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ABSTRACT

Low-level broad-band angular vibration measurement applications are continually
developing. This has generated a pressing need for a low-level angular vibration sensor
capable of measuring micro-radians at frequencies from 0 to 10kHz, with a total size of the
sensor on the order of a cubic centimeter. The device described in this paper has potential
for satisfying such a need. Only three design parameters are required to address the
minimum sensitivity level, and alternate designs with dynamic ranges and durability similar
to piezoelectric accelerometers could be developed capable of measuring angles down to
10-6 radians. Since the device is based on measuring accelerations using piezoelectric
crystals, linearity, dynamic range, hysteresis, and stability qualifications, as well as cost of
production are anticipated on the order of conventional piezoelectric accelerometers.

INTRODUCTION

Aerospace vehicles continue to be used as platforms for pointing and tracking. As the
distance to the target increases, the low-level angular disturbance to the vehicle degrades
the pointing accuracy more severely. This has generated a need for an angular vibration
transducer which is capable of measuring angular amplitudes as low as 10-6 radians over
frequencies from DC to 10kHz. This presents a challenging engineering problem which
has not generally been solved as yet, although there are a number of techniques for
measuring angular motion. Most of those approaches involve devices which are too large,
too narrow-band, or not sensitive enough. The instrument described in this paper is
believed to have potential as an engineering solution to the low-level broad-band angular
vibration measurement problem.

One of the more successful angular vibration sensors is described in Reference [1]. A
cubic device with 8.4 centimeters outside dimension is described having a frequency
response of from 3 to 2000 Hz and capable of measuring angles in the micro-radian range.
However, its relatively large size would limit its usefulness in some aerospace applications
involving light weight structure. As with most sensors, there are other design



considerations having to do with linearity, durability, and error sources which the
interested reader could find from Reference [1]. It is the relatively large size which
prevents this sensor from being suited to every application.

Reference [2] is a survey of various available techniques for measuring angular motion in
aerospace vehicles. Rate gyroscopes are generally narrow-band (on the order of 100 Hz)
and bulky, and to achieve the micro-radian range would require excessive cost. Another
popular class of devices, the fluid inertial sensor such as described in Reference [1],
requires that the fluid be maintained at a specified temperature. For aerospace applications
this adds to the mass of the sensor. A number of other approaches are mentioned in
Reference [2], but none of them resemble the device described here.

Reference [3] gives the theory behind a class of devices called vibratory sensors, since the
basic sensing element is a vibrating beam or wire. The claim is made that the vibratory
angular tachometer could be a low-cost replacement for the gyroscope, but development
problems have apparently prevented that from happening. Gyroscopes are still being
widely used in aerospace guidance and control applications. The critical difference
between the device in Reference [3] and the one described here is that Reference [3]
describes a torsion bar which senses the twist in a vibrating tuning fork. This angular
velocimeter senses angular motion by measuring the acceleration of the tuning fork tine tip.
measuring acceleration is inherently more broad-band than measuring displacement.

References [4] and [5] are the descriptions of another instrument which was intended to
replace the gyroscope. That instrument is identical to the class of devices of Reference [3],
using an electromagnetically excited tuning fork to sense angular motion through the twist
of a torsion bar. Although similar to the broad-band angular velocimeter described in this
paper in that a vibrating tuning fork is used, the rest of the details are entirely different.

The broad-band angular velocimeter described in this paper can be made quite small, and
by selection of design parameters can be made to measure angles in the micro-radian
range. In theory, the velocimeter operates from DC up to the upper frequency limit which
is a function of the design parameters. It is believed that the angular velocimeter described
here is a low-cost, low-level, miniature broad-band angular sensor. The technical details
and theory of operation are given in the next section.

