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LATE DITHERING REPLICA
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SUMMARY

The spectrum of the product signal of a PN code and its replica offset in time has been
analyzed by Gill in [1]. In this paper a more generalized result is obtained. In particular,
the spectrum of the product signal of a PN code and its time-shared early and late replica
is given as a function of the dithering rate, the magnitude of the dithers (i.e., tau), the code
sync error, and the gating function which controls the manner in which time sharing of
early and late dithering is accomplished. From this evaluation the effect of PN self-noise
on the performance of a direct sequence spread spectrum communication system with tau-
dither code tracking can be quantified.

1.   INTRODUCTION

Tau-dither and delay-lock are two common code tracking techniques used in PN
despreader designs. In delay lock tracking the received PN signal is simultaneously
correlated with an early and a late local PN reference in two separate correlators, and the
delay error is obtained as the difference of the two correlation signals. In tau-dither
tracking the received PN code is correlated, in a time-shared manner, with the local early
and late PN references in one correlator. The error signal is obtained by inverting the
demodulated correlation signal of the received PN and the late PN and low-pass filtering
the resulting signal.

Tau-dither tracking uses only one PN correlator, and is thus simpler than delay-lock
tracking in terms of hardware, avoiding the usual problem of gain imbalances commonly
experienced in designing the two correlators.

PN self-noise, which is generated when a PN code is multiplied with its replica with a
nonzero time offset, is one of the degradation factors that affects performance in both of
the above approaches. In low and medium signal-to-noise environments, the effect of PN-
self noise is relatively smaller than that of the thermal noise, and can thus be neglected in



the analysis. However, in high signal-to-noise applications (e.g., in spacecraft command
links) PN-self noise effect can be more significant than that of the thermal noise, and thus
deserves further attention since it becomes the only dominating factor in performance
degradation when jamming is not present.

In some space-borne PN system designs, the transmitter may send time-shared early and
late PN codes rather than a fixed PN, and the despreader (which is space borne) correlates
the received signal with a single PN to derive the delay error signal. The intent here is to
minimize the despreader hardware which is placed on a spacecraft. In this application, the
same PN self-noise that affects code tracking will also affect carrier tracking and data
detection, since data is not obtained from the punctual correlation channel as in some other
despreader designs.

In this paper we consider the effect of PN self-noise on data detection and carrier tracking
of direct sequence spread spectrum systems using tau-dither code tracking. The spectrum
of the product signal of a PN code and its time-shared early and late dithering replica will
be derived in Sections 2, 3 and 4.

2.   AUTO-CORRELATION FUNCTION OF THE PRODUCT SIGNAL

Consider the product signal

(1)

 where x(t) is a reference PN code; x(t + 81 ) and X(t + 82) are, respectively, the early and
late replica of x(t) with 81 > 0 and 82 < 0; and g(t), ḡ(t) are time gating functions which
satisfies the relationship :

(2)

The function g(t) equals to 1 when the early code is on, and equals to 0 when otherwise.
The function ḡ(t) equals to 1 when the late code is on, and equals to 0 when otherwise.
Further, we assume that the early code is on half of the time and similarity does the late
code. Then the time averages of g(t) and ḡ(t) both equal to 1/2, i.e.,

(3)



With g(t), ḡ(t) satisfying (2) and (3) it is easy to show that the au to-correlation functions
of g and ḡ are identical, i.e.,

(4)

The correlation function R of two time functions f and g is defined, in the usual sense, by
the following:

(5)

When (2) and (3) are satisfied it can also be easily verified that

(6)

The assumptions that the early code and the late are each on half of the time in the product
signal T (t ; 81 ; 82), and that they don’t overlap in time are realistic assumptions and do
reflect the actual situation in tau-dither despreader designs. Because of (4) and (6), which
follows from these assumptions, the auto-correlation function of the product signal T (t ;
81 ; 82) can he given as follows:

(7)

where Rm (t ; 81 ; 82) is defined to be the correlation function

(8)

where m(t ; 8) is the product signal of a reference PN and its replica offset by 8 in time,
i.e.,

(9)
and the notation E denotes expectation, with respect to the randomness in the PN code.

