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ABSTRACT

The Karhunen-Loeve transform for stationary data, the discrete cosine transform, the
Walsh-Hadamard transform, and most other commonly used transforms have one-half
even and one-half odd transform vectors. Such even/odd transforms can be implemented
by following a Walsh-Hadamard transform by a sparse matrix multiplication, as
previously reported by Hein and Ahmed for the discrete cosine transform. The discrete
cosine transform provides data compression nearly equal to that of the Karhunen-Loeve
transform, for the first order Markov correlation model. The Walsh-Hadamard transform
provides most of the potential data compression for this correlation model, but it always
provides less data compression than the discrete cosine transform. Even/odd transforms
can be designed to approach the performance of the Karhunen-Loeve or discrete cosine
transform, while meeting various restrictions which can simplify hardware implementation.
The performance of some even/odd transforms is compared theoretically and
experimentally. About one-half of the performance difference between the Walsh-
Hadamard and the discrete cosine transforms is obtained by simple post-processing of
the Walsh-Hadamard transform coefficients.

INTRODUCTION

It is well known that the Karhunen-Loeve, or eigenvector transform (KLT), provides
decorrelated vector coefficients with the maximum energy compaction, and that the
discrete cosine transform (DCT) is a close approximation to the KLT for first-order



Markov data (1). We will show that the general class of even/odd transforms includes this
particular KLT, as well as the DCT, the Walsh-Hadamard transform (WHT), and other
familiar transforms. The more complex even/odd transforms can be computed by
combining a simpler even/odd transform with a sparse matrix multiplication. A theoretical
performance measure is computed for some even/odd transforms, and two image
compression experiments are reported.

EVEN/ODD TRANSFORMS

Orthogonal transforms are frequently used to compress correlated sampled data. Most
commonly used transforms, including the Fourier, slant, DCT, and WHT have one-half
even and one-half odd transform vectors. Several properties of such even/odd transforms
are given in this section. The even vector coefficients are uncorrelated with the odd vector
coefficients for a data correlation class which includes stationary data. The KLT is an
even/odd transform for this class of data correlation. A conversion from one even/odd
transform to another requires only multiplication by a sparse matrix, having one-half of its
elements equal to zero.

If N, the number of data points, is an even number, a vector

is said to be even if

and is odd if

 For a data vector of length N

the MXN correlation matrix is given by

Since 3x is a symmetric matrix, it can be partitioned into four N/2 X N/2 submatrices in
the following manner:



where

The general form for a transform matrix with one-half even and one-half odd basis vectors
(called an even/odd transform), can be written as a partitioned matrix

where E and D are N/2 X N/2 orthogonal matrices, and Ẽ and D̃ are formed by reversing
the order of the columns in E and D, that is,

where the permutation matrix ª is the opposite diagonal identity matrix. The matrix H can
then be factored into the product of two matrices

It is next shown that the even and odd vector coefficients of an even/odd transform are
uncorrelated, for a general class of data correlation matrices. The correlation matrix for
the transformed data vector, Y = HX, is given by the similarity transform.

The even and odd vector coefficients are uncorrelated when the opposite diagonal
submatrices are identically zero. This is obviously true in the special case where

These equations state that the data correlation matrix 3x is symmetric about both the main
diagonal and the opposite diagonal. This condition is satisfied if E(xixj) is a function of the
magnitude of i - j, that is, if the process is stationary. For stationary data, the correlation
matrix is a symmetric Toeplitz matrix (1, 2).



This decorrelation property of even/odd transforms is used to show that the KLT is an
even/odd transform. For K, a reordered matrix of the KLT vectors, the transformed
vector is Z, Z = KX. The correlation matrix for the transformed vector is given by

Suppose that the data are first transformed by the matrix H, above, and that the data are
such that the even and odd coefficients are uncorrelated by this even/odd transform:

Since H is invertible, K = AH, for A = KHT.

Suppose that



Since the KLT produces N fully decorrelated coefficients, 3z is a diagonal matrix. Either
both A2 and A3, or both A1 and A4 must be identically zero. For A2 = A3 = 0, the first N/2
vectors remain even, while for A1 = A4 = 0, the even and odd vectors are interchanged in
K.

The KLT is an even/odd transform for the class of correlation matrices for which even/odd
transforms decorrelate the even and odd vector coefficients.

If H and J are two even/odd NXN transforms, the multiplication matrix for conversion
between them is sparse:

The conversion is defined by



However,

It follows that

The conversion between any two even/odd transforms requires N2/2 rather than N2

multiplications.

We have shown that the class of even/odd transforms has no correlation between the even
and odd vector coefficients, for a class of data correlation matrices including the stationary
data matrix. The KLT for this data correlation class, and many familiar transforms, are
even/odd transforms. The coefficients of any even/odd transform can be obtained by a
sparse matrix multiplication of the coefficients of any other even/odd transform. This
observation was the basis of a previous implementation of the DCT and suggested the
investigation of even/odd transforms described below.

