remainder of C1 after inversion becomes (c1 (x) + f(x)g(x)

Since
(c1 (x)g(x) = 0

so
(c1 (x) + f(x)g(x) = (c1 (x)g(x) + (f(x))g(x) = (f(x))g(x)

Now since

(16)

and
x + 1 xg x

we have

g2 (x) = (x + 1)q(x) + 1



Substituting this into (16) and taking into account that *0 g1 (x) *0 g(x) we get

(c1 (x) + f(x)g(x) = ((x + 1)g1 (x)q(x) + gl(x) g1 (x)g(x) = g1 (x)

The procedure of this method can be shortly described as follows.

At the transmitter end encoder corresponds to C1. At the receiver end what is demodulated
belongs either to C1 or to C&1 with mixed errors. With respect to C1, all vectors in C&1 are
not codewords, but by Theorem 1 and its Corollary, it still belongs to C. This guarantees
that the minimum distance will be dmin. Thus for the decoder designed with dmin if the
number of errors does not exceed the tolerance (or, to be exact, the error pattern is within
the capability of code C), the decoder will not give a wrong error-correcting response on
C&1 and it can decide what polarity is to be taken as the right output. There are at least three
possible ways to do this job 

1). parallel scheme

Two identical decoders work simultaneously. One of them takes the received word as the
input and the other one its complement. The decoded output of these decoders are stored
in buffers, whose outputs are “ored” together through gates. The actual output is taken
from that decoder which gives correct output.

2). serial scheme

Only one decoder is used. When being entering the decoder, the input is temporarily stored
somewhere. If the first decoding procedure yields a correct result, then output is taken
from it and the process for this word ends. Otherwise the stored input vector is inverted
bitwisely and then enters the decoder and the decoding procedure is restarted once more.
If the second decoding process fails to give correct result, an uncorrectable error is
detected (if it is within the capability of the code used).

3). hibrid scheme

Only one buffer for input and one syndrome forming circuit are needed. Yet the computing
and decision circuits are separate. While one complex takes the syndrome from the
syndrome forming circuit directly, the other one gets its with g (x) added. (Practically, that
can be done by chaging the output polarity at corresponding stages of division circuit
according to g (x) . By Theorem 2, this is equivalent to the syndrome of the complement.
At the final decision, if first circuit indicates right result, then the corrected word goes to
output directly. If it is wrong but the second circuit indicates right, the complemented word
is put out.



In comparison with each other, hibrid scheme is simpler than the parallel one with the
same decoder delay. Serial scheme may be the simplest one, but is slow.

As a final remark, we must point out that shortened codes are inadequte for this purpose.

CONCLUSIONS

1).  Straightforward application of random-error-correcting codes in differential PSK
systems with encoder preceding relative transformation leads to reduction of error-
correcting capability. But the degree of deterioration does not necessarily reach the level of
minimum distance being halved.
2).  To solve the decoding polarity inversion problem three methods have been considered:
closed-loop RT after encoding, encoding after RT and automatic polarity correction by
error-correcting codes. Their performance is nearly the same. The cost is one information
bit lost. The first one is rather complex in implementation. The complexity of the other two
depends on the concrete circumstances. For instance, if the transmitting part is required to
be as simple as possible and the input information is in serial sequence form, then the last
method could be the simplest of all. But if the input and output to the system are of serial
form, then the second one might be a good choice.

REFERENCES

[1] Wan Zhexian, Algebra and Coding (in Chinese), 1976.
[2] Peterson W.W. and E. J. Jr. Weldon, Error-Correcting Codes, 2nd ed., 1971.
[4] Lin S., An Introduction to Error-Correcting Codes, 1970.
[4] Bennett W. R. and J. R. Davey, Data, Transmission, 1965.
[5] Zheng Jiyu et al., Principle and Application of Phase-Locked Loops (in Chinese),

1976.
[6] Petrovich N. T., Transmission of Digital Information in Channels with Phase Keyins

(in Russian), 1965.
[7] Martin R. G., Mitchell M. E. and L.D. Rudolph, “Phase-Inversion Tolerant Coding

for PSK Links”, IEEE Trans. CS-12, 1964, No.2, pp. 206-216.



 fig.1

fig.2


