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LOCK DETECTOR ALGORITHMS FOR SYNCHRONIZATION

Jack K. Holmes
Staff Scientist

Holmes Associates
Los Angeles, California 90024

ABSTRACT

Lock detector lock algorithms for both pseudonoise spread spectrum systems and carrier
loops are discussed. Specifically, a theory based on discrete time Markov processes
employing a generalization of some results of Kemeny and Snell(1) are derived and yield
both the mean and the variance of the time it takes to have a false dismissal and a false
alarm. Some examples of typical algorithms are given.

INTRODUCTION

This paper discusses lock detectors that can be used for PN code lock verification or
carrier loop lock verification. The only assumption required is that the statistics of the lock
detector variable be independent from sample to sample, which yields a Markov lock
detector process.

Basically, there are two defects in all lock detectors. The first occurs if the signal is
present and the loop is locked to this signal. When the lock detector indicates that the
signal is not locked, we have a false dismissal (which, of course, is undesirable). The time
that it takes to obtain a false dismissal should be large. The second defect occurs if the
signal is not present (or not synchronized) and the lock detector indicates that the system is
locked. Here again, we have a false alarm which is undesirable. Clearly, the time to a false
alarm should be very large. This paper supplies the technical basis on which to design a
lock detector system which yields large mean time to both false alarms and false
dismissals.

Figure 1 shows the essence of a PN code acquisition channel using an integrate-and-dump
matched filter which forms the test statistic for the lock detector algorithm. In this model, it
is assumed that an RF-modulated signal of the form

(1)



where P is the received power, PN(t) the received PN code T0 the received carrier radian
frequency and 20 the received carrier phase. When the bandpass filter bandwidth is wide
compared to the inverse integration time, the output statistic will then be essentially
independent and the following Markov theory can be applied to it.

As a second example, consider a Costas loop lock detector, as shown in Figure 2. By
taking the in-phase component squared, minus the quadrature component squared, then
lowpass filtering with, say, a one-pole RC filter with time constant J, and, finally, sampling
at a rate 1/T cycles per second, the resulting variates are nearly independent when the
LPF1 bandwidth >> 1/J and T >> J.

Both of the above systems involve algorithms based on a fixed integration or sample time.
In some applications, it is necessary to utilize two or more distinct times in the algorithms.
For example, in PN code acquisition systems, there often are two distinct dwell times--one
short one for a quick-look and a longer duration integration time for verification.

In the appendix, the mean and variance of the absorption time for different dwell times has
been derived based on generalizing Kemney and Snells(1) result (which was limited. to
equal duration dwell times).

PERFORMANCE OF THE TWO-IN-A-ROW ALGORITHM

As a concrete example, consider the algorithm shown in Figure 3 which requires two
consecutive outputs above the threshold to reach the absorbing state. In Figure 3, p is the
probability of exceeding threshold and q is the probability of not exceeding threshold. In
order to reach state 3, the absorbing state, two consecutive below-threshold events must
occur.

We now show how to compute the mean and variance of the time it takes to reach state 3.
If the signal were present, the absorbing state would correspond to a false dismissal. If the
signal were not present, however, the absorbing state would correspond to a correct
rejection of the noise.

Note that the dwell time in state 1 is T1 seconds whereas in state 2 it is T2, with T2 … T1
in the general case. The model assumes that, once in state 3, it remains there forever. The
transition matrix for Figure 3 is given by

(2)



In order to compute the mean and variance, we must rearrange P to P*, where P* is the
rear-ranged matrix with the absorbing state placed into the first position. We have for P*
that

(3)

The square matrix Q is the submatrix formed by deleting the row(s) and column(s)
corresponding to the absorbing state(s) of P*. We have, from equation (3), that

(4)

The matrix N is defined by

(5)

where I is the unit matrix of dimension 2. From equations (4) and (5), we have

(6)

From the appendix, the mean time to go from state 1 to state 3 is given by the first element
of the column vector N> , where > is the column vector of dwell times

(7)

Also, the mean time to go from state 2 to state 3 is the second element in N>. We have that

(8)

which is the mean time to reach state 3, starting in state 1. Note as a check that, if q =1,
then T =T1+T2 seconds, as it obviously should. Also, the standard deviation should be zero
since the process is no longer random.



The second element in the row vector N> is given, using equations (6) and (1), by

(9)

This result can also be derived from equation (8) by noting that, if we start in state 2,

(10)

Simplifying equation (10) results in

(11)

as was obtained in equation (9).

