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ABSTRACT

Although spread spectrum systems depend on large bandwidth to achieve performance,
they must also operate within bandwidth constraints imposed by frequency allocations.
The measures of bandwidth relevant to performance are usually quite different from those
defined in frequency allocations. In this paper a number of definitions of bandwidth are
discussed, and a number of direct sequence pseudonoise (DSPN) modulation techniques
are evaluated according to those definitions of bandwidth. A wide range of bandwidths per
chip rate result, and trades among the modulation types are given.

INTRODUCTION

The engineering of spread spectrum communications systems invites involvement with a
number of rather refined parametric concepts, such as bit error rate, antenna gain, radiated
power, communication efficiency, and bandwidth. Of these, none has been the subject of
more lively discussion and revision than bandwidth. The implications of bandwidth can
vary considerably from context to context, as the profusion of definitions of bandwidth will
attest. The purpose of the present article is to explore the subject of spread spectrum
bandwidth through an examination of various definitions.

WHY DISCUSS BANDWIDTH?

Most of the current attention given to the bandwidth of conventional non-spread
communication systems centers on the problem of spectrum allocation in an increasingly
crowded radio frequency spectrum. The objective is often to achieve “bandwidth
efficiency”, or a minimum bandwidth per data rate.

The needs of the spread spectrum communication system place a rather contrasting
premium on maximum bandwidth occupancy. To decrease the power spectral density of
the signal without reducing the transmitter power, to reduce the effectiveness of enemy
jammers, to multiplex many signals occuyping the very same band, and to increase the



precision of timing information derived from a signal all imply greater system bandwidth
per data rate of any one user.

THE VARIETY OF DEFINITIONS OF BANDWIDTH

The conventional interest in strict, or nearly strict, band limitation is most often an indirect
expression of concern for adjacent channel interference in a conventional frequency
division multiplexed (FDM) system. Here almost any definition of occupied bandwidth
only imprecisely measures the interference. In fact, a recent investigation showed that(1)

total interchannel crosstalk can be minimized by optimization of the data modulation, and
without any direct reference to bandwidth. Definitions of bandwidth, when used, serve the
needs of the regulatory agency or the solicitor of a technical proposal who must seek to
control interference while allowing the designer freedom to choose his own modulation
scheme. Definitions of bandwidth arising in these circumstances are bound to be somewhat
arbitrary.

In the case of spread spectrum communication, there is an additional measure of
bandwidth which is more likely to ask “is the signal spread out enough” rather than
“within what bounds is it confined.” This is like saying that a gallon of paint should be
applied in a layer not to exceed a certain thickness rather than insisting that the paint never
splatter beyond certain boundaries. The definitions of bandwidth for spread spectrum
systems can be very precise and practical in their own right, as further discussion will
show.

THE SIGNIFICANCE OF POWER SPECTRAL DENSITY

Before proceeding to discuss various types of spread spectrum bandwidth, it will be good
to discuss the underlying frequency function on which they all depend. This is called the
power spectral density and is familiar as the typical display on a swept spectrum
analyzer(2). The general feeling is that for every chip modulation scheme there exists a
precisely known power spectral density from which the bandwidth can be deduced or
computed according to any given definition of bandwidth.

The power spectral densities generally given for spread spectrum signals are based on
critical assumptions of random chip sequences and long averaging times. There may be
circumstances under which one or both of those assumptions will fail to apply. For
instance, the power spectral density usually given for 180E binary phase shift keying used
in direct sequence pseudonoise (DSPN) modulation takes the form

(1)



where fc is the carrier frequency and T is the chip duration. During the transmission of
repetitive short code patterns the spectrum will not remotely resemble that given in(1), but
rather will consist of discrete spectral lines, i.e.; infinitely tall spikes of spectral density.

Even if the criterion of randomness has been satisfied, the spectrum will not conform to (1)
if the observation time is short. Fig. 1 shows the power spectral density of a 32 chip
random burst, with the spectrum (jagged curve) expressed in decibels. The smooth curve
represents (1), and the chip pattern is inset. Notice that the burst spectrum conforms very
broadly to the smooth curve, but for the most part departs markedly from it. The
theoretically satisfying spectra often observed on swept analyzers will be seen to conform
with (1) for sweep rates set very slow with respect to the chip rate and with very long
random sequences.

