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DEGRADATION OF FSK DETECTION PERFORMANCE DUE TO
TONE PHASE JITTER

JACK K. HOLMES and GEORGE L. HEDIN
TRW Defense and Space Systems

Summary.  The paper develops some new results for the degradation in SNR, due to
unwanted phase jitter, for a FSK receiver system. The unwanted phase modulation is
assumed to be present equally on either FSK tone and is modeled as a sample function of a
Gaussian random process. Results are derived based on a standard type FSK system
employing bandpass filters, square law envelope detectors, a subtractor, and a post
detection lowpass data filter.

The degradation was found to depend on the mark-space filter bandwidths, the doppler
frequency of the received tones, the nominal SNR and the post detection filter bandwidths.
The degradation is minimal for small doppler shifts; however, once the tones, in the
predetection filters were displaced to within the post detection filter bandwidth of the
predetection filter band edge, the degradation increased dramatically. This was due to the
fact that the filtering of the phase noise caused the envelope detectors to produce self
noise. In fact, at high SNR’s the degradation is primarily due to self noise or envelope
distortion due to filtering of the phase jitter spectrum.

It is important to point out that the degradation found here is due only to phase noise
effects and not sinP/P losses. The results derived here are accurate for phase jitter
variances         . In addition, it is assumed that the lowpass equivalent filter impulse
response of the bandpass filter be real, that is, the lowpass equivalent transