
Jitter Sampling of Deterministic Signals and Noise

Item Type text; Proceedings

Authors Lee, Leonard T.

Publisher International Foundation for Telemetering

Journal International Telemetering Conference Proceedings

Rights Copyright © International Foundation for Telemetering

Download date 19/05/2023 15:15:01

Link to Item http://hdl.handle.net/10150/614730

http://hdl.handle.net/10150/614730


STUDENT PAPER

JITTER SAMPLING OF DETERMINISTIC SIGNALS AND NOISE

Leonard T. Lee
Cornell University, B.S. (EE) ’89

Liverpool, New York 13090

INTRODUCTION

In the implementation of any digital signal processing
system, noise can be introduced due to hardware limitations.
Some examples of noise are aliasing and amplitude
quantization noise. Another noise source that is often
ignored is the result of jitter, or random fluctuations of
the sample period. Since clock jitter is present in almost
all oscillators, a digital signal processing system rarely
has perfectly timed samples.

In this paper, an approximate autocorrelation function of
the noise introduced by jitter sampling a deterministic
function is derived. The results are applied to the specific
case when the sampled function is periodic. In addition,
closed-form expressions for the signal-to-noise ratio of the
jittered samples are obtained. These expressions can be used
to determine how stable the system clock has to be to reduce
jitter noise to acceptable levels. Computer simulation was
used to check the validity of the results.

PROBLEM AND SOLUTION

Let g(t) be a real-valued, continuous, deterministic
function defined on the interval t g (-4, 4). x(n) is the
corresponding sequence of jittered samples of g(t) with an
average sampling period T:

(1)

g(n) is a wide-sense stationary (WSS) discrete random
process with mean zero that represents the sampling time
error. Given the above definitions, we would like to find an
expression for the autocorrelation function of x(n).



We begin by making the observation that since g(n) is a
random process, x(n) is also a random process. The
autocorrelation function of x(n), R (n ,n ) is by definitionxx l 2

(2)

where E is the expectation over all possible realizations of
x(n). Equation (2) is a general result that applies to any
signal g(t) meeting the constraints mentioned above. In
general, R (n ,n ) is not a function of the difference (n -n )xx l 2         l 2

and, therefore, x(n) will not be wide-sense stationary.

To derive more practical results, we make the assumption
that the variance of g(n) is small compared to the sample
period T (i.e., the timing jitter is small). We now express
g(t) as a Taylor series of the form

(3)

With g'(C) denoting the time derivative of g(C).

Since the jitter is small, the higher-order terms
proportional to g(n)  and in Eq. (3) are negligible. Ignoring2

these terms, the expression for R (n ,n ) is to a first-orderxx l 2

approximation

(4)

Expanding the product in Eq. (4) and using the linearity of
the expectation operator results in

(5)

Since we have assumed that the mean of the jitter process,
E[g(n)] is zero, Eq. (5) becomes

(6)

By inspection of Eq. (6), we see that E(g(n )g(n )] is byl 2

definition the auto correlation of the WSS time-jitter
process, g(n). Rewriting, we obtain the following expression
for the first-order autocorrelation of the jittered samples
of g(t) or x(n)



(7)

Before proceeding, we make the observation that the first
term of the sum in Eq. (7) is the deterministic
autocorrelation of the unjittered samples of g(t). The
second term in Eq. (2) is due to the jitter. Since the two
parts are added and the jitter is independent of g(t), we
can interpret the second term of the sum as the
autocorrelation of the total noise process introduced by
jitter sampling. Therefore

(8)

Equation (8) is the approximate autocorrelation function for
the noise process introduced by jittered sampling. Our small
jitter assumption has simplified the problem by making the
noise approximately additive.

