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LOCATION OF CROSS-CORRELATION SIDELOBES
OF PN SEQUENCES

Robert Gold
Robert Gold Associates

INTRODUCTION

In this note, we show how the cross-correlation pattern of certain classes of linear PN
sequences may be determined and described as a linear shift register sequence. Knowledge
of the location of the correlation sidelobes may then be exploited in the application of
these codes to spread spectrum communication systems. As an example of such an
application, a characterization of the relative phase of a received code in terms of the
pattern of cross-correlation sidelobes with a locally generated code is presented.

BASIC CONSIDERATIONS

The cross-correlation sidelobes of any two PN codes which are generated by the
modulo 2 sum of a preferred pair of maximal linear PN sequences of period 2n-1 have been
shown [1] to be of amplitude

Since the latter two values are in each case of approximately the same absolute value,
we may say, for practical purposes, that the cross-correlation function of two such codes
yields a pattern of sidelobe or no sidelobe occurrences which depends upon the relative
phase of the two codes being correlated. We have shown in [1], for example, that for the
case of n odd, if a and b are two characteristic [2] maximal linear PN sequences which are
generators of Gold codes, and if 2(a, b) is their correlation sequence, then the correlation
sidelobes of the secquence 2(a, b) (i. e., the correlation values of magnitude - [2(n+l)/2 + 1]
or [2(n+l )/2 - 1]) occur at the same terms as the ones in the sequence a . This potentially
valuable structural property of these preferred pairs of maximal PN sequences is illustrated
below for sequences of period 23 - 1 = 7.



We note that theoccurrence of the sidelobe 2(a, b) = -5 or 3 or no sidelobe (2 = - 1)
pattern follows the occurrence of ones and zeros, respectively, in he first maximal linear
sequence a.

We may express this relationship between the sequence a and the cross-correlation
function 2(a,b) analytically as

Thus, in the case of the above example where n= 3, we have for 2(a, b)(k) = -5 or 3:

and for 2(a, b)(k) = -1:

As a potential application of this property, we note that, since each successive n bits of
a maximal linear sequence is unique, the relative phase of sequences a and b is determined
by n successive values of the cross-correlation function 2(a, b). It follows that the
unknown phase of a maximal linear sequence ak may be determined by correlating it with
the maximal linear sequence b with which it forms a preferred pair. This may be
accomplished by the following procedure:

(1)  Let b be the maximal linear sequence with which sequence a forms a preferred pair.

(2)  Let the relative phases of the locally generated maximal linear sequences a and b
be such that their characteristic phases agree.

(3)  Compute n successive values of the correlation function 2(b, ak)(j); j = 0,...,n- 1.

(4)  The binary state vector



is the state vector of the sequence ak of unknown phase which is in phase with the all ones
vector of the locally generated code a.

(5)  When the all ones vector of the locally generated code a appears in the shift
register, inject the state vector computed in (4) into the register and the code ak will then
be synchronized to the locally generated code.

Example:  Let ak = 1 1 0 1 0 0 1 be the code of unknown phase to be synchronized with
the sequence a = 1 1 1 0 1 0 0 . The sequence which forms a preferred pair with sequence
a is given by the characteristic maximal linear sequence b = 1 0 0 1 0 1 1. Computing n = 3
successive correlation values, 2(b, ak)(0), 2(b, ak)(1) and 2(b, ak)(2), we obtain



We note that S = 1 1 0 is, as noted above, the state vector of the sequence ak which is in
phase with the all ones vector of the sequence a.

GENERALIZATION TO CODE FAMILIES

In this section, we generalize the previous considerations to families of Gold codes i.e.,
sets of sequences G(a,b) = {gi = a+bi} generated by taking the termwise modulo 2 sums of
a preferred pair of maximal linear sequences a and b in all possible relative phase
positions. We use the maximal linear sequence a as the reference code and show how the
cross-correlation function 2(gi, a) may be described in terms of the sequence a.

