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ABSTRACT

Optimum decoding of long convolutional codes is an attractive technique to achieve
reliability of communication. However, conventional decoding algorithms are very
sensitive to variations in operational conditions, and such algorithms are also difficult to
adapt to high-data-rate systems. Based on distance properties of code and pattern analysis
of test-error sequences, a new decoding algorithm is derived that does not have those
disadvantages.

1.  INTRODUCTION

In recent years, there have been rapid advances in implementation of error correction
decoders through new technology, but essentially no progress in theoretical investigation
of decoding long convolutional codes. It is, therefore, important to examine this issue
through both new analytical approaches and state-of-the-art implementation techniques.

In coding applications, the probability of decoding errors decreases with the increase of
constraint length. Since sequential decoding is virtually a maximum-likelihood decoding
procedure whose complexity is insensitive to code length, it is an attractive candidate for
achieving extremely low probability of error.

Sequential decoding [1,2] consists of a single-branch extension forward search mode and a
much more complicated backup-search mode. Whenever a decoding sequence is
tentatively accepted, the decoder returns to the forward-search mode and carries out its
simplest basic branch operation (BBO). That is, from those branches stemming from the
last node of the tentatively decoded sequence, the decoder selects the one closest to the
newly received code branch. Then if the distance between the received sequence and this
tentatively decoded sequence exceeds the running threshold, the decoder enters its backup-
search mode, backing up node-by-node, to search for a better path. If such a path is found,
the decoder returns to BBO. Otherwise, either the decoder loosens its threshold and
returns to BBO, or a buffer overflow may occur.



There are two essential features of sequential decoding. First, the decoder is assumed to
know nothing about the unexplored part of the code tree, so it must back up one node at a
time to search for a better path. Second, it operates on selection and computation of a
likelihood function, the Fano metric [3], which is based on statistical measurement of the
communication channel, rather than algebraic properties of the utilized codes. Therefore,
coding performance is easily influenced by variations from external channel parameters
and internal system conditions. Also, the utilized Fano metric cannot simultaneously
minimize both decoding effort and probability of error.

Based on distance properties of the utilized code, we have developed a new decoding
algorithm that does not have the above mentioned disadvantages. In this new algorithm,
the backup search is conducted as follows: (a) If the newly derived test error branch
resulting from BBO has a non-zero weight, the decoder will enter the backup-search mode;
(b) a backup search will be needed only if there is at least one backup distance that
simultaneously satisfies two sets of necessary threshold conditions (i.e., condition on
accumulated test-error weight and condition on distribution of test error); and (c) when a
subsearch is required to be carried out at a backup distance, a new search method that may
eliminate all short searches through using predetermined test-error patterns and permissible
paths is utilized. As a result, this new approach produces robust and powerful decoding,
which is applicable to much higher data rates than those techniques employed today.

In this paper, the basic decoding functions and their advantages are illustrated. Also,
memory requirement versus expected decoding effort is exhibited, and a recommendation
for maximizing decoding speed through parallel operations is discussed.

2.  CONVOLUTIONAL CODE TREE AND BASIC DECODING STRATEGY

Binary convolutional codes [4-6] are group codes and can be represented by a code tree
that extends indefinitely from any node. To simplify the exposition, the discussion in this
paper is concentrated on rate-1/2 convolutional codes. However, changing to another code
rate will not affect the basic content of the paper. In the rate-1/2 case, each message digit
is encoded into two code symbols, which are determined by the generator sequence g, the
present message digit, and the K-1 previous message digits, where K is the constraint
length of the code in branches. Development of an initial code tree with a given g is
displayed in Fig. 1 for ready reference.

Without loss of generality, we can state that two code branches stemming from the same
node are always binary complements of each other, either 00 and 11 or 01 and 10. Thus,
independent of the received code branch, two test-error patterns (i.e., differences between
the received code branch and the two code branches) stemming from the same node are
always 00 and 11 or 01 and 10. If the two test-error patterns are 00 and 11, BBO selects



the code branch having the 00 test-error pattern since it represents an exact match between
the tentatively decoded branch and the newly received branch. But choosing between 01
and 10 would make no difference in terms of Hamming distance; we could thus impose a
rule that under BBO, a newly accepted test-error pattern must be 00 or 01, eliminating the
possibilities of 10 and 11.