One factor that encourages the use of precise mathematical formulas such as (1) for spread
spectra is that the formulas are often rather simply derived. For many of the common
modulation techniques, such as binary phase shift keying (BPSK), quaternary phase shift
keying (QPSK), and minimum shift keying (MSK), the spectrum of the (random) chip
stream is just the spectrum of the individual chip pulse, and that expression is
mathematically simple.

Such other modulation types as sinusoidal frequency shift keying (SFSK)(3), phase
continuous FSK with arbitrary modulation index(4), or the quasi-band-limited variant(5) on
MSK require more complex computation to arrive at the power spectral density. The
computational results are, however, precise enough to enable the bandwidth computation
for any definition of bandwidth in current use.

Recently the level of interest in constant carrier envelope modulation has grown, owing
largely to the desire for hard limited operation in practical power amplifiers. All of the
phase and frequency modulation types mentioned thus far provide constant carrier
envelope. However, the use of spectrum shaping filters following the power output stage
will generally destroy the constant envelope property of a wave.

The following discussion of bandwidth will focus on several constant carrier envelope
modulation schemes. These by no means exhaust the available possibilities, but their
power spectra are varied enough to reveal the implications of the various definitions of
bandwidth. The modulation types are BPSK, QPSK, MSK, SFSK, and the quasi-band-
limited keying mentioned previously. The latter type contains hard limiting to achieve
constant carrier envelope.



DEFINITIONS OF BANDWIDTH

The power spectral densities of the five modulation types under consideration are shown in
Fig. 2(a) and (b). None is strictly band limited. In fact, no constant envelope wave can be
strictly band limited, save for the case of an unmodulated carrier. This is readily
established through the squared envelope theorem(6) of analytic signal theory. The
definitions of bandwidth to be considered are all amenable to constant envelope signaling
and represent a fairly complete catalog.

FRACTIONAL POWER CONTAINMENT BANDWIDTH

The first type of bandwidth to be discussed has been adopted by the Federal
Communications Commission (FCC Rules and Regulations Section 2.202) and states that
the occupied bandwidth is the band which leaves exactly 0.5 percent of the signal power
above the upper band limit and exactly 0.5 percent of the signal power below the lower
band limit. Thus 99 percent of the signal power is inside the occupied band.

An aid to applying the given definition to the modulation types at hand is provided in
Fig. 3. This is a plot of fractional power outside a band centered on the carrier, plotted
versus bandwidth in units of chip rate. When fractional power is -20 dB, then 2 percent of
the power is outside the band. Since the chip spectra are symmetrical, the FCC definition
is satisfied at the -20 dB level. For instance, the 99 percent bandwidth of MSK is 1.18
Hz/chip/s. The plots of the type in Fig. 3 are generally simpler to use than those of Fig. 2,
as they do not exhibit the complex lobed behavior found in the power spectral density.

A lower bound (solid curve) is also given in Fig. 3, as it represents the minimum
achievable bandwidth over a continuum of power containment percentage(7) . The lower
bound applies to all modulation schemes whose basic chip pulses last for 2 chips duration
or less. With the exception of quasi-band-limited keying, this category includes all
modulation schemes under consideration. Of these, MSK comes very close to having the
minimum achievable bandwidth at the -20 dB level.

The quasi-band-limited modulation scheme differs from the others in two important
respects. First, its basic pulse lasts 4 chip durations, and second a very small loss in
performance results from intersymbol interference effects. For a reasonably large
spreading ratio this loss is only .01 dB.

Inspection of Fig. 3 will show that if the above bandwidth criterion were adjusted to be
either much less stringent or much more stringent, then MSK would no longer be as
attractive. For instance, if only 70 percent of the power were required to be within the
band, the QPSK would occupy less bandwidth than MSK and would nearly attain the



1 Bandwidth here is always given in units of chip rate.

lower bound bandwidth. If 99.99 percent of the energy were required, then SFSK would
be more bandwidth efficient than MSK. The numerical value of bandwidth in units of chip
rate would, of course, increase as the criterion were made more stringent.