ANALYSIS

A new angular rate sensor has been described in Reference [6] with technical details
summarized below. Consider a tuning fork vibrating at its natural frequency as indicated in
Figure 1. The tines will move along the y-axis with a displacement given by:



(1)

when the tuning fork experiences an angular velocity about the z-axis, the tines will
accelerate according to:

(2)

If two accelerometers were mounted on one of the tines to measure motion in the x and y
directions,

(3)

Combining equations (2) and (3) and carrying out the indicated cross product, the result is:

(4a)

(4b)

In equations (4),                                   Then b1 (t) and b2 (t) have the frequency spectrums
indicated in Figure 2. Figure 2a shows that the signal sensed by the accelerometer b1 (t) is
an amplitude modulation of the input angular rate where the carrier frequency is the tuning
fork resonant frequency. This is significant since it transfers the desired information to a
higher frequency where accelerometers are more sensitive. When the output signal b1 (t) is
demodulated, the desired sinusoidal angular motion is:

(5)

In order for amplitude modulation to be successful,                  , so equation (5) is
approximately [7]:

.

Therefore the amplitude of the output is a constant with respect to frequency. As long as
the tuning fork resonant frequency is high, the angular measurement will be broad band.



A few simple calculations can reveal the practical significance of this approach. Suppose
that a piezoelectric exciter is capable of providing 10-6 m of amplitude and suppose the
resonant frequency were 10kHz. If the accelerometer noise floor were 10-4 g, the minimum
angular rate which could be measured would be:

At 100 Hz this corresponds to about 12.4x10-6 radians. The basic sensing element is a
piezoelectric crystal, so the dynamic range would be about the same as conventional
piezoelectric accelerometers. Since this is a rate sensor, the sensitivity increases with
frequency. This indicates that if it is possible to design a tuning fork which resonates at a
sufficiently high amplitude at a sufficiently high frequency, the accurate measurement of
10-6 radians is within reason. Note that two parameters completely describe the sensitivity
of the rate sensor:  resonant frequency and resonant amplitude.

Laboratory measurements on two prototype tuning forks have been made. Those
measurements reveal some practical constraints which must be considered in the design.
Those laboratory measurements are described in the next section.

EXPERIMENTAL RESULTS

Two prototype angular velocimeters have been constructed in the laboratory. The first one
was machined from steel with the gap between the tines adjustable, and excited by a
solenoid between the tine tips. The second one was machined in one piece from
magnesium and excited by a solenoid behind the tuning fork. The results given here
indicate that the theory of operation is sound, and that the tuning fork should be machined
from a single piece of stock. The particular type of material does not seem to matter, since
for most metals E/D is approximately constant.

According to Reference [5], the output spectrum of an amplitude modulated signal will be
the measured spectrum reflected about the carrier frequency. Figure 3 is the zoom
transform of b1 (t) for a 25 Hz excitation frequency with a carrier frequency of 1120 Hz
using the steel prototype. The noise threshold of the accelerometer is 5.8x10-4 g. Other
measurement data is summarized below:
a  =  1.21x10-7 m
*o  =  2.838 rad/sec
T  =  25 Hz
S  =  1120 Hz
The measured value of b1 (t) at S + T  =  1145 Hz is 0.0052m/sec2 .
The theoretical value is 2a S*o  =  0.0049, for an error of 7.3 percent.



A second prototype tuning fork was machined out of a single piece of magnesium as
indicated in Figure 4. The “H” shape of Figure 4 was selected in order to provide
symmetric tines with the small bridge between tines providing coupling without excessive
stiffness. The small solenoid was a standard 24V commercially available unit. Since the
sensitivity depends on the product , a S the physical dimensions of the tuning fork were
varied with the following results. As expected, the tuning fork resonant frequency is
proportional to h and inversely proportional to R2 . The width of the tines, b, does not affect
the natural frequency but does affect the stiffness which must be overcome by the solenoid
in generating a large resonant amplitude. Therefore, b should be made as small as possible
without allowing the cross-axis stiffness of the tuning fork to become smaller than the
resonant stiffness. This would corrupt the acceleration measurement by allowing the tines
to deflect in the direction of b1 (t). Finally, the value of e has been found to influence the
tuning fork resonant frequency only slightly, while reducing the stiffness significantly thus
providing for a larger resonant amplitude. Therefore the value of e should be adjusted to
give the desirable resonant amplitude.