We shall assume that the decoder holds three basic data sequences: the received sequence
v, the tentatively decoded sequence w, and the test-error sequence t, that have ones in
those positions in which w and v differ (i.e., t = w r v). For any of the sequences, say t,
we let t(b) be the last b branches of t. Thus t(1) is the last branch of t; under BBO, t(1)
must be either 00 or 01.

The basic decoding strategy is always to derive a path w at minimum distance *t* from the
received sequence v over L(s) branches, where *t * represents the Hamming weight of t
and L(s) is the search length. Whenever such a w has been found, the decoder returns to
BBO. That is, the decoder shifts out the earliest branch of w, which is decoded as a correct
representation of the corresponding transmitted branch. At the same time, a new branch of
v is shifted into the decoder and a new branch of w must then be determined. If the new
w(1) results in t(1) = 00 (i.e., *t(1)* = 0), we can be sure that w has minimum test-error
weight. But, if t(1) = 01 (i.e., *t(1)* = 1), some other path may have smaller weight. Thus,
when the BBO results in t(1) = 01, we must check whether or not a backup search is
needed.

Backup search is the most complicated and difficult operation in real-time decoding. For
this reason, sequential decoding, which insists that branches must be examined
sequentially and the decoder must perform one computation for each node of every
examined path, is difficult to apply in a high-data-rate communication system. In this
study, we shall show why and how the decoding effort can be minimized.

3.  THE BACKUP SEARCH MODE

Consider that decoding starts with BBO. So long as BBO is successful, decoding proceeds
with minimum effort. However, if BBO results in an incorrect choice of branch, BBO
alone cannot return to the correct path. Therefore, if there is an indication of trouble, it is
important to know when to back up, where to back up to, and how to conduct the backup
search. In this section, we discuss the problem of how to determine the backup distance.
Consider that, under BBO, t(1) = 01. If there is a better t'(b) such that *t'(b)* < *t(b)*, t(b)
must simultaneously satisfy the following two threshold conditions:

a)  Accumulated test error weight: Let d(b) be the minimum Hamming distance between
pairs of paths, one from each of opposite half-trees b branches in length. (This distance



function is uniquely determined by the utilized generator sequence g; the relationship
between g and d(b) is discussed in the references.) Assume that a better code path w'(b)
the same length as w(b) at b branches back has been found, such that *w'(b) r v(b)* =
*t'(b)* < *w(b) r v(b)* = *t(b)*, then the weight of t(b) must satisfy *t(b)* $ T*(b), where

1) T*(b) = [d(b) + 1]/2 if d(b) is odd and d(b-1) < d(b)
2) T*(b) = [d(b) + 3]/2 if d(b) is odd and d(b-1) = d(b)
3) T*(b) = [d(b) + 2]/2 if d(b) is even.

Proof of these assertions is given in Appendix A, and the threshold condition T*(b) on
required backup distance b for the utilized rate one-half code is tabulated in Table I.

b)  Distribution of test-error: A better w' can be found at backup distance equal to b only if
t(b) satisfies d(b-i) < 2 *t(b)* - *t(i)* for all i # b where t(i) consists of the last i branches of
t(b). Proof of the above threshold condition is given in Appendix B. By carefully
examining Table I with the possible test-error patterns, we found that the decoder needs to
check only the range over which (b-i) is the smallest integer such that d(b-i) - d(b-i-1) = 1
for all i # b. This set of special values of d(b-i) is underlined in Table I for easy reference.
Those backup distances b that satisfy the above two sets of threshold conditions require a
subsearch. The subsearch should start with the minimum value of the required backup
distance b and gradually increase the value if it is needed. Whenever a w' possessing a
*t'(b)* < *t(b)* has been found, the resultant t' will have a weight *t'* = *t * -1 and is
guaranteed to have minimum test error weight. Proof of the last statement is provided in
Appendix C.