The relevant bandwidths1 per chip rate for the 99 percent FCC criterion are

Modulation Type
99 Percent Energy

Containment Bandwidth

BPSK
QPSK
MSK
SFSK

Quasi-band-limited

20.56
10.28
  1.18
  2.20
  0.95.

The exceptionally high values for BPSK and QPSK owe to the very slow rate of their
spectral rolloff, hence high levels of power far from the carrier.

NULL-TO-NULL BANDWIDTH

A simpler and more popular measure of bandwidth, honored by time and wide
acceptance(8) if not by profound theoretical implications, is called null-to-null bandwidth.
This is a reference to the lobed behavior of the power spectral density observed in Fig. 1.
The null-to-null bandwidth is just the width of the main spectral lobe. The assumption,
clearly, is that the power spectral density possesses a main lobe bounded by well-defined
spectral nulls, i.e., frequencies where the power spectral density is nil. Such is not the case
for quasi-band-limited keying, nor is it the case for a number of other modulation schemes
recently developed. Therefore null-to-null bandwidth lacks complete generality. For the
modulation types considered here the null-to-null bandwidths are

Modulation Type Null-to-Null Bandwidth

BPSK
QPSK
MSK
SFSK

Quasi-band-limited

2.00
1.00
1.50
1.72
no well defined nulls.



The null-to-null bandwidth also contains most of the signal power, if rough criteria can be
accepted. Fig. 3 gives the relevant quantitative information. The degree to which the
spectrum is generally spread is also roughly measured by the null-to-null bandwidth.
Therefore, this mode of specifying bandwidth is rather often found in spread spectrum
system descriptions.

BOUNDED POWER SPECTRAL DENSITY

Another widely used method of specifying bandwidth is to state that everywhere outside
the specified band the power spectral density must have fallen at least to a certain stated
level below that found at the band center. Typical attenuation levels might be 35 or 50 dB,
although greater levels of attenuation have been used in system specifications.

The 35 and 50 dB bandwidths for the modulation types under consideration can, in part, be
found in Fig. 2, and are completely tabulated below.

Modulation Type 35 dB Bandwidth 50 dB Bandwidth

BPSK
QPSK
MSK
SFSK

Quasi-band-limited

35.12
17.56
  3.24
  3.20
  1.68

201.04
100.52
    8.18
    4.71
    2.38

Here again, the enormous bandwidths registered for BPSK and QPSK are evidence of their
very slow rate of spectral rolloff. Also, the comparative bandwidths of MSK and SFSK are
seen to be sensitive to the particular setting of the spectrum bound. Their 35 dB
bandwidths are nearly equal, but the SFSK 50 dB bandwidth is only half that of MSK. The
reason is clear in Fig. 2, as the spectral density of SFSK quickly drops below -50 dB at
frequencies much beyond twice the chip rate, while the MSK spectrum continues to roll
off slowly.

It must be noted that a bound on power spectral density does not necessarily imply a
bound on total power outside the band; it only has the effect of bounding the total power in
some finite interval of frequency outside the band. Vice versa, a limit on the total power
outside the band does not necessarily imply a bound on the power spectral density in some
highly localized region of frequency outside the band. For instance, a periodic signal
component, at whatever infinitesimal power level, will always present infinite power
spectral density at one or more frequencies.



The idea of defining bandwidth purely by bounding the spectral level outside the
authorized band is found in Electronics Industries Associated Standard RS-152-B, on Land
Mobile Communications in the 25-470 MHz band. The bounded power spectral density
method of specifying bandwidth also appears frequently in specifications concerned with
adjacent channel interference.

NOISE BANDWIDTH

Now attention is shifted to measures of bandwidth that focus on the general dispersion of
the spectrum rather than on the details of spectral sidelobe structure. These are the
measures of spectrum spreading. The first of these measures is called noise bandwidth.
Conceived initially to permit rapid computation of the noise power out of an amplifier with
a wideband noise input, the noise bandwidth concept can now profitably be applied to the
evaluation of performance in the face of intentional interference, or jamming.

Noise bandwidth of a signal is defined as the value of bandwidth which satisfies the
relation

WN S(fc) = P

where
WN = noise bandwidth

S(fc = power spectral density at the band center, assumed to be the maximum
value of spectral density over all frequencies.

P = total signal power over all frequencies.