This demonstrates that the theory of operation is sound for this instrument. In the next
section, a discussion of design parameters will be given and recommendations for the next
generation prototype will be discussed.

DISCUSSION OF DESIGN PARAMETERS

In the previous section it was demonstrated that in order to maximize the sensitivity of this
angular velocimeter it is necessary to maximize the product a S . In this section, the
analysis of structural modifications to accomplish that are given. An approximate model
for one of the symmetric tines would be a cantilever beam. The first natural frequency of a
constant thickness cantilever beam is:

(6)

In order to maximize the natural frequency given by equation ( 6) h should be increased
while R is decreased. That process is limited by the requirement that the system behave like
a beam requiring that R/h be large. Also, the resonant frequency should be increased
without substantially decreasing the resonant amplitude. The resonant amplitude depends
on the damping and on the resistance to bending of the tine tip. The stiffness of the tine tip
is:

k = Eb /6(h / R)3 . (7)



If the tine were tapered to a point, the stiffness is reduced to:

k = Eb /6(h / R)3 ,

which is about 50 percent less. The new resonant frequency is [8]:

 ,

which is about 50 percent higher than the uniform beam. Tapering therefore increases the
product a S by a factor of 2.25, more than doubling the sensitivity.

A uniform tuning fork machined according to Figure 4 had a resonant frequency of 610 Hz
with a resonant amplitude of 8.0x10-8 m. After tapering, the resonant frequency was
increased to 640 Hz and the resonant amplitude to 3x10-7 m. This increased the resonant
amplitude by a factor of about 3.75 and the resonant frequency by only about 5 percent.
That is probably because the fork was not tapered to a point since that would not provide a
platform for the accelerometer. The resonant amplitude increase was much greater than
expected probably because at resonance the damping controls the amplitude, while
stiffness was used in a qualitative sense.

It is necessary to comment that this engineering trade-off involves mutually contradictory
trends. All resonating vibratory systems are found to have reduced amplitudes of vibration
as their frequencies increase. This is because physical structures act as low-pass filters,
preferring information at low frequencies. In order for this idea to be practical, it must be
shown that a sufficiently high resonant amplitude can be excited at a sufficiently high
frequency. From Figure 1, a natural alternative might be to choose a piezoelectric material
as the resonating basis of the instrument in Reference [6], especially since piezoelectric
materials have very high resonant frequencies. However, such materials are very stiff and
therefore have very low resonant displacements. Therefore, the preferred configuration
might be to use the tuning fork as a displacement amplifier and use the piezoelectric
exciter to stiffen the tuning fork, pushing the resonant frequency upward. This can be done
by carefully selecting the location of the piezoelectric exciter such that maximum power is
transferred. This is accomplished by matching the deflection of the piezoelectric crystal
with the resonant deflection of the tuning fork.

SUMMARY

A new instrument for measuring angular vibration uses accelerometers mounted on a
tuning fork to amplitude modulate the angular velocity. This moves information upward in
frequency where accelerometers are more sensitive. Only two design parameters define the



sensitivity of the tuning fork velocimeter:  the resonant frequency and displacement. It is
demonstrated that by tapering the tines, the sensitivity is improved. Two prototype tuning
forks are experimentally investigated with the result that a recommendation for a final
prototype is given. First, the final prototype should be machined from a single piece of
material reducing the damping. Second, the prototype should be excited by a piezoelectric
exciter optimally positioned between the tines for impedance matching. In this way it is
expected that a new prototype sensor can be developed capable of measuring angles in the
micro-radian range.
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FIGURE 1. SCHEMATIC DIACRAM OF A NEW CONCEPT IN
ANGULAR MOTION MEASUREMENT



a.  FREQUENCY SPECTRUM OF B1 (T)

b.  FREQUENCY SPECTRUM OF B2 (T) .

FIGURE 2. FREQUENCY CONTENT OF THE ACCELERATION
OF THE TUNING FORK TIP.



FIGURE 3.  Zoom TRANSFORM OF B1 (T) ON AN EARLY PROTOTYPE.

FIGURE 4.  GEOMETRY OF A SINGLE-UNIT PROTOTYPE


