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ABSTRACT

The performance of two coded communication systems is compared. The first one is
obtained when the system modulation is coherent PSK. The second system results when
the modulation is noncoherent FSK. The coding parameter adopted to evaluate the system
performance is the cut-off rate. A second parameter called coded throughput is derived
from the cut-off rate and utilized to effectively compare the performance of the two coded
systems under consideration.

INTRODUCTION

In the recent past, the analysis of coded communication systems has been shifting from the
traditional approach which assumed a Discrete Memoryless Channel (DMC) was available
for coding and did not consider how the DMC was created towards that of finding the best
DMC suitable for coding. Wozencraft and Jacobs [1], Wozencraft and Kennedy [2] and
more recently Massey [3] have taken the broader view that when using coding the
modulation/demodulation system design should be based on a “cut-off rate” RO criterion,
instead of the usual “symbol error probability” criterion. The RO criterion recognizes that
the real goal of the modulation system is to create the best DMC as seen by the coding
system. This RO parameter depends only on the DMC and is independent of specific
codes. It gives a region of rates where it is possible to operate with arbitrarily small
probability of error. Moreover, this rate also is the “Rcomp” of sequential decoding [1], i.e.,
the rate above which the average number of decoding steps per decoded digit becomes
infinite. In practice sequential decoders can comfortably operate at rates R near RO.

On the other hand modern digital communication systems suffer from a minimum spectrum
availability. This is also aggravated by the fact that present communication needs require
that these systems operate at the highest possible data rate. Various modulation schemes



* Phase Shift Keying and Frequency Shift Keying.

** In what follows we interchange the words decoder and receiver.

*** This is equivalent to combing the effects of the transmit and receive filters.

have been recently proposed [4] to achieve high spectral and power efficiency. Classical
modulation techniques such as *PSK and FSK have been also studied when utilized to
transmit information over bandwidth and power limited channels [6,7,8,10]. The advantage
of these latter modulation techniques is that the receiver technology is well developed and
understood.

In this paper, we have chosen to compare PSK and FSK modulated systems from a coding
point of view. The parameter we have adopted to make these comparisons is the cut-off
rate which results when the decoder** has been designed to use channel measurement
information (soft decision). By channel measurement information we mean that the
decoder associates a two dimensional or M dimensional real number vector with each code
symbol of the transmitted code word depending on whether the modulation is MPSK or
MFSK respectively. We compare here the capability of these systems to operate under a
more stringent bandwidth environment than that traditionally required by each one of them.
The effect of these reduced bandwidth availability is to create intersymbol interference
(ISI) [5] when the modulation is PSK or ISI plus unwanted signal correlation when the
modulation is FSK. However for this latter system, we assume the channel bandwidth is
such that the effect of any ISI can be ignored in the analysis of the system performance.

In Section II, we present a brief derivation of the corresponding expressions for the cut-off
rate RO for each one of the proposed modulation schemes. In Section III we define “coded
throughput” based on the cut-off rate parameter and effectively compare the performance
of these two systems. Some conclusions and examples are also presented in this section.

THE CUT-OFF RATE

An expression for the cut-off rate will be derived in this section for each one of the
modulation schemes under consideration. In both cases we assume that the signal, while in
the transmission medium is adulterated by additive white Gaussian noise (AWGN) of
double sided noise spectral density F2 = NO/2.

PSK

The system model we have adopted for our analysis is as shown in Figure 1. The filter is
assumed to be part of the transmitter*** and responsible for the creation of intersymbol
interference. We also assume that the 3 dB (double-sided) bandwidth of this filter
determines the available channel bandwidth. When there is ISI present, we assume that the



* Not shown in the model of Figure 1.

channel is converted into a memoryless one by* interleaving the encoder output and
deinterleaving the decoder input. This allows us to utilize in our model a standard decoder
designed for an ideal memoryless AWGN channel.

For simplicity of notation, we let the code alphabet be M of size M where M is also the
modulation alphabet size. The decoder input is assumed to be unquantized and taken to be
the pair of quadrature samples                        . This is equivalent to letting the decoder
input alphabet be      = [0,2B) for           be given by

(1)

Since the decoder has been designed for a memoryless channel, it assumes that the channel
statistics are given by

(2)

where

(3)
is a transmitted codeword of dimension N,

(4)

(5)

is the received 2N dimensional vector

(6)

is the decoder input each T seconds where T is the symbol duration time and

(7)
for                                                 , where

(8a)

(8b)



* E denotes the expectation operator.

are the baseband inphase and quadrature components of the transmitted signal when there
is no channel ISI. We let the actual channel statistics be                    where due to
interleaving and deinterleaving we have

(9)

It is possible then to write

(10)

where

(11)

is a sequence of code output symbols

(12)
is the constraint length of the ISI and                                            is the actual baseband
equivalent transmitted signal which includes the effect of the ISI. It is possible to show that
[7] the soft decision cutoff rate is given by*

(13)

After some algebraic manipulation we arrive at the following expression for the cut-off rate

(14)

where D2 is the channel signal to noise ratio.