APPLICATION OF THE RESULTS

Single Sinusoid Case

We will now derive specific results for the case where the
sampled function, g(t) is of the form

(9)

Using the above notation, the jittered samples of g(t) are

(10)

Substituting into Eq. (8), we obtain the autocorrelation of
the noise for small jitter to be

(11)

As a result of the periodicity of the cosine terms in Eq.
(11), the following is true

(12)

where ml and m2 are arbitrary integers. Therefore, the noise
process is cyclostationary. Because of this particular form
for the noise process, it is tempting to find ways to treat



Eq. (11) as WSS. WSS processes are desirable because they
are mathematically tractable.

Using a discretized version of the approach in Reference 1,
we form an equivalent WSS process by averaging the
autocorrelation over one period.

(13)

This averaging operation for cyclostationary processes is
not as arbitrary as it appears; it can be interpreted as a
phase randomizing of g(t). Substituting our expression for
R  in Eq. (11) into Eq. (13) and noting that for a WSSNN

process,

R(n1-n2) = R(m)

(14)

Since the sum is over k, we may bring the R (m) term outsidegg

the summation. To further simplify Eq. (14), we use the
result

(15)

After some manipulation, Eq. (14) reduces to

(16)

This result tells us that the autocorrelation of the noise
process introduced by jitter sampling a single sinusoid is a
modulated version of the sample time error process. Since
the process in Eq. (16) is WSS, its discrete-time Fourier



transform will give us a measure of the spectral density of
the jitter noise. This point was not studied in detail.
Instead, the research proceeded along the lines of finding
the signal-to-noise (SNR) ratio of the jittered samples.

We will now use Eq. (16) to find the SNR ratio of our
jitter-sampled sinusoid. The SNR ratio of the sampled
sinusoid can be defined to be

(17)

where L is chosen so the sum includes one period of the
sinusoid. In this definition of the SNR, the numerator of
the fraction in Eq. (17) is the average power of the ideal
samples of the sinusoid, and the denominator is the average
power of the noise. Recalling that the average power of a
sinusoid is A /2, and that the average power of the noise is2

its autocorrelation evaluated at m=0, we obtain for our
sinusoid

(18)

By substitution of Eq. (16), we get the SNR of the jitter-
sampled sinusoid

(19)

Recalling that R (0) is the variance, F  Of the sample timegg     2

error process, we may write Eq. (19) as

(20)

This result is identical to the result in Eq. (2), but
obtained as a special case of Eqs. (7) and (8). In
Reference 2, this expression is stated to be true only for
the case of gaussian noise and white jitter. However, based 



on our derivation, we see that this result is still valid
regardless of the distribution of the noise, or whether it
is correlated from sample to sample.

Note that is T=0 in Eq. (20), or the signal is constant with
time, SNR(dB)=4. This intuitively correct result is
consistent, given our definition of the SNR. Of course, we
cannot use this fact to improve the SNR of, say, digitally
recorded music by simply increasing the dc component of the
stored samples. The overall SNR can be made arbitrarily
large, but the noise in the dynamic portion of the signal
will not be reduced. Therefore, in practice, an SNR
measurement for jitter is more meaningful if the dc
component of the reference signal is zero.

Generalization to a Weighted Sum of Sinusoids

We will now show a generalization of Eq. (20) where g(t) is
a weighted sum of sinusoidal functions of the form

(21)

The average power of g(t), S, is given by

(22)

To extend our previous result to a sum of sinusoids, we use
the fact that with small jitter, the sample noise is
additive. Using Eq. (20), our results show that the average
noise power of the samples is

(23)

The SNR (in dB) of jittered samples of g(t) is simply

(24)



NOTES ON RESULTS

Throughout the above discussion, we have assumed that the
autocorrelation of the jitter process is known. In practice,
it may prove difficult to obtain these data for the
oscillator used to time the samples. However, in Eqs. (20)
and (22) through (24), we see that for small jitter, the SNR
depends on the value R (0) or F . These data are usuallygg

2

easier to obtain than the autocorreltaion of the entire
jitter process. In fact, as we shall see, the approximation
proves to be accurate enough that we could use the SNR
measurement to gauge the clock jitter. This may prove to be
easier in practice than to measure the sample jitter
directly.