Let us use an example to illustrate how to apply these two threshold conditions. Consider a
tentative test-error sequence t(40) = 0200100000000010000000200000010001000201,
where each branch in t(40) is represented by a quarternary digit. Since *t(1)* … 0, the
decoder will enter the backup search mode and start to determine the required backup
distance.

Based on the first threshold condition, we shall examine which value of b is such that
*t(b)* $ T*(b) for all b # L(s) = 40. By referring to Table I, we find that *t(3)* = 2 < T*(3),
*t(7)* = 3 < T*(7), *t(11)* = 4 = T*(11), *t(18)* = 5 < T*(18), *t(26)* = 6 < T*(26),
*t(36)* = 7 < T*(36), and *t(39)* = *t(40)* = 8 = T*(39) = T*(40). This implies that only
b = 11, 39, and 40 satisfy *t(b)* > T*(b).

Based on the second threshold condition, we must check if b = 11, 39, and 40
simultaneously satisfy d(b-i) < 2 *t(b)* - *t(i)*. First, we find that when b = 11, t(b)
satisfies this second threshold condition. But, when b = 39 and 40, (b-i) = 36, d(b-i) =
d(36) = 14 = 2 *t(b)* - *t(i)* = 16 - 2, which contradicts d(b-i) < 2 *t(b)* - *t(i)* for all



i # b. Therefore, of b = 11, 39, and 40, only when b = 11 does t(b) simultaneously satisfy
both threshold conditions; thus the decoder will be required to carry out its backup
distance only at b = 11. In the next section, we show that, for the subsearches for b = 11,
this is a relatively short backup search, requiring only one specially designed backup
operation.

4.  ELIMINATING THE SHORT BACKUP SEARCHES

In the backup search mode, the short subsearches are major operations that occupy most of
the decoding time. By investigating the detailed search procedure, we found that there is
only a small set of test-error patterns that could occur within a relatively short backup
distance. Based on this special property, a simple technique is derived which eliminates all
short backup searches and thus further minimizes the decoding effort.

4.1  Permissible Path Decoding

Consider that t(b) and t'(b) stem from the same node such that t(b) = w(b) r v(b) and t'(b)
= w'(b) r v(b), then t(b) r t'(b) = [w(b) r v(b)] r [w'(b) r v(b)] = w(b) r w'(b). According
to the closure property of the group code, w(b) r w'(b) is a special code path. We refer to
such a path as a permissible path, P(.), which possesses the following properties:

Assume that there is a t'(b) with *t'(b)* = *t(b)* - 1. Then t'(b) = t(b) r P(i) such that

a)  P(i) is a truncated path in the lower half initial code tree.
b)  *P(i)* is odd.
c)  *P(i)* < 2 *t(b)*.
d)  The last branch of P(i) must be equal to 01.
e)  If P(i) is longer than two branches, the last two branches must be equal to 00 01.

Proof of the above assertions is given in Appendix D. Three cases on number of
permissible paths versus path length are tabulated in Table II. In Case A, the permissible
paths are directly selected from the initial code tree generated by the generator sequence
specified in Table I. The computer search uses the above five properties of P(i) except the
property c), as we assumed that there is no knowledge of the value of *t*. In Case B, we
assume that *t* is given so that the maximum weight on P(i) will be *P*. < 2*t*. In Case C,
this is the actually needed P(.) obtained from the development of the minimum test error
tree.



4.2  Minimum Test-Error Tree

We are interested in all possible test-error patterns occurring in this proposed decoding
technique, and such a set of patterns can be derived through developing a pattern tree
using the set of permissible paths mentioned above.

a)  The minimum test-error pattern tree is one branch long:  In this case, the decoder starts
BBO from the first branch. Although t(1) could be equal to either 00 or 01, only when
t(1) = 01 may backup search be required. But this t(1) has *t(1)* < T*(1), so no additional
search is needed. Furthermore, since t(1) = 00 does not require a backup subsearch, we
could concentrate our study only on the lower half tree.

b)  The tree is two branches deep:  Now the situation corresponds to adding two new t(1)s
to the previous t(1) = 01 pattern and results in two t(2)s: 01 00 and 01 01. Since the latter
t(2) has weight *t(2)* = T*(2) = 2, this t(2) may not be the minimum test-error pattern and
may require an additional backup subsearch.

