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ABSTRACT

In this paper the concept of a rate distortion surface is introduced. A signal class is
considered such that the source can be viewed as a composite source that consists of a
finite number of subsources. Also, it is demonstrated that the overall transmission
requirement can be treated as different but connected transmission requirements. The
connection arises through an intermediate fidelity criterion. It is shown that the rate
distortion bound for a composite source is a convex surface with a unique minimum for
any specified signal to noise ratio. It is further demonstrated that the locus of these minima,
projected onto a composite source information rate-composite source average distortion
plane, is the rate distortion curve for the composite source.

INTRODUCTION

The concept of transmitting a source subject to a dual fidelity criterion was introduced in a
recent paper [4]. The authors considered an image-signal class and demonstrated that this
class was a composite source that could be vigorously represented by a finite number of
appropriately connected subsources. In particular, the signal class consisting of one-
dimensional unitary transformed images can be modeled as an auto-repressive source with
time varying predictor coefficients.

Utilizing this model, the subsources become the P predictor parameter sequences, and the
difference signal sequence. Hence, the digital image transmission problem can be
considered as two different but connected transmission requirements. They are
respectively the difference signal transmission problem and the predictor parameter
transmission problem.



The nth transformed picture element, sn, can be defined as [1],[2]

where the {an}are the time-varying predictor coefficients. The reconstructed transformed
pixels at the receiver are

The double tilda over the difference signal sample en emphasizes that its distortion is due
to both the predictor parameter distortion and the difference signal quantizer. This dual
distortion requires a dual fidelity criterion that bounds the increase in difference signal
average power due to the predictor parameter average distortion. This dual fidelity
criterion will permit bounding the predictor parameter channel requirements subject to a
dual fidelity criterion. The increase in difference signal average power is known as the
intermediate fidelity criterion and serves as a connection between the two transmission
requirements. By utilizing this intermediate fidelity criterion the rate distortion bound for
the difference signal dequence is derived. It is shown that an infinite set of rate distortion
curves exist for the difference signal sequence, one for each value of the predictor
parameter average distortion.

The set of difference signal rate distortion curves is not very useful if used independently
of the predictor parameter rate distortion bound. It is impossible to determine the
theoretical minimum information rate to obtain a specified signal to noise ratio for the
reconstructed signal sequence from the family of difference signal rate distortion curves
without considering the dual transmission problem. The dual transmission problem is
considered and it is shown that the rate distortion bound for the composite source is a
convex surface with the locus of surface minima corresponding to the rate distortion bound
in two dimensions for the composite source.

ERROR SEQUENCE RATE DISTORTION BOUND

The difference signal sequence is a subsource whose samples are comprised of the
difference between the original transformed picture elements and the predicted values as
indicated in figure 1. The predicted sample values are the result of a suboptimum
prediction on a subset of the reconstructed values. The suboptimality is due to the
predictor law, [4],[5]. This method of image data compression is known as Adaptive
Hybrid Picture Coding.



In the autoregressive source model for the image signal class, the difference signal
sequence is orthogonal to the Hilbert space

of all random variables [6]

The fact that the Hilbert Space Projection Theorem is satisfied implies that the signal
estimates are optimal when the optimal predictor law, An (opt), is used by the predictor.
Hence, the difference signal sequence is a sequence of optimal one step prediction errors
with average power

This minimum average power sequence is commonly known as the innovations sequence
[3] and has been defined as a sequence that contains all the new information that is
contained in the original random sequence. Hence, if the optimal predictor law were
known by the receiver during each learning period, the original signal sequence could be
reproduced from the difference signal sequence.

In the absence of a channel of infinite bandwidth, the receiver never has exact knowledge
of the optimal predictor law. Hence, the difference signal is not a sequence of optional one
step prediction errors and the average power of the difference signal sequence is increased
due to the distortion in the predictor parameter sequences.

The analysis of the predictor parameter transmission problem yields a relationship that
defines the difference signal average power increase in terms of the predictor parameter
average distortion. The relationship is the intermediate fidelity criterion and is given by

where d*
k is the average distortion associated with the kth predictor parameter and F2(RLN) 

is the average power of the uncompressed sequence of transformed picture elements. Thus,
the average power of difference signal sequence over a large number of learning periods is,
for any value of predictor parameter average distortion,



The upper bound for the rate distortion curve is obtained by assuming that the
orthogonality properties hold for the predictor parameter sequence regardless of the
amount of predictor parameter distortion. Also, it is assumed that the difference signal
sequence is a sequence of independent, identically distributed Gaussian random variables
of Variance F2(ELN). Then the rate distortion function, when the distortion measure is mean
square error, is given by [8]

Since the actual average power of the difference signal sequence is bounded by F2(E˜ LN),
the rate distortion curve for the difference signal sequence is bounded by

The quantity F2(RLN) is the average power of the reconstructed transformed pixels
averaged over an arbitrary number of parameter identification periods. By examining any
specific identification period, and utilizing the Fundamental Theorem of Expectation, it is
possible to show

where L is the number of transformed pixels in an identification period.