Now for this same algorithm, we compute the variance of the time it takes to reach state 3,
starting in state 1. This quantity is the top element in the column vector, which is derived
in the appendix, and is given by

(12)

where

(13)

and

(14)

Equation (12), for our example, becomes

(15)



The top element in F2 is the variance of the time it takes to go from state 1 to state 3. The
second or bottom component of F2 is the variance of the time it takes to go from state 2 to
state 3.

Simplifying the upper term of equation (15) leads to

(16)

Notice that, when q = 1, F1
2 = 0, as it should.

PERFORMANCE OF THE FIVE-IN-A-ROW ALGORITHM

As another example of the application of the theory derived here, consider the five-in-a-
row algorithm shown in Figure 4. This algorithm requires five below-threshold events
before declaring signal not present. The transition matrix is given by

(17)

The rearranged matrix is given by

(18)

The mean time to reach state 6, starting in state 1, is, from the appendix, given by the top
element (first component) of

(19)



Evaluating, we obtain

(20)

Again notice that, if q =1,then T =T1 +T2+ T3 +T4 +T5, as is obvious from the diagram.
The variance can be computed by using the results of the appendix, and is left to the
reader.

PERFORMANCE OF THE THREE-STAGE COUNTER

Another possible algorithm which can be used is the counter. To use a concrete example,
consider the count-of-three counter. When the excess of up-counts over down-counts is
three, the detector signals an out-of-lock condition. The state diagram of the algorithm is
shown in Figure 5. We will assume that all the dwell times are equal. The transition matrix
for this case can be described by

(21)

The upper component of N> is, after some algebra, given by

(22)

Note again that, when q =1, T̄ = 3T, as it should. The variance can be computed in the
same manner as before.

CONCLUSIONS

This paper has presented an analysis technique for evaluating lock detectors for PN-coded
spread spectrum systems as well as carrier systems. The appendix contains a
generalization of Kemeny and Snell for the mean and varaince of the time it takes to reach
an absorbing state (out-of-lock condition, for example).



* If the first state is absorbing, then p = p*.

APPENDIX

In this appendix, we generalize some results of Kemeny and Snell(1) regarding the mean
and variance of the time it takes to reach an absorbing state of a Markov chain from a
transient state. The original transition matrix is of the form

(23)

The rearranged transition matrix, P*, has the absorbing state placed in the first position.
The rearranged matrix, assuming that the rth entry is the absorbing one, is given by
(1<r#s)*

(24)

The Q matrix is a submatrix of P* excluding the absorbing state so that

(25)

Let N = [I-Q]-1 where I is a (S-1)x(S-1) unit matrix. First we compute the mean time to
reach state r, the absorbing state. Let nj equal the number of times the process is in state sj.
The set of transient states is denoted by T,; hence, the time that the process takes to reach
an absorbing state is given by

(26)



where nj is the number of times the process is in state j and Tj is the duration or “dwell”
time of state j. Starting in state “i”, a transient state, we ave that the mean value of t is
given by

(27)

Let uj
k be the function that is one if the process is in state j after k steps, and is zero

otherwise. Then we have ([aij] denotes a matrix with elements aij),

(28)

(29)

(30)

where pij
(k) is the probability of going from state i to state j in k steps. We have that

(31)

(32)

(33)



Hence, from equation (26),

(34)

where

(35)

are the reordered dwell times written as a column vector. In conclusion,

(34a)

Hence, the mean time it takes to go from state i to the absorbing state is given by the ith
element of the column vector N > (counting top down).

Now we compute the variance of the time it takes to reach an absorbing boundary, Again,
we have

(36)

so that

(37)

where T
~

 is the set of absorbing states, one in our present case. We now have that

(38)



or

(39)

Solving for Mi (t
2), we have

(40)

Consider the first term on the right of equation (40).

(41)

or, clearly,

(42)

Now consider TII , the second term in equation (40). Now

(43)



Hence (reordering the transient states as 1 through s-1)

(44)

(45)

Now consider

(46)

and define

(47)



Then

(48)

Therefore, from equations (40), (45) and (48), we obtain

(49)

where >sq is defined in equation (42).

Since M = [N] >, we have

(50)

Now since,

(51)

we have

(52)

Hence, the variance of the time it takes to reach the absorbing state from state i is given by
the i components of F2. When all the times are equal to T1 this result reduces, after a little
algebra, to the one derived by Kemeny and Snell(1),

(53)

where

(54)
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Figure 1  Representative PN code tracking lock detector.

Figure 2  Costas Loop lock detector model.

Figure 3  Two-in-a-row state diagram for a lock detector algorithm.



Figure 4  Five-in-a-row state diagram for a lock detector algorithm.

Figure 5  Count-to-three state diagram for a lock detector algorithm.