We note that, since the maximal linear code a of period 2n-1 may be considered a member
of the family G(a,b), the correlation sidelobes of the cross-correlation function 2(gi,a) have
magnitudes -1; -2n+1)/2 + 1); or (2(n+l)/2 -1) for n odd, and -1; -(2(n+2)/2 + 1); or (2(n+2)/2 -1) for
n even. Thus, the pattern of sidelobes/no sidelobe of 2(gi,a) may again be considered as a
binary sequence in accordance with the formula

Case for n Odd

In the previous case of the correlation of a preferred pair of maximal linear sequences,
the cross-correlation sequence was observed to be a maximal linear sequence and hence
each pattern of n successive correlation values was unique and allowed the unique
determination of the phase of the received sequence from these observations. In the
present case, we show that for n odd essentially the same result holds, that the cross-
correlation sequences 2(gi,a) may be expressed in terms of the maximal linear sequence a.
More specifically, we shall show that

where ar is the reverse sequence of sequence a and (ar)i is the sequence obtained from
sequence ar by cyclically shifting the sequence ar i bits to the right.

As an example of the application of the above formula, we consider the family of Gold
codes generated by the characteristic maximal linear sequences of period 7.



Let bi be the sequence obtained from the sequence b by shifting cyclically i bits to the
right. The family G(a, b) of codes is then given as follows:

We may now compute the correlation functions 2(gi, a). Thus, for example, 2(gi, a)(J) is
obtained by cyclically shifting the sequence a J positions to the right and counting the
agreements minus the disagreements between the sequences gi and the shifted version of
the sequence a. Performing these computations, we obtain the cross-correlation functions
listed below.



The reverse sequence of sequence a is given by ar = 1 0 0 1 0 1 1 and thus the
sequences (ar)i + a(i) are as given below.

We note that, in fact,                          modulo 2 = (ar)i + a(i).

The proof of the above formula for sequences of period 2n - 1 and n odd proceeds as
follows:



Results for n Even

In this section, we describe some computer results for the correlation sidelobe pattern
obtained when members of the code family G(a,b) are correlated with the reference code a
for the case of n an even integer, i.e., when the shift registers which generate the maximal
linear codes have an even number of stages. In the previous case for n odd, the cross-
correlation function 2(gi,a) was shown to be a phase shift of the correlation function 2(b,a)
appropriately complemented and 2(b,a) was known to be equivalent to the sequence ar, the
reverse of the sequence a. For the case of n even, our computations show that 2(gi,a) is a
phase shift of 2(b,a) or of 2(g0,a) and that 2(b,a) is described by a linear shift register
sequence consisting of the modulo 2 sum of ar and sequences of shorter periods generated
by n-stage shift registers. In what follows, we shall illustrate the pattern of the results
obtained with the case of n = 6.



Example for n = 6: Sequence a is taken to be the characteristic maximal linear sequence
generated by the shift register corresponding to the polynomial f1(x) = 1 + x + x6 and
sequence b is taken to be the characteristic maximal linear sequence generated by the shift
register corresponding to the polynomial f5(x) = 1 + x + x2 + x5 + x6. These two maximal
sequences form a preferred pair and hence their cross-correlation function assumes only
the three values:

Since a and b are characteristic sequences, their correlation function 2(b,a) is also a
characteristic sequence. The cross-correlation function 2(b,a) is given by the sequence

The corresponding binary sequence

is readily found to be generated by the linear shift register corresponding to the
polynomial:

In fact, Cba is the sequence

We note, as stated above, that the cross-correlation sequence is described by the modulo 2
sum of three linear sequences, one of which is the reverse of the sequence a.

The pattern of correlation values of the codes of the family G(a,b) with the code a used
as a reference code were found to be described by phase shifts of the correlation patterns
for 2(b,a) or 2(g0,a) where g0 is the member of the family G(a,b) given by a+b. The
description of the correlation patterns of 2(gi,a) in terms of the correlation patterns of
2(b,a) or 2(g0,a) is simplified by means of the following results.



Theorem:  (sampling property)

Proof:

where a(k) = a(2-1k) because a is a characteristic sequence.

Theorem:



Proof:

In view of this last result, the complete information concerning the correlation functions
2(gi,a) for n = 6 is contained in the following table.



The cross-correlation function 2(g1,a) of any member of the Gold family G(a,b) with
the characteristic maximal linear sequence a used as a reference code may be determined
in terms of the cross-correlation function 2(b,a) or 2(g0,a) using the information in this
table and the result contained in the above. Thus, for example, to determine 2(g4,a), we
note from the table that 2(g1,a) = [2(b,a)]43; thus, 2(g4a) = [2(b,a)]4x43 = [2(b,a)]46.
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