We use all candidate permissible paths, P(i), with length longer than or equal to two
branches to search for a new t'(2) whose *t'(2)* = *t(2) r P(i)* = 1. (In fact, by using the
five conditions on P(i), we found that there is only one candidate path.) Such a P(1) = 11
01 exists, and the resultant is t'(2) = 10 00. Therefore we store this t(2), t'(2), and P(1) in
the memory. At the same time, we replace t(2) by its corresponding t'(2). From now on,
whenever BBO results in a t whose tail portion matches a t(b) stored in the memory, the
decoder shall replace this t(b) by its corresponding minimum test-error pattern t'(b).

c)  The tree is three branches deep:  A new pair of possible t(1)s is added to each t(2) and
now there are four t(3)s in the lower half test error pattern tree. They are 01 00 00, 01 00
01, 10 00 00, and 10 00 01.  Since none of them contains a t(2) = 01 01 nor has weight
*t(3)* $ T*(3), no additional search is needed.

d)  The tree is four branches deep:  Now there are eight t(4)s in the lower half tree. Since
two of them contain a t(2) = 01 01 but the other six are such that *t(4)* < T*(4). we apply
the stored P(1) to modulo-2 add to the first two t(2)s; then we return to BBO.

e)  The tree is five branches deep:  Then there are 16 t(5)s in the lower-half tree. These
patterns can be divided into three groups. The first group contains 13 t(5)s; none of them
has a tail matching one of the stored patterns t(b) nor is its weight *t(5)* $ T*(5)
Therefore, they do not require additional search. The second group contains two t(5)s: 01
00 00 01 01 and 10 00 00 01 01 both contain a t(2) = 01 01. We modulo-2 add the stored
P(1) to these two t(5)s and return to BBO. The third group contains four t(5)s all having
weight *t(5)* = 3 $ T*(5) = 3. By applying all possible permissible paths to search for a



new t'(5), the following cases are noted. For t(5) = 01 00 10 00 01 and 10 00 10 00 01, we
found that there is a P(2) = 11 10 10 00 01 such that *t'(5)* = *t(5) r P(2)* = 2; for t(5) 01
00 01 00 01, there is also a P(3) = 11 01 00 01 00 01 such that *t'* = *t(5) r P(3)* = 2;
Therefore, we store these three t(5)s and their corresponding P(2) and P(3) in the memory.
At the same time, we also replace these three t(5)s by their corresponding t'(5)s. Since
there is no P(.) added to t(5) = 10 00 01 00 01 that could produce a *t'(5)* < *t(5)*, it
implies that this t(5) is still a minimum test-error pattern, and we return to BBO. For
convenience, we change t(5) = 01 00 01 00 01 to t(6) = 00 01 00 01 00 01 as the
corresponding t'(6) and p(s) are six branches long.

f)  We continue to build the tree until it is developed to L(p) branches deep, where L(p) is
the predetermined feasible range for applying this test error pattern technique. At the same
time, we store all the required t(b)s and their corresponding t'(b)s and P(i)s in memory. The
first six branches of the minimum test-error pattern tree are generated in Figure 2, where
each new pattern t'(b) = t(b) r P(.) is underlined in the figure. An example set of t(b), t'(b),
and corresponding P(i) is tabulated in Table III, where i is the sequential order of the
permissible path required for the search of minimum test-error patterns. Also, the number
of required t(b)s and P(i)s as a function of the backup distance b is listed in Table IV.
From this table, we see that the correspondence between t(b) and P(i) is a many-to-one
relation.