As the number of learning, N, becomes large, the last summation term approaches the
difference signal average mean square distortion q̄. The difference signal quantizer
measures Q are constrained to be q*-admissable. That is, each Q must be a member of the
set

Hence, if follows that



Combining inequalities, it is apparent that the essential information rate, subject to a mean
square error fidelity criterion, for transmitting the difference signal sequence is bounded
above by

This is the desired result for any given value of predictor parameter distortion, a rate
distortion curve is obtained that is a non-decreasing function of the reconstructed signal
sequence signal to noise ratio. It is obvious that there exists an infinite family of difference
signal rate distortion curves. Selected members of this family are shown in Fig. 2.

It may appear initially that the required information rate to achieve a specified signal to
noise ratio can be reduced as long as the predictor parameter average distortion, d*, is
made smaller. This is not the case, however, since the predictor parameter information rate
is very large for extremely small average distortions. The combination of the two
information rates into the composite source information rate is necessary and is the subject
of the next section.

COMPOSITE SOURCE RATE

The total information rate for the composite source for an arbitrary combination of
predictor parameter and difference signal average distortion is given by

where R(d*) is the predictor parameter information rate for a total predictor parameter
distortion d*.

Since the composite source information rate is a function of two variables, the composite
source rate distortion function is a surface. The surface is convex with a unique minimum
for each value of F2(SLN)/q* and the locus of the surface minima corresponds to the two
dimensional rate distortion bound for the composite source.

The difference signal information rate is a function of two distortion values, hence, there
exists an infinite family of difference signal rate distortion curves, one for each value of
predictor parameter average distortion. Each member of the family bounds the essential
information rate required to transmit the difference signal with an average distortion less
than or equal to q*. Given any q*, the required information rate for the difference signal
sequence decreases as d*, with the minimum required information rate occurring at d* = 0.



However, the zero predictor parameter average distortion condition implies an infinite
predictor parameter information rate; therefore, the composite source information rate is
infinite regardless of the allowable difference signal average distortion. Conversely, if the
difference signal fidelity requirements are extremely severe, the total information rate is
very large, regardless of the allowable predictor parameter average distortion.

A composite source information rate is obtained for any pair (q*,d*). This information rate
is the result of combining members of convex sets; hence, the rate distortion surface is
convex. The surface is a non-increasing function of q* for any fixed value of d*. This is not
the case, however, when q* is fixed. Under this condition, a convex cup curve results. The
reason for this difference is easily explained. When d* is fixed, R(d*) is constant, and this
constant value is added to a function that is a non-increasing function of q*. When q* is
fixed, the situation is more complicated. When d* is very large, R(d*) is very small; but
this causes RE(q*,d*) to become quite large. The net result is that the total information rate
is excessive. At the other extreme, when d* is very small, RE(q*,d*) is considerably
reduced, but R(d*) becomes large. Hence, the curve is convex cup with a unique minimum
value. A similar argument applies to every value of q*. A typical member of this family is
shown in Fig. 3.

A similar curve exists for every value of q*. Hence, for every specified signal to noise
ratio, F2(SLN) /q*, there exists a minimum essential information rate required to transmit the
composite source. The locus of these minima corresponds to the two dimensional rate
distortion curve for the composite source. These arguments lead to the following:

PROPOSITION:  The rate distortion bound for a composite source is a convex surface and
the locus of surface minima is the two-dimensional rate distortion curve for the source.

SUMMARY

The existence of a rate distortion surface for an image signal class was shown. It was
established that the surface is convex, with a unique minimum value for each specified
signal to noise ratio for the reconstructed signal sequence. The locus of these surface
minima corresponds to the two dimensional rate distortion curve for the original signal
class. An image data compression system known as Adaptive Hybrid Picture Coding [10]
corresponds precisely with the mathematical model of the source used to obtain these
results. It may be possible, therefore, to attach specificity to the generic bounds presented
here by the proper utilization of the Adaptive Hybrid Picture Coding method of image data
compression.
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FIGURE 1 - SOURCE CODING BY DAPTIVE REDICTION

Figure 2  Difference Signal Rate Distortion Surface.



Figure 3 - R(q*,d*) Evaluated at FF2(SLN)/q* = 316.


