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ABSTRACT

In a Monte Carlo simulation there are variations in the results as a function of the priming
numbers, or seeds, of the random number generators. Some of this variation can be
interpreted as arising from finite-time observation, but some of it may be due to inherent
non-ideal properties of the number generators themselves. These properties cannot
generally be deduced from standard statistical tests. Hence the result of the experiment
itself must serve as the final measure of variability. An extensive empirical study was
conducted in which two nonlinear satellite links using MSK modulation were simulated.
The results should provide guidance as to the variability that can result, and the causes
thereof, in Monte Carlo simulation of communication systems.

1.0   INTRODUCTION

Computer simulation has become increasingly common for the evaluation of the bit-error-
rate (BER) performance of complex digital communication systems (e.g., Reference (1-4)).
While a number of techniques have been applied, special care must be taken when
simulating the typical nonlinear satellite link diagrammed in Figure 1, particularly when the
uplink noise cannot be disregarded. In the latter case, the assumption of Gaussian noise at
the receiver, which is often made, can lead to significant error (4). Monte Carlo simulation,
on the other hand, is well-suited for the nonlinear link since no assumption on the noise
statistics need be made, other than, of course, at the point of origination.

As is well appreciated, Monte Carlo simulation is relatively costly in terms of computer
time. While this cost is justified by the ensuing accuracy, one must nevertheless recognize
that there is an inherent uncertainty in the results, which it behooves the system designer to
keep in mind when projecting these results onto the real system. The source of this
uncertainty is well understood on statistical grounds when the Monte Carlo simulation is
visualized as a random sampling experiment. In that case we deal with the classical
sequence of Bernoulli trials, the objective of which is to estimate the true BER, P, as a



function of signal-to-noise ratio (Eb/No). For a given number of observed symbols, N, out
of which n are in error, we obtain the estimate P^  = n/N, which is binomially distributed.
Thus, for each P^  = P^  (Eb/No, N) we can construct a confidence interval (5) which,
statistically speaking, is the most complete statement that can be made with regard to the
uncertainty in the results.

The preceding statements hold when the Monte Carlo experiment is a true emulation of the
actual system. However, in any simulation, there is an additional source of uncertainty
arising from the random number generators. If these generators were ideal emulators of the
processes they are intended to represent, then it would suffice to construct confidence
intervals. While most generators currently available can be assumed to be reasonably
good, it is practically impossible to verify their properties, particularly higher-order
statistics, over sequence lengths which are as long as those we typically use.

The practical import of this in a simulation context relates to the choice of a priming
number, or “seed”, for a random number generator. If different results are observed for
different seeds, are these differences to be expected in independent repetitions of the same
experiment, or are there “non-stationarities” in the generator properties? For any given set
of observations it would be rather difficult to separate these two aspects, and in fact it is
not necessary to do so if we let the simulation itself define its own variability by repeated
experiments. This is basically the subject of this paper.

We have performed an extensive empirical study seeking to quantify the variability of
results in a Monte Carlo simulation. The system of Figure 1 was used with two distinct
sets of parameters, producing different levels of degradation. For each, many cases were
run, the cases differing one from the other in number generator seed. Actually, there are
two sets of seeds, one for the symbol sequence and one for the noise. These were varied
one at a time as well as jointly. Also of interest is the relationship between a fixed
repetitive sequence, as is normally used for testing, and a “random” sequence. Hence
cases were also run using 127 symbol PN sequences. Further, in order to calibrate all of
these results, it is ultimately necessary to compare them to the performance of the
corresponding hardware configuration. This was done for one of the two system
realizations. The totality of these empirical observations may provide useful guidance to
prospective simulation users.

2.0   RESULTS

The channel configuration is shown in Figure 1. Runs were made for two different levels
of degradation, a mildly distorted channel (MDC) that could be thought of as a laboratory
system, and a highly distorted channel (HDC) that might correspond, for example, to a 



stressed system. The modulation used was MSK, and the uplink carrier-to-noise ratio
(CNR) was taken identical to the downlink CNR.

There are two separate controls for initializing random number generators:  the input
STRAN determines the sequence of numbers that simulate thermal noise, carrier phase
noise, and bit sync jitter; the two-tuple BITRAN determines the bit sequences in the I and
Q channels.

2.1   HIGHLY DISTORTED CHANNEL

Values for STRAN and BITRAN were randomly selected in unison or one at a time
resulting for the HDC channel in 78 cases composed as follows:

• 34 cases: STRAN varied; BITRAN constant
• 19 cases: STRAN constant; BITRAN varied
• 15 cases: STRAN varied; 127-bit PN sequences in each channel
• 10 cases: STRAN and BITRAN varied.

Each of the cases was run for approximately 2 x 105 bits, striving to obtain 10 errors at
lower values of BER.

The resulting BER performance is summarized in the curves of Figure 2. It can be seen
that a considerable variation can exist between the extremes (most optimistic and
pessimistic of the cases), and that a correspondingly skewed assessment of system
performance would be held by the system designer, had he selected one of these sets. At
each Eb/No there is an average error probability over the 78 cases; the BEE curve drawn
from these averages is labeled µ in Figure 2. It also happens that one of the seeds
generated a curve lying almost exactly on the mean curve. At each value of Eb/No the
standard deviation of the BER was also computed and the curves resulting therefrom
(± 1 F from the mean and not shown on Figure 2) bracket 78% of the cases; on the
horizontal scale this results in about ± 0.5 dB in variability. This is about the limit of what
is useful to seek from simulation, considering that it is typical of the accuracy available
from actual measurements.