THE DISCRETE COSINE TRANSFORM OBTAINED VIA THE HADAMARD
TRANSFORM

Hein and Ahmed have shown how the DCT vectors can be obtained by a sparse matrix
multiplication on the WHT vectors (3, 4). Since the DCT, unlike the general KLT, has a
constant vector and a shifted square-wave vector in common with the WHT, the number of
matrix multiplications is less than N2/2. The A matrix, which generates the DCT vectors
for N = 8 from the WHT vectors, is given by Hein and Ahmed, and is reproduced here as
Figure 1. Although this implementation of the DCT requires more operations for large N
than the most efficient DCT implementation (5), it is very satisfactory for N equal to 8.

If a transform has even and odd vectors and has a constant vector, as is typical, it can be
obtained via the WHT in the same way as the DCT. The slant transform is an example
(1, 6). A hardware implementation of the DCT via the WHT is being constructed at Ames
Research Center, using N = 8 and the matrix of Figure 1. Since this implementation
contains the matrix multiplication factors in inexpensive read-only memories, it will be
possible to consider the real-time quantization design and evaluation of a large class of
transforms. Transforms with suboptimum performance are acceptable only if they can be
implemented with reduced complexity. Transform performance can be determined



theoretically from the vector energy compaction, while the implementation complexity can
be estimated from the number and type of operations added after the WHT.

COMPARISON OF TRANSFORMS USING THE FIRST-ORDER MARKOV
CORRELATION MODEL

It is generally accepted that the sample-to-sample correlation of an image line scan is
approximated by the first-order Markov model (7).

The correlation of adjacent samples, r, varies from 0.99 for low detail images to 0.80 for
high detail images, with an average of about 0.95 (8). The correlation matrix, 3x, was
generated using the first-order Markov model, for various r, and the corresponding KLT’s
and vector energies were numerically computed. (The analytic solution is known (9).) In
addition, the matrix 3x was used to compute the transform vector energies and correlations
for the WHT, DCT, and other transforms.

As is well known, the KLT vectors for r = 0.95 are very similar to the DCT vectors and
have nearly identical vector energies (1, 3). The most apparent difference between the
DCT and the KLT is that the KLT vector corresponding to the constant DCT vector is not
exactly constant, but weights the central samples in a fixed transform block more than
samples near the edge of the block. As r approaches 1.00, this KLT vector approaches the
constant vector, and all the KLT vectors approach the corresponding DCT vectors. The
vector energies of the KLT and the DCT are nearly identical for r greater than 0.90, and
differ only slightly for r greater than 0.50. The KLT and DCT vector energies for N = 8
and r = 0.50 are plotted in Figure 2. The energy compaction at r = 0.5 is much less than at
the typical r = 0.95.

The rate-distortion performance of a transform depends on the transform energy
compaction. If the distortion d is less than the coefficient variance Fi

2 for all i, all N
transform vectors are quantized and transmitted. The number of bits required is (10):



The first term of b can be used as a figure of merit for a transform.

The figure of merit f is a negative number; the larger its magnitude, the greater the rate
reduction achieved by the transform. Table I gives f for the KLT, DCT, WHT, and two
even/odd transforms that will be described below. At correlation r = 0.95, the KLT gains
0.014 bits more than the DCT and 1.183 bits more than the WHT. The WHT achieves
most of the available data compression, and the DCT achieves nearly all. As this rate
reduction is obtained for all N vectors, the increased compression of the DCT over the
WHT, for r = 0.95, is 1.169/8, or 0.15 bits per sample.

EVEN/ODD TRANSFORMS OBTAINED VIA THE WALSH-HADAMARD
TRANSFORM

The sequency of a transform vector is defined as the number of sign changes in the vector.
The vector sequencies of the vectors corresponding to the matrix of Figure 1 are in bit-
reverse order, as indicated (0, 4, 2, 6, 1, 5, 3, 7). The energy compaction of the WHT and
DCT for r = 0.95 and N = 8 is shown in Figure 3. In the conversion from WHT to DCT,
the two-by-two matrix operation on vectors 2 and 6 transfers energy from 6 to 2. The four-
by-four matrix operation on the vectors of sequency 1, 5, 3, and 7 reduces the energy of 3,
5, and 7 and increases the energy of 1. These operations remove most of the residual
correlation of the WHT vectors. The matrix multiplication requires 20 multiplications by
10 different factors (15 factors including sign differences).