Thus it follows from (7) that, in order to evaluate RT (t ; 81 ; 82), it is only necessary to
evaluate Rgg(J) and Rm (t ; 81 ; 82). The function Rgg(J) depends on the time-share gating
function g(t) only. On the other hand, the function Rm, (t ; 81 ; 82) depends upon the PN
code only, and is independent of the time-share gating function g(t). In Section 3 the
function Rm will be derived. The function Rgg(T), depends on the manner in which time-
share gating is accomplished. The following two examples of g(t) are known to be used in
despreader designs.



Example 1 - Alternate Early and Late Time-Sharing.

In this case the function g(t) is a periodic function in time and is equal to 1 during the first
half of the duration TF (the dithering rate is 1/TF), and is equal to 0 in the second half of TF.
Both (2) and (3) are satisfied here and we have

(10)

where 7 is the triangular correlation function

(11)

and where * is the Dirac-delta function and Ç denotes the correlation. The functions g(t)
and Rgg(J) are shown in Figure 1. The Fourier transform of Rgg(J), i.e., the power spectrum
of g(t), is given by

(12)

which consists of spectral lines at odd-multiples of the dithering rate.

Example 2 - Semi-Ramdom Early and Late Time-Sharing.

In this case the early code will be on for TF/2 and the late code will be on for the remaining
TF/2 within each time period TF. However, whether the early code or late code occurs first
is chosen randomly. This type of time gating provides an additional anti-jam capability
over the alternate gating method of example 1 when, in particular, the early and late
dithering PN codes are transmitted to the despreader which is space borne. The functions
ḡ(t) and g(t) are illustrated in Figure 2(a). The auto-correlation function Rgg(J), for this
case, can be shown to be given by

(13)

Where RM(J) is the auto-correlation function of the base-band Manchester symbol, as
illustrated in Figure 2(b).

The power spectrum S (f), in this case, is given by

(14)



3. The Correlation Function Rm (t ; 81 ; 82)

The function m(t ; 8) / x(t) x(t + 8) where x(t) is a PN coded sequence with NRZ pulses
can be decomposed into two components: a periodic component p(t) and a random (non-
periodic) component q(t). Both p(t) and q(t) depend on the chip rate 1/Tc (Tc / chip
duration) and the code sync offset 8. The functions p(t), q(t) are illustrated in Figure 3 for
both cases 8 > 0 or 8 < 0, assuming *8* < Tc.

The function p(t ; 8) is a periodic train of pulses, each with a duration Tc - *8*. The period
is Tc . The function q(t ; 8) is a random train of pulses, with pulse duration *8* and period
Tc . Since q(t) is zero mean, while p(t) is periodic, it follows that

(15)

where Rp, Rq are the auto-correlation functions of p(t) and q(t), respectively. It remains to
evaluate Rp and Rq. Consider first Rp.

Without loss of generality we can assume *81*>*82* since 81 and 82 are interchangeable in
the definition of Rm [i.e., Equation (8)]. Consider first the case 81 > 0 and 82 < 0. The
functions

and their cross-correlation function

are illustrated in Figure 4.

Rp is seen to be a periodic function of J with period Tc . Thus Rp will contribute to spectral
lines at frequencies m/Tc, m = 0, ±1, ±2, . . . , i.e., at multiples of the chip rate and dc.

Let

be the cross-correlation Rp shown in Figure 4. In fact, since Rp is periodic, its values are
given by

(16)



Combining (14) with the property of p(t ; 81) (see Figure 4) it can be seen that
Rp(J ; 81 ; 82) can also be given in terms of Rp (t : *81* ; - *82*) through the following
relations, for the other cases of 81 and 82 : 

(17)

Further simplification is possible by defining the symmetric trapezoidal correlation
function

(18)

which is illustrated in Figure 5. With Rp defined as in Equation (18) the case of a general
Rp(J ; 81 ; 82) can be obtained by combining Equation (17) and Equation (18) to be the
following

(19)

Next consider the correlation function Rq (J ; 81 ; 82) of the random functions q(t ; 81) and
q(t ; 82). Since q(t ; 8) is a train of random (±1) pulses with width 8, Rq(J ; 81 ; 82) is equal
to the correlation between two rectangular pulses with widths *81* and *82*, respectively.
For the case 81 > 0, 82 < 0 and *81* > *82*, the function Rq (J ; 81 ; 82) is shown in Figure
6. Following the same arguments as that given for Rp we found that Rq (J ; 81 ;82 ) can be
given in terms of the symmetric function Rq (J ; *81* ; *82*) as follows, for *81* > *82* :

(20)

The
symmetric function R

~
q(J ; *81* ; *82*) is also shown in Figure 6. The auto-correlation

function R
~

m (J ; *81* ; *82*) is, according to (15), given by the sum of Rp and Rq of (19)
and (20).