NUMERICAL VALIDATION OF RESULTS

A MATLAB script file was written to verify the accuracy of
Eq. (24). The simulation allows the user to specify
simulation parameters such as: the number of samples,
sampling period, and the frequency components of the sampled
function. The sample jitter process is created by passing a
unit-variance, white, mean zero process through a user-
specified finite-impulse response filter (this is used to
generate correlated jitter). The distribution of the input
noise is either uniform or gaussian, and the variance of the
filter output is user specified. The code computes the SNR
of the jitter-sampled function experimentally and
theoretically and displays the results.

We will now present simulation results for a number of
important cases to convince the reader of the accuracy of
the approximations. The data are divided into three groups,
A through C. Within each group, the variance and the signal
to be sampled are kept constant. Therefore, according to our
theory, the SNRs should remain constant within each group.
Each trial within a group varied one parameter, to test if
the SNR remained constant.



Group A

In the following three trials, the following values were
common

N=256; T=2.5xl0 ;-5

ac=[]; as=[1];
kc=[ ]; ks=[1];

1. std=lxl0 ; distrib='unif'; experimental:60.16 dB-6

num=[1]; theoretical:60.16 dB

2. std=lxl0 ; distrib='norm'; experimental:60.44 dB-6

num=[1]; theoretical:60.16 dB

3. std=lxl0 ; distrib='norm'; experimental:60.34 dB-6

num=[10.50.25]; theoretical:60.16 dB

Group B

In the following three tests, the following values were
common

N=256; T=2.5xl0 ;-5

ac=[]; as=[1];
kc=[0]; ks=[60];

4. std=l0xl0 ; distrib='unif'; experimental:4.71 dB-6

num=[1]; theoretical:4.60 dB

5. std=l0xl0 ; distrib='norm'; experimental:5.29 dB-6

num=[1]; theoretical:4.60 dB

6. std=l0xl0 ; distrib='norm'; experimental:4.63 dB-6

num=[10.50.25]; theoretical:4.60 dB

Group C

In the following six tests, the following values were common

N=256; T=2.5xl0 ;-5

ac=[32]; as=[5];
kc=[050]; ks=[10];

7. std=lxl0 ; distrib='unif'; experimental:36.16 dB-6

num=[1]; theoretical:35.91 dB



8. std=lxl0 ; distrib='norm'; experimental:35.69 dB-6

num=[1]; theoretical:35.91 dB

9. std=lxl0 ; distrib='norm'; experimental:35.94 dB-6

num=[10.50.25]; theoretical:35.91 dB

10. std=l0xl0 ; distrib='unif'; experimental:16.01 dB-6

num=[1]; theoretical:15.91 dB

11. std=l0xl0 ; distrib='norm'; experimental:15.89 dB-6

num=[1]; theoretical:15.91 dB

12. std=l0xl0 ; distrib='norm'; experimental:16.43 dB-6

num=[10..50.25]; theoretical:15.91 dB

The experimental SNR data were obtained by running the
simulation five times for each case and averaging the
resulting SNR. From the data, observe that the theoretical
predictions are constant within a group. The experimental
SNRs also remain fairly constant. We conclude that the
theoretical and experimental SNRs match very well
considering our theory is only an approximation.

CONCLUSION

In this research project, the autocorrelation function of
jittered samples of a deterministic function was derived. An
important special case of sampled periodic functions was
treated in some detail. Computer simulation demonstrated the
validity of the approach for small jitter. Since we have the
autocorrelation function of the noisy signal, one could, in
principle, take the discrete-time Fourier transform of the
autocorrelation to find the approximate frequency spectrum
of the noise introduced by sample jitter. The accuracy of
resulting spectrum was not verified in this report, but is
an area for further work.

REFERENCES

1. Franks, L. E., 1981, Signal Theory, Dowden and Culver,
pp. 207-208.

2. Strawn, J., ed., 1985, Digital Audio, William Kaufman,
Inc., p. 14.