We first consider a simplified operation on the 2 and 6 and the 1 and 3 sequency vectors.
This operation consists of multiplying the WHT vectors by matrix B (Figure 4). This
further transform is designed to reduce correlation and to generate new transform vectors
in a way somewhat similar to the A matrix multiplication which produces the DCT. There
are two identical two-by-two operations, and a total of eight multiplications by two
different factors (three including sign). The energy compaction of the B-matrix transform is
shown in Figure 3, with the energies of the WHT and DCT. As the B-matrix: transform
vectors of sequency 0, 4, 5, and 7 are identical to the WHT vectors, they have identical
energy. The B-matrix transform vectors of sequencies 0, 1, 2, 3, 4, and 6 are identical to
the corresponding DCT vectors (0, 4) or very similar. For example, the B-matrix vector of
sequency 1 is a slanted vector of step width 2 and step size 2 (3, 3, 1, 1, -1, -1, -3, -3). The
performance of the B-matrix transform, in terms of the figure of merit, is given in Table I
above. The B-matrix transform has something more than one-half of the gain of the DCT
over the WHT, with something less than one-half of the multiplications, and less than one-
fourth the hardware if the twoby-two transformer is used twice.



As a second example, suppose that it is desired to approximate the DCT by adding integer
products of the WHT vectors. For small integers, this operation can be implemented by
digital shifts-and-adds, and requires fewer significant bits to be retained. The matrix C,
given in Figure 5, is an orthonormal transform matrix that is similar to the DCT. The two-
by-two matrix, operating on the vectors of sequency 2 and 6, is a specialization of the
general two-by-two matrix having orthogonal rows with identical factors. The four-by-four
operation on the vectors of odd sequency is a specialization of the general four-by-four
matrix with orthogonal rows, identical factors, and the additional requirement of a positive
diagonal.

The specializations of the general matrices were made by requiring that the two-by-two
matrix integers have approximately the ratios found in the second (and third) rows of the A
matrix, and that the four-by-four matrix integers have approximately the ratios found in the
fifth (and eighth) rows of the A matrix. Since the A-matrix transform is the DCT, it is
ensured that the C transform vectors of sequency 2, 6, 1, and 7 will approximate the
corresponding DCT vectors.

The energy compaction results of the C transform, with the results of the WHT and DCT,
are given in Figure 6, for r = 0.95 and N = 8. The energy of the vectors of sequency 2, 6,
1, and 7 is very similar to the energy of the DCT vectors, but the vectors of sequency 3
and 5 are different. The energy correspondence could be improved by matching;the four-
by-four matrix factors to the average of the fifth and sixth rows in the A matrix, but there is
little potential data compression remaining. The theoretical performance of the C matrix, in
terms of the figure of merit, is given in Table I. The C-matrix transform obtains nearly all
the gain of the DCT over the WHT. If the rational form, instead of the integer form, of the
C-matrix transform were used, the computation would require 16 multiplications by 4
different factors (7 factors including sign differences). There is some reduction in
complexity from the implementation of matrix A.

EXPERIMENTAL IMAGE COMPRESSION RESULTS

Experimental results were obtained for two-dimensional, 8x8 sample block
implementations of the transforms considered above. Four video test images — Harry
Reasoner, two Girls, two Men, and band — were used in all tests. These images have
correlation of 0.97 to 0.98 between elements in the scan line, and fit the first order Markov
model, except for the very detailed band image, which deviates from the Markov model
and has an average in-line correlation of 0.85 (11). Two different compression experiments
were made.

The test images were first compressed by representing either thirty-two or sixteen of the
sixty-four 8x8 transform vectors, using an eight-bit uniform, full-range quantizer. The other



vectors were neglected. The patterns of the vectors transmitted and neglected are given in
Figure 7. The vectors are in sequency order, with the lowest sequency average vector in
the upper left corner of the pattern. The mean-square error for this compression method
and the four transforms is given in Table II. The B-matrix transform error is intermediate
between the WHT and DCT errors, and the C-matrix error is very close to the DCT error.
This is consistent with the Markov model energy compaction results above.

To obtain the greatest transform compression, the transmitted bits should be assigned to
the vectors according to the equation given above, and the coefficient quantizers should be
designed for minimum error given the coefficient energy and amplitude distributions. The
optimum theoretical bit assignments and quantizers depend on the particular transform
used. The test images, and most typical images, contain low-contrast, high-correlation
background areas, and edges where correlation is low. The bit assignments and quantizer
designs based on the stationary Markov model ignore this nonstationarity, and designs that
consider low-contrast areas and edges give improved mean-square error and subjective
performance. Such improved designs have been devised for the WHT (11), and have been
tested with the DCT, B-matrix, and C-matrix transforms. The transmission rate and mean-
square error results are given in Figure 8, for the test images compressed in the video field.
The DCT gives improved error performance, and the B and C matrix transforms are
intermediate, but the B and C matrix results are relatively poorer than those in Table II.
The DCT gives more rate reduction than the WHT — about 0.2 to 0.5 bits per sample. As
a two-dimensional transform has twice the gain of a one-dimensional transform (10), the
theoretical gain of the DCT over the WHT, for r = 0.95, should be twice the 0.15 bits per
sample of Table I, or 0.30 bits per sample.