4.3  Application of Minimum Test-Error Patterns

The set of minimum test-error patterns and the corresponding set of permissible paths can
be utilized to eliminate all the short backup searches. That is, whenever the decoder enters
the backup-search mode, if a required backup distance is less than or equal to L(p) and the
last b branch of t matches a stored t(b), we shall directly replace this t(b) by its
corresponding t'(b) = t(b) r P(i) and w(b) by its corresponding w'(b) = w(b) r P(i). For
present technology, the search for a possible t(b) and replacement of t(b) and w(b) by their
corresponding t'(b) and w'(b) for multiple required backup distances can likely be carried
out by a parallel operation.

There are two ways to implement the short backup search. We shall first memorize the
sets of t(b), t'(b), and P(i). Whenever a backup distance b $ L(p) requires us to conduct a
subsearch, the decoder could compare the t(b) branch-by-branch with the stored set of t(b),
or directly access the stored set of t(b) to see if there is an exact match. The former method
requires a maximum of b BBO, and the latter requires only one special-access operation.
For the sake of decoding speed, the latter method is preferred.

In this study, we have chosen L(p) = 12 for simplicity. Although the memory requirement
for both t(b)s and P(i)s increases exponentially with the value of L(p), today the memory



device is cheap and light, so the value L(p) should be able to extend beyond 20. A study to
find the optimum value of L(p) is under way, and results are expected soon.

5.  DISCUSSIONS AND CONCLUSIONS

Many discussions on performance of different decoding algorithms reported in the coding
literature are inappropriate and inaccurate, with seriousness of buffer overflow as one of
the concerns.

For practical reasons, the number of decoding operations in any incorrect subset must be
bounded by a realistic value. Thus, buffer overflow can occur in the backup search for
decoding a long convolutional code. But now, most advanced communication systems
adopt a crypto device, an error detection decoder, or even an equalizer. Therefore, once
the decoder accepts errors, an error propagation will surely occur which could be
introduced by the equalizer, the decryptor, or functions from other subsystems, and these
errors will be detected and discarded. Hence, types of damage due to accepting one error,
a long burst of errors, or occurrence of buffer overflow, are indistinguishable. The standard
solution for this problem is to insert a restart sequence. Both analytical investigation and
computer simulation indicate that the decoder always recovers to its correct path after the
decoder accepts errors. To obtain a rapid recovery, one could maximize the ratio of
L(s)/K, adopt soft-decision decoding, and employ systematic codes.

In this paper, we derived a new algorithm that uses two special sets of threshold conditions
to minimize the range of backup distance. Since these conditions are derived from distance
properties of the code, performance dependence of the variation of channel operations is
eliminated. Also, these threshold conditions are very tight. We thus significantly minimize
the range of the backup distance otherwise required by sequential decoding. When we
carry out the backup search, we use a special procedure that has been introduced to
eliminate all short subsearches. By trying to fit in between so as to have the advantages of
both the Fano and stack algorithms, we select a suitable range of L(p) so that we eliminate
all short backup searches and avoid the memory size’s growing exponentially as the stack
size in the stack algorithm. When a longer backup distance is needed, we can still use the
shorter minimum test-error patterns and permissible paths to minimize the backup
decoding operations. In case we have more than one required backup distance, the same
set of memorized minimum test-error patterns and the corresponding permissible paths
could be applied in parallel to search for the first t' such that *t'* < *t*. At present, a study
on this kind of parallel operational procedure is under way, and further results are
anticipated in the near future.



APPENDICES

Appendix A:  Proof that the necessary condition for *t'(b)* < *t(b)* is *t(b)* > T*(b) where

a)  T*(b) = [d(b) + 1]/2 if d(b) is odd and d(b-1) < d(b).

From the distance property of the code, we know that *w(b) r w'(b)* = *w(b) r v(b) r
v(b) r W'(b)* = *t(b) r t'(b)* $ d(b) implies *w'(b)* $ d(b) - *w(b)* and *t'(b)* $ d(b) -
*t(b)*. If *t(b)* < T*(b) = [d(b) + 1]/2 were true, then *t'(b)* $ d(b) -T*(b) > *t(b)*, which
is a contradiction to *t'(b)* < *t(b)*.

b)  T*(b) = [d(b) + 3]/2 if d(b) is odd and d(b) = d(b-1).