Figure 4 illustrates the noise bandwidth concept for BPSK. The power spectral density is
plotted on a linear rather than logarithmic amplitude scale; hence, its appearance differs
from the representation in Figs. 1 and 2.

The area under the power spectral density curve over all frequencies is, by definition, the
total signal power. This is the shaded area. The area of the rectangle is, by the proper
setting of WN, also equal to the total power. The noise bandwidth WN is the width of the
rectangle, or 1 Hz/chip/s.

The significance of noise bandwidth in combatting jammers relates to a potential strategy
used by jammers to degrade system performance. It is well known that optimum link
performance in white Gaussian noise is attained by the use of a receiver matched filter.
The frequency response of the matched filter matches the power spectral density of the PN



modulation and therefore has peak response at the band center. This being the case, the
jammer will want to concentrate his power toward the band center, where he will produce
the strongest spurious response at the detector which follows the matched filter.

One way to counter the jammer is to pick a modulation format which leads to a minimum
of peak matched filter frequency response, hence a minimum value of S(fc) per radiated
signal power P. But S(fc)/P is just the inverse of the noise bandwidth, from (2). The signal
design strategy is then simply a maximization of noise bandwidth. The noise bandwidths
for the modulation types under consideration are tabulated below.

Modulated Type Noise Bandwidth

BPSK
QPSK
MSK
SFSK
Quasi-band-limited

1.00
0.50
0.62
0.73
0.48

The most jam resistant modulation type is BPSK, according to the jamming strategy
outlined. Curiously, the concept of noise bandwidth has not yet gained great popularity in
the specification of DSPN spread spectrum systems. Many alert engineers, however,
recognize its value.

HALF-POWER BANDWIDTH

A very popular measure of bandwidth which, like noise bandwidth, gauges the degree of
dispersion of the spectrum is the half-power bandwidth. This is just the interval between
frequencies at which the power spectral density has dropped to half power, or 3 dB below
the peak value. Hence half-power bandwidth is also known as 3 dB bandwidth. The values
are tabulated below.

Modulated Type Half-Power Bandwidth

BPSK
QPSK
MSK
SFSK
Quasi-band-limited

0.88
0.44
0.59
0.70
0.47



The half-power bandwidth is especially interesting to designers of frequency hopped (FH)
spread-spectrum systems. The spectra at individual hop frequencies are overlapped at the
half-power points to produce a long-term average spectrum that is very nearly flat.

Half-power bandwidth is usually slightly smaller than the noise bandwidth, depending on
the details of the spectral rolloff characteristic. The steeper the spectral rolloff the more
closely the half-power bandwidth will approximate the noise bandwidth.

GABOR BANDWIDTH

The final measure of bandwidth is again a general indicator of spectral dispersion, its
rather curious definition now bearing the name of its originator(9) Gabor bandwidth has a
dual definition, one in the frequency domain and one in the time domain(10). Either
definition is sufficient by itself, and both definitions give the same numerical result. The
two definitions are linked by the powerful Parseval relation of analytic signal theory. In
both definitions the signal power is assumed, for simplicity, to be unity.

First, the frequency domain definition is illustrated in Fig. 5, for MSK signaling at unit chip
rate. In Fig. 5(a), power spectral density S(fc) is shown on a linear scale together with a
plot of (f - fc)

2. In Fig. 5(b), the product (f - fc)
2S(f) is shown. The area under that product

curve over all frequency is called A. Now the Gabor bandwidth is just %A&. This method of
computing bandwidth is akin to the computation of the standard deviation of a probability
density function, which is a legitimate measure of the width of the function. We prefer to
tabulate twice the Gabor bandwidth as it compares more directly with the passband
bandwidths discussed previously. The “passband Gabor bandwidth” of MSK is
exactly 0.5 Hz/chip/s.

Next the Gabor bandwidth calculation is attempted for BPSK. The (f - fc)
2 S(f) product is

plotted in Fig. 6. As is evident, the plotted function fails to decay with increasing distance
from the band center. Therefore the area under the curve over all frequencies is..... infinite!
Both BPSK and QPSK possess infinite Gabor bandwidth.

