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ABSTRACT

A simple but effective decoding procedure, applicable to any (n,k) linear block code
with symbols from GF(q), is described. The technique involves a transformation of the
parity check equations which focuses the code’s correction power on the soft symbol set
while still retaining the capability to correct one symbol error from outside this set. The
soft symbol set is defined to be the n-k least reliably detected code symbol positions
whose parity check rowspaces are linearly independent. The process generates a number
of error vector screening candidates, each a solution to the parity check equations, and the
maximum-likelihood candidate is accepted.

If P(opt) and P(qopt) are the decoder error rates for the optimal and quasi-optimal
decoders respectively, then P(opt) < P(qopt) < P(opt) + P(se) where P(se) is the
probability that the actual error vector is not included in the screening candidate set. Since
P(se) can be shown to approach zero for a wide range of codes and operating conditions,
the performance of this decoder can be quasi-optimal in these cases.

INTRODUCTION

In the absence of channel information regarding the relative or absolute reliability of
each detected symbol in an encoded message, one is led to make the plausible assumption
that the probability of error at each symbol position is equally likely. However, in the
process of performing the symbol detection function, there is additional available
information generated as a byproduct of the detection process which can be used to
improve the reliability of the decoding process. This channel information or soft symbol
detection metric is extensively used in convolutional decoding, but there have been few
practical applications of soft symbol detection for block decoding. Interest in this topic
was sparked by Chase’s paper1, and several investigators have recently published work in
this area2,3,4,5.



This paper describes a quasi-optimal decoding technique for any (n,k) linear block code
with symbols from GF(q). For a wide range of codes and operating conditions of practical
interest, this decoding algorithm performs very close to the limit of optimal decoding. The
decoding algorithm consists of four phases:

1.) The reception of the received code symbols, the generation of the syndrome, and
the selection of an ordered soft symbol candidate list representing the t least
reliably detected symbol positions (t >~ n-k) on the basis of the a posteriori
detection probabilities.

2.) The transformation of the original system of parity check equations into an
equivalent system in which the n-k element soft symbol set forms the complete
unit-weight basis vector set of the transformed system. The soft symbol set
represents the first n-k elements of the soft symbol candidate list whose parity
check rowspaces are linearly independent.

3.) The screening process whereby a set of up to (q-1)n error vector candidates, each
satisfying the parity check equations, is generated.

4.) The computation of a log-likelihood index associated with each of the screening
candidates, the selection of the maximum likelihood error vector from among the
screening set, and the resulting generation of the decoded message.

Consider an (n,k) linear block code (not necessarily cyclic) of rate R=k/n whose
codewords are of the form x={xi; i=0,1,...,n-1} where each code symbol is an element of
GF(q). A codeword is transmitted over a Gaussian channel and is received as r={xi+ni;
i=0,1,...,n-1} where the ni’s represent the additive white Gaussian noise components. We
assume the existence of a symbol detector capable of generating the hard-quantized
maximum likelihood symbol decisions (yi), and the log-likelihood ratio, 8i, for each
received code symbol, ri. The log-likelihood ratio is defined as

(1)

The log-likelihood ratios are processed to generate an ordered soft symbol candidate list,
M = {Ni; i=0,...,t}, of the least reliably detected symbol positions where t is slightly greater
than n-k.

After the last encoded symbol has been received, the computed syndrome, s, will be
input to the screening candidate generator. If s = 0, the received message is a codeword 



and will be output as received. In the remainder of this paper we will assume s … 0. The
decoding process consists of finding the most probable error vector, e which is, a solution
of

(2)

where H is the n x n-k parity check matrix with symbols from GF(q). Since there are n
unknown error vector components and only n-k parity check equations. the system is
under-specified. There are qk valid error vector solutions to (2) which will exhaustively
map the received vector into all possible codewords.

To show the special basis vector feature of the parity symbols, we may rewrite (2) as

(3)

where Hk'  is the k x n-k parity check submatrix associated with the k information symbols
and In-k is the n-k x n-k identity matrix corresponding to the parity check symbol positions.
Let us now consider how we might easily find a number of error vector solutions to (3)
without being concerned, for the moment, with the question of whether such error vector
solutions are likely to be generated by channel noise. Since the parity check rowspaces
associated with the parity symbols form an identity matrix, we can simply set the parity
symbol positions of the error vector equal to the syndrome and clear the error vector to
zero in the information symbol field. This technique can be extended by making successive
hypotheses that the error component in the i-th symbol position is X where X is one of the
q-1 non-zero symbols of GF(q). Then, if hi is the parity check rowspace associated with
the i-th symbol position, form the modified syndrome, s', given by

(4)
Proceeding as in the previous case, we will then associate any non-zero components of s'
with the corresponding parity symbol positions. This technique will generate up to (q-1)n
error vector solutions of (3).

Unfortunately the method outlined above is not an effective decoding mechanism as it
stands. The reason is that we have used the fact that the rowspaces corresponding to the
parity symbols are a complete basis vector set and have attributed parity symbol errors to
any non-zero components of the modified syndrome, s'. The parity symbols are no more
likely to be in error than any other code symbol and therefore we are not justified in using
the basis vector set property of these parity symbols to “explain” any observed syndrome.

The essence of the proposed decoding algorithm is to transform the initial system of
parity check equations into an equivalent set in which the parity check rowspaces
associated with the soft symbol set form the new basis vector set. We will then proceed in



the manner described above by hypothesizing errors in each symbol position and by
equating any non-zero components of the modified syndrome to the corresponding error
components of the soft symbol set.