Of the variability observed, it may be asked what fraction is caused by the nature of the bit
sequences and what by the behavior of the random noise. Figure 2 sheds light on this
question by showing the ± 1 F BER curves observed when the random noise sequences
were varied while holding the bit sequences the same, when varying the bit sequences
while keeping the same noise waveforms, and while varying the two simultaneously. It can
be seen that the smallest variability occurs when only the noise sequences change; and
finally the greatest scatter results from varying both the noise and bit sequence seeds.



Further of interest in this regard is the variation observed when the source sequences are
127-bit PN sequences. We see from Figure 2 that a somewhat smaller dispersion resulted,
though it cannot be said to be significantly so. We can conclude from this that the use of
PN sequence in a test should produce results that are representative of the ensemble.

While the preceding results indicate the potential variability, they do not in themselves
give a clue as to the “true” BER curve. Since  P^  is an unbiased estimate we might expect
the mean BER curve to be the latter. We can fortify this expectation by increasing the
length of the run, remembering that as N 6 4 all curves should collapse into one. We took
the cases that had produced the two most optimistic and the two most pessimistic curves,
as well as the “best” seed case, i. e., the one that coincided with the mean curve, and we
obtained the BER (at 16 dB) for various N. The results are shown on Figure 3. These
show, indeed, that all the curves are tending to converge toward the same value and that
value is the one that had been reached by the “best” seed case for a much smaller sample.
It can also be seen that the atypical curves persist in their atypical behavior until rather
large samples have been taken: i.e., samples that more than satisfy the usual rule of thumb
(. 10/ P^ ), and which are much larger than one would wish to use routinely. Another
conclusion from these results, perhaps against expectation, is that convergence does not
occur monotonically. Also shown on Figure 3 are 95% confidence intervals around the
highest and lowest BER at several values of N. These confidence bands clearly illustrate
the persistence of atypical behavior.

2.2   MILDLY DISTORTED CHANNEL

It appeared from the preceding results that there exist “good”, and “bad” sets of starting
numbers, in the sense that the asymptotic BER is reached with smaller or larger
observation intervals, respectively. The question arises whether these sets are system-
specific or not. To investigate this point we processed the MSK signal through the MDC.
Fifty-nine cases were run as follows:

• 34 cases: STRAN varied: BITRAN constant
• 15 cases: STRAN varied; 127-bit PN sequences
• 10 cases: STRAN and BITRAN varied.

Figure 4 shows the mean curve, ± 1 F curves, and experimentally obtained points, defined
by the hatched area. We can see the Eb/No variation is reduced, primarily because the BER
curve is steeper. Hence, as might be anticipated, the seed has comparatively less influence
in a well-behaved system. The experimental points show good agreement with the
simulation, which appears to be biased about 0.4 dB optimistically. Closer examination of
individual runs indicates that “good” or “bad” seeds retain approximately their relative
rankings in that regard.



2.3   NOTES ON THE RANDOM NUMBER GENERATORS

In order to try to ascertain whether, and to what extent, the random number generators
themselves contributed to the observed variability, we subjected these generators to a
battery of standard statistical tests. It should first be mentioned that the uniform generation
is of the multiplicative congruential type (with constants appropriate to the IBM/360
system), see Fishman (6), and the normal generator (which utilizes the uniform) is of the
acceptance/rejection type (7).

Nine groups of 800 samples were drawn for each distribution, each group being generated
by one of the seeds used in the simulation. Each group was subjected to 24 statistical
tests (8). The results could not distinguish between groups at any reasonable significant
level. However, the number of samples was rather small. A few of the tests were rerun
with 10,000 samples per group, with the same results. Nevertheless, this does not permit
us to conclude that the generator behaves as desired, but only that no gross imperfections
exist. Furthermore, in the simulation itself the group size is of the order of millions, which
makes it totally impractical for testing, and we cannot extrapolate the properties of smaller
group sizes. Therefore, as implied earlier, the application itself is the most meaningful test
of the generator properties.

3.0   CONCLUSIONS

We conclude that there are significant “medium-term” variations in the BER due to
inherent variability in finite-time statistics of noise and symbol sources, some of which is
inherent to finite observation and some of which may be attributable to the nature of the
random noise generators. For a fixed criterion of observational sufficiency, e.g., number of
symbols . 10/ P^ , there appears to be “good” and “bad” generator seeds, which tend to
keep their properties over different systems. However, for wellperforming systems, the
seed influence is less than that for degraded systems where several dB of Eb/No variation
(at about 10-5 BER) can exist between the most optimistic and pessimistic seed. The
average BER curve over many seeds appears to produce a stable and accurate result, while
the majority of seeds (. 80%) produce results which lie within about ± 0.5 dB from that
mean.
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Figure 1.  Simulation Block Diagram



Figure 2.  Bit Error Rate Performance for Highly Distorted Channels



Figure 3. 95% Confidence Intervals for Extremal BER Performance
vs Observation Time for Various Seeds



Figure 4.  Bit Error Rate Performance for Mildly Distorted Channels