A further insight into the meaning of this situation is gained by considering the time
domain definition. Fig. 7(a) shows the typical chip pulse for MSK. Fig. 7(b) shows the
slope of that pulse, and Fig. 7(c) shows the square of the slope. The shaded area in
Fig. 7(c), over the duration of the pulse is called B. Now the passband Gabor bandwidth is
2               = 0.5 Hz as before. To give a further interpretation, notice that the pulse in 7(a)
is one-half cycle of a sine wave at 0.25 Hz. When such a sine wave modulates a carrier,
two spectral lines 0.5 Hz apart are produced. Hence the passband Gabor bandwidth of
0.5 Hz is correct. In fact, if the pulse in Fig. 7(a) had been any number of cycles of a sine 



wave then the passband Gabor bandwidth would have been correctly computed according
to the present definition.

Generally the Gabor bandwidth, being based on the squared slope of the chip pulse, is a
measure of “wiggliness” of the chip pulse. This is perhaps an intuitively satisfying way to
think of bandwidth. Because the basic chip pulses of BPSK and QPSK are both perfectly
rectangular, they have infinite slope at their edges; hence, they are infinitely wiggly. This
accounts for their infinite Gabor bandwidth.

The passband Gabor bandwidths for modulation types under consideration are

Modulation Type Passband Gabor Bandwidth

BPSK
QPSK
MSK
SFSK
Quasi-band-limited

infinite
infinite
0.50
0.61
0.37.

The results in(10) lead directly to the conclusion that MSK gives the minimum possible
Gabor bandwidth of all modulation types whose basic pulses are limited to 2 chip duration.
This adds more substance to the claim that MSK is a bandwidth efficient modulation
scheme.

SUMMARY

Table I summarizes the bandwidths of the modulation schemes considered. A very wide
range of values is represented. Perhaps this will give a hint of the implications of the strict
application of bandwidth definitions to some of the classical modulation types.

If, in certain instances, BPSK and QPSK seem to be giving rise to unreasonably large
bandwidths, it must be remembered that the ideal waveform assumptions have been
ridgidly adhered to. In practice, the inherent bandwidth limitations of system components
will likely modify the spectrum at large multiples of the data rate. This will change the
spectrum and reduce the bandwidth to an extent dependent heavily on the specific
application at hand.

Recent work(11) has shown that offset QPSK can be filtered and then hard limited to
produce a spectrum comparable with the quasi-band-limited keying discussed here. The
resulting spectrum is known only through Monte Carlo simulation and has much of the 



raggedness characteristic of Fig. 1 of the present article. From such simulation results it is
difficult to compute bandwidth under the many definitions given here.

In an earlier ITC conference paper(12) Scholtz gave interesting theoretical comparisons
among the various types of bandwidths discussed here. He gave bounds on the
interdependence of the definitions.

Although a great deal of effort has been bent toward the maximization of bandwidth
efficiency in various contexts, very little attention has been given to the optimization of
spread-spectrum DSPN modulation. With the substantially different criteria, this field
presents an interesting challenge of its own.
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TABLE I

Bandwidths for Digital Data Modulation, Units of Chin Rate

Modulation
Type

99 Energy
Containment
BW

Null-to-Null
BW

35 dB
BW

50 dB
BW

Noise
BW

Half-Power
BW

Passband
Gabor
BW

BPSK

QPSK

MSK

SFSK

Quasi-band-limited

20.56

10.28

  1.18

  2.20

  0.95

2.00

1.00

1.50

1.72

No well-
defined nulls

35.12

17.56

  3.24

3  .20

  1.68

201.04

100.52

    8.18

    4.71

    2.38

1.00

0.50

0.62

0.73

0.48

0.88

0.44

0.59

0.70

0.47

infinite

infinite

0.50

0.61

0.37



Figure 1 – Spectrum of 32-chip burst



Figure 2a  Power spectral densities for BPSK, QPSK, and MSK

Figure 2b  Power spectral densities for SFSK and quasibandlimited keying



Figure 3  Fractional out-of-band power for various modulation schemes



Figure 4  Definition of Noise Bandwidth Applied to BPSK



Figure 5 Frequency domain definition of Gabor bandwidth for MSK, unit chip rate



Figure 6  Gabor bandwidth calculation for BPSK



Figure 7  Time domain definition of Gabor bandwidth for MSK, unit chip rate