The required transformation is easily accomplished by diagonalizing the system with
respect to the symbol positions of the soft symbol set. Assume that the parity check
equations given by (3) have been formed. Because of the transpose, the parity check
rowspaces associated with the i-th symbol position will form the i-th column in the matrix
system. The syndrome will be transposed into a column vector. The transformation
proceeds by successively diagonalizing the columns associated with M. Normally this will
require only n-k iterations; however, if the rowspaces associated with the first n-k
elements of M are linearly dependent, it will not be possible to diagonalize one or more of
the columns. In this case the soft symbol(s) associated with these columns are deleted from
the soft symbol set and the diagonalization proceeds with the next element of the M list. It
is for the above reason that t is selected slightly greater than n-k.

At the j-th diagonalization iteration, the Nj column is scanned to find the first row
position (say the m-th) not previously selected in the diagonalization process which
contains a non-zero element (say $). The m-th row of the system (including the syndrome)
is multipled by $-1 causing a “1” to appear in the pivot position. Next, all other non-zero
terms in the Nj column are transformed to zero in the following manner. Let’s say that (
appeared in the ith row position of the Nj column. Then multiply the m-th row of the
system by -(/$ and add it to the i-th row to transform the symbol to zero. Note that for
binary codes, “1” is the non-zero symbol and, hence, the m-th row would merely be
exclusive 0Red with the i-th row.

Upon completion of this transformation, the n-k columns representing the soft symbol
set now form an identity matrix. Since the soft symbol set will not, in general, be
contiguous in the received block, the system may lack the external appearance of a
diagonalized system. This is merely a cosmetic difference and is of no importance.

We are now in the position to generate error vector screening candidates by the
previously described method. For each code position (i), and non-zero GF(q) symbol (X),
assume ei = X and form the modified syndrome, s' = s* - X·h*i , where s* and h*i  are the
transformed syndrome and rowspace of the i-th code position respectively. We will now
associate any nonzero components of s' with errors in the corresponding positions of the
soft symbol set. This process will generate (q-1)n error vector screening candidates
although not all candidates will, in general, be distinct.

The set of screening candidates will include the actual received error vector (er) if and
only if the number of non-zero symbol positions of er which are not included in the soft



symbol set is less than or equal to one. Thus, er could have as many as n-k+l non-zero
components (one hard error and n-k soft errors) and still be included in the screening
candidate set. The requirement that er be a member of the screening candidate set is a
necessary but not sufficient condition for correct decoding.

The final step in the decoding cycle is to determine the most probable error vector from
among the screening candidates. The log-likelihood ratio of the m-th candidate (LLRm) is

(5)

(6)

e(m) is the hypothesized error vector for the m-th screening candidate. Since we are only
concerned with relative ranking, we may ignore the first summation of (5) which is a
constant for a given set of screening candidates and discard the factor of -2 in the second
summation. Thus the maximum likelihood index (vm) for the m-th candidate is

(7)

As the m-th screening candidate is generated, vm is computed and compared with the best
previous index, v(qopt), and the lesser of the two indices along with the associated error
vector, e(qopt), is saved. After all screening candidates have been generated, the decoder
outputs the codeword, x(qopt), given by x(qopt) = {yi + ei(qopt); i=0,1,...,n-1}.

If P(opt) and P(qopt) are the probabilities of decoder error for the optimal and
quasioptimal decoders respectively, then,

P(opt) < P(qopt) < P(opt) + P(se) (8)

where P(se) is the probability that er is not an element of the screening set. It can be shown
that P(se) approaches zero for a wide range of codes and operating conditions. Under
these circumstances the performance of the quasi-optimal decoder can be tightly bound
with respect to the optimal decoder performance. The performance of the optimal decoder
is a function of the code’s weight spectrum and is beyond the scope of this paper.



CONCLUSION

The quasi-optimal block decoding algorithm provides an efficient means for extending
error correction coding into an exciting but previously inadequately explored region. Since
the algorithm does not depend upon any structure of the code except linearity, it permits
the use of codes for which no efficient decoding algorithm previously existed.
Furthermore, the implementation complexity and decoding time increases with n and R at a
considerably slower rate than known algorithms such as BCH and Reed-Solomon
decoding. It is therefore feasible to implement longer and more powerful coding systems
than would otherwise be possible.

Essentially the quasi-optimal block decoding algorithm permits the power of the code
to be concentrated on the subset of the received code symbol positions which is the least
reliably detected while still permitting one “unexpected” symbol error to be corrected from
outside the soft symbol set. Conceptually the quasi-optimal decoding algorithm can easily
be extended so that the screening candidate set includes all error vectors with µ or less
hard errors (µ>1). However, the number of screening candidates increases exponentially
with µ. While this may be tolerable for certain applications with short block lengths, it
would be impractical for moderate or long block codes.

While the principal applicability of this technique is for longer and more powerful
codes than have heretofore been practical, the code length cannot be extended indefinitely.
The maximum code length that can be effectively implemented is limited by the fact that
this basic algorithm will only correct one hard symbol error outside the soft symbol set. If
the code rate and Eb/N0 ratio is fixed, and the block length increased indefinitely,
eventually there will be a point at which the screening error probability approaches unity.
Nevertheless, quasi-optimal block decoding significantly extends the range of codes for
which efficient decoding algorithms exist.
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