4.  The Power Spectrum ST(f ; 81 ; 82) of the Product Signal T(f ; 81 ; 82) 

The power spectrum of the product signal T(t ; 81 ; 82) of (1) is equal by definition, to the
Fourier transform of its auto-correlation function RT (J ; 81 ; 82) of (7) Let Sgg(f) and
Sm (f ; 81 ; 82) denote, respectively, the Fourier transforms of Rgg(J) and Rm ( J ; 81 ; 82).
Then the power-spectrum ST(f ; 81 ; 82) can be given from (7) by:

(21)

The sum of Sm (f ; 81 ; 82) and Sm* (f ; 81 ; 82) is always real (* denote’s the complex
conjugate here). Thus ST(f ; 81 ; 82) is always real, as expected.

The Fourier spectrum Sm(f ; 81 ; 82) is equal to the sum

the latter are the Fourier transforms of the functions Rp and Rq of (19) and (20),
respectively.

The function R
~

p (J ; *81*; *82*shown in Figure 5 can be decomposed into a constant value
plus the difference of two periodic triangular correlation functions, as shown in Figure 5.
With this decomposition the Fourier transform of R

~
p can be given as follows:

(22)

where the amplitudes "k are given by

(23)



From Figure 6 it is seen that R
~

q can be decomposed into difference of two triangular
correlation functions (non-periodic). The Fourier transform of R

~
q is thus given by

(24)

Combining Equations (19), (20), (22) and (24) we have, in summary:

(25)

where "k is given in Equation (23).

When 81 = 82 = 8 the above reduces to the special case which is the spectrum of the
product signal between a PN code and its replica offset by 8, given by

(26)

Eq. (26) is in exact agreement with the earlier result obtained by Gill in [1].

Substituting (12), (14) and (25) into (19) the desired spectra with time-share gating effects
are obtained. The final results are the following.



(1)  For alternate early and late time-sharing:

In (27) "k, Sq are given as in (23) and (24), and ,n = 2 if n … 0 and , = 1. The spectrum
thus consists of lines at multiples of the chip rate, and of (sin x/x)2o spectra centered at the
zero frequency as well as at odd multiples of the dithering rate. The assumption that the
chip rate and the dithering rate is relatively prime is made in arriving at (27).

(2)  For semi-random early and late time-sharing:

(28)

In (26) the coefficients "~, $k are given by

with a plus sign in the second term for "k and a minus sign for $k . The spectrum B(f) is
given by

(30)

which is the spectrum of a Manchester symbol at the dithering rate. When the chip rate is
>> the dithering rate, which is the normally true, the last term in (28) is given, to a close
approximation, by



(31)

The spectrum thus consists of line components at the chip rate, Manchester spectrum
(dependent upon dithering rate) centered at multiples of the chip rate, and a wide-band
(wider than the chip rate, dependent on 81, 82,) (sin x/x)2 type of spectrum centered at the
zero frequency. Figure 7 illustrates the shape of this spectrum with 81 = Tc/8 and
82 = - Tc/8.
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Figure 1.  Alternate Early and Late Figure 2.  Semi-Random Time-Share
Time-Share Gating Gating



Figure 3.  Functions p(t), q(t) for Either
88 > 0 or 88 < 0 ( **88** < Tc 

Figure 4.  The Correlation Function Figure 5.  The Centered Trapezoidal
Rp(JJ ; 881 ; 882) Correlation Function and

its Decomposition



Figure 6.  The Correlation Function
Rp(JJ ; 881 ; 882)

Figure 7. Various Components of the Spectrum
STT(f ; 881 ; 882)(881 = Tc/8, 882 = -Tc/8)