The lower error of the DCT, B-matrix, and C-matrix transforms does indicate subjective
improvement in the compressed images. This subjective improvement is larger at lower
total bit rates, due to the relative increase of larger, more noticeable errors at the lower
rates, and due to the more objectionable, blocky nature of large WHT errors. The B and C
matrix errors are subjectively more similar to the DCT errors than to WHT errors, because
the higher energy vectors approximate the DCT vectors.

It is not surprising that a design optimized for the WHT gives good results for the DCT
and similar transforms. The transform compression introduces errors in three ways: by not
transmitting vector coefficients, by using quantizers that are too narrow, and by
quantization errors within the quantizer ranges. The DCT, because of its superior energy
compaction, reduces the first two sources of error. Although the quantizers used are nearly
uniform, they do have smaller quantization steps for low coefficient values, so the third
source of error is also reduced. Any compression design will give better performance with
the DCT. From the similarity in energy compaction, a good design for the WHT should be
reasonably effective for the DCT. However, further performance gains can be made with



the DCT and with the B-matrix and C-matrix transforms, by optimizing the compression
designs for the transform used.

The error statistics show that the lower mean-square error of the DCT is due both to fewer
large errors, which nearly always occur at edges, and to fewer small errors, which occur in
flat areas and edges. The subjective appearance of the compressed image confirms that the
DCT produces both smoother low contrast areas and less distorted edges. Since the low
contrast areas have very high correlation, and since the edges — though not noise-like —
can be approximated by a low-correlation Markov model, the mean-square error and
subjective results agree with the theoretical result that the DCT is superior to the WHT for
all values of correlation (see Table I).

CONCLUSION

The Karhunen-Loeve transform for data with stationary correlation, the discrete cosine
transform, the Walsh-Hadamard transform, and other familiar transforms are even/odd
vector transforms whose coefficients can be obtained by sparse matrix multiplications of
the coefficients of other even/odd transforms. Of the familiar transforms, the Walsh-
Hadamard transform is the simplest to implement, but has the smallest compression gain.
Using the Walsh-Hadamard transform followed by a sparse matrix multiplication allows
implementation of any even/odd transform. The discrete cosine transform has a difficult
implementation, but very closely approaches the optimum performance for first-order
Markov data. As the form of the vectors is modified to approach that of the discrete cosine
vectors, the vector energy compaction and the theoretical and experimental image
compression results approach those of the discrete cosine transform. The theoretical data
compression reliably indicates the difference in experimental performance for these
transforms. About one-half of the performance difference between the Walsh-Hadamard
and the discrete cosine transforms can be achieved by simple post processing of the
Walsh-Hadamard coefficients.
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TABLE I  The Figure of Merit, f = 33 log2 FFi, for Different
Transforms at N = 8 and Various Correlations.

Transform

Correlation, r KLT DCT WHT B matrix C matrix

0.99
0.95
0.90
0.80
0.70
0.50
0.00

-19.817
-11.743

-8.379
-5.162
-3.402
-1.453
0.00

-19.775
-11.729
-8.341
-5.092
-3.328
-1.396

-18.489
-10.560
-7.311
-4.317
-2.765
-1.136

-19.205
-11.206
-7.875
-4.731
-3.056
-1.261

-19.597
-11.558

-8.180
-4.954
-3.214
-1.333

TABLE II  The Mean-Square Error for the WHT, DCT, B Matrix and C Matrix
Transforms with a Subset of Vectors Retained.

Mean-square error for 32 vectors retained

Reasoner Two Girls Two Men Band

WHT 0.558 0.806 1.694 3.948
B matrix 0.500 0.738 1.581 3.628
C matrix 0.442 0.666 1.536 3.310
DCT 0.446 0.660 1.535 3.056

Mean-square error for 16 vectors retained

Reasoner Two Girls Two Men Band

WHT 1.619 2.206 4.801 12.322
B matrix 1.507 2.093 4.557 12.056
C matrix 1.427 2.029 4.447 11.897
DCT 1.430 2.031 4.406 11.828



Figure 1 - The A Matrix Used to Obtain the DCT From the WHT.

Figure 2 - K LT and DCT Vector Energies for N = 8 and r = 0.5.



Figure 3 - The Energy Compaction of the DCT, WHT, and B Matrix Transform for
N = 8 and r = 0.95.

Figure 4 - The B Matrix.



Figure 5 - The C Matrix.

Figure 6 - The Energy Compaction of the WHT, DCT, and,C Matrix Transforms for
N = 8 and r = 0.95.



Figure 7 - Patterns of Vector Coefficients Retained and Neglected.

Figure 8 - Transmission Rate Versus Error for the Four Test Images.