When L, the constraint length of the ISI is moderately high, even for small values of M, it
becomes computationally prohibitive to evaluate the expectation in (14) via a straight
averaging. Various methods have been studied to efficiently compute this expectation. The
most powerful of all these methods is based on the theory of moments and a two
dimensional Krein moment approximation technique [8]. Finally, it is easy show that it is
always possible to find a 8=8*>0 which will maximize the epxression within the curly
brackets in (14).



* When ) is equal to 1 we have the special case of orthogonal signaling.

If we now define

(15)

then we can write [7]

(16)

This last relationship is of a universal character and the cut-off rate RO can be interpreted
to be that of a sum channel [9] where each channel in the sum is equally probable and with
a corresponding channel transition p.d.f. given by                          .

FSK

The system model we have adopted for the second portion of our analysis is shown in
Figure 2. In this model we have ignored any filtering suffered by the signal at the
transmitter for, as we have mentioned in the previous section, we are assuming the channel
bandwidth is such that any filtering effect on the transmitted signal can be ignored in the
following analysis. When we compare the two systems under consideration in the next
section we shall assume, however, that in both systems the channel bandwidth is
determined by the transmit filter.

The decoder input each symbol time is assumed to be unquantized and taken to be the
vector r = (rO,r1, . ..,rM-1). We let the code alphabet be                                        when the
modulation is M-ary FSK and such that

(17)

where ) is a constant*. We represent now a codeword as

(18)

and being the channel memoryless, it is possible to show [10] that the soft decision cut-off
rate can be bounded as

(19)



* When there is ISI present in the channel, P is the transmit filter average output power.

It is also shown in [10] that

(20)

where

(21)

Replacing now (20) in (19) we have

(22)

The bound on (21) reduces to a strict equality whenever M=2 and/or Dik =0, the latter
corresponding to the case of orthogonal signaling.

EXAMPLES AND CONCLUSIONS

The expressions for the cut-off rate in (13) and (22) have been programmed and examples
of these computations follow below. In Figure 3 we have plotted the cut-off rate versus the
channel signal to noise ratio defined in both systems as

SNR = PT/NO

where P is the transmitter output power*. In order to obtain the curves in this figure, we
have assumed there is no degradation due to ISI in the case of PSK transmission and
utilized orthogonal signaling when the modulation is FSK. We notice from this figure that
under this condition, FSK compares well to PSK. However, in order to effectively
compare the performance of the two systems under consideration it becomes necessary to
introduce into the comparison channel the bandwidth or better still the channel bandwidth
time product (BT). We can do this if instead of comparing these systems based on the cut-
off rate parameter, we compare them on a coded throughput [6] basis, where coded
throughput is defined as

Coded Throughput   ) RO/BT (23)

This leads us to Figure 4 and Figure 5. In these figures, we have plotted for two different
SNR levels the normalized cut-off rate (coded throughput) versus the channel BT product



as determined by the transmit filter 3 dB bandwidth. In both systems, we have assumed
that this filter is a three pole Butterworth filter. Furthermore, when the modulation is FSK
we have set the channel bandwidth be

BFSK = (M-1))/T + 1/T (24)

This channel bandwidth is wide enough so that we can neglect any ISI degradation. This
choice of channel bandwidth is the reason for the FSK modulated system to look so
inferior to the PSK modulated one when compared on a coded throughput basis. Notice
also that would we have allowed for the presence of ISI in the FSK modulated channel, the
corresponding cut-off rate could have gone to zero for a value of BT lower than one,
which according to our model, (17) and (24), corresponds to the case where all code
symbols are identical. We have not analyzed however this latter case.
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FIGURE 1.  SYSTEM MODEL - PSK MODULATION.

FIGURE 2.  SYSTEM MODEL- BFSK MODULATION.



FIGURE 3.  COMPARISON BETWEEN PSK AND FSK FOR A
BANDWIDTH UNLIMITED CHANNEL.

FIGURE 4.  CODED THROUGHPUT VS BT PRODUCT - COMPARISON
BETWEEN PSK AND FSK SYSTEMS.



FIGURE 5.  CODED THROUGHPUT VS BT PRODUCT - COMPARISON
BETWEEN PSK AND FSK SYSTEMS