We know that [*t(b)* - *t(1)*] + [*t'(b)* - *t'(1)*] $ d(b-1) = d(b); now *t(1)* = 1 and *t'(1)*
= 0 (see proof in Appendix C) which implies that [*t(b) r t'(b)*] $ d(b) + 1. Therefore, if
*t(b)* < T*(b) = [d(b) + 3]/2 were true, it implies *t'(b)* $ [d(b) + 1] - *t(b)* $ *t(b)*,
which contradicts *t'(b)* < *t(b)*.

c)  T*(b) = [d(b) + 2]/2 if d(b) is even.

If *t(b)* < T*(b) = [d(b) + 2]/2 were true, then *t'(b)* $ d(b) - *t(b)* implies *t'(b)* $ *t(b)*
which contradicts *t'(b)* < *t(b)*.

Appendix B:  Proof that a subsearch will be needed at backup distance b only if d(b-i) <
2*t(b)* - *t(i)* for all i # b.

Let us assume that there is a t'(b) such that *t'(b)* = *t(b)* - 1. Consider that t(i) and t'(i)
are the tail portion of the last i branches of t(b) and t'(b), respectively, where i # b. If d(b-i)
$ 2*t(b)* - *t(i)*, it implies *t'(b)* $ *t'(b)* - *t'(i)* $ d(b-i) - [*t(b)* - *t(i)*] $ [2*t(b)* -
*(i)*] - [*t(b)* - * t(i)*] = *t(b)* which is a contradiction to *t'(b)* < *t(b)*.

Appendix C:  Proof that t' resulting from replacing t(b) of t by t'(b), where *t'(b)* < *t(b)*,
is a minimum test error pattern.

Since w is an extension by BBO of an accepted path which had minimum test-error
weight, we have *t(b)* - *t(1)* # *t'(b)* - *t'(1)*. Now since   *T(1)* = 1, *t'(b)* < *t(b)*
exists only if *t(b)* - *t(1)* =  *t'(b)* - *t'(1)* and *t'(1)* = 0. Thus, *t'(b)* = *t(b)* - 1 and t'
is the minimum test-error pattern.



Appendix D:  Proof of the necessary conditions on P(i).

a)   P(.) belongs to the lower half initial truncated code tree.

Since P(.) = w r w ', where w and w ' are two code paths belonging to opposite half
truncated code trees, it implies that P(.) is one of the distance patterns between two half
trees. But the lower half initial tree contains all the distance patterns between two half
trees; this implies that P(.) belongs to the lower half initial code tree.

b)  *P(.)* is odd.

Since *t'(b)* = *t(b)* - 1, this implies that one of these two paths has an odd weight and the
other has an even weight. Therefore, *P(.)* = *t(b) r t'(b)* must be odd.

c)  *P(.)* < 2*t(b)*.

If * P(.)l $ 2*t(b)*, it implies that *t'(b)* = *P(.) r t(b)* $ *P(.)* - *t(b)* $ *t(b)*, which
contradicts *t'(b)* < * t(b)*.

d)  The last branch in P(.) equals 01.

In Appendix C, we proved that t(1) = 01 and t'(1) = 00. Therefore, the last branch in P(.)
equals t(1) r t'(1) = 01.

e)  If b > 2. the last two branches in P(.) equal 00 01.

There are only two t(2) derived by BBO which may require backup search. They are: 01
01 and 00 01. But, if t(2) = 01 01, it would be directly changed to t'(2) = 10 00 which
implies that only when t(2) = 00 01 may we need a backup search.

Let us assume that there is a t' such that *t'(b)* = *t(b)* - 1 but *t'(b)* r 1. Since *t(1)* = 0,
we have *t'(2)* $ *t(2)* and *t'(b)* - *t'(2)* = [*t(b)* - 1] - *t'(2)* # *t(b) - *t(2)* - 1. This
means that two BBOs ago there is a w ' with t' which is a better choice than the presently
decoded sequence w. This statement contradicts w, being derived from minimum distance
decoding, and thus t'(2) = 00 00 and the last two branches in P(.) equal t(2) r t'(2) = 00 01.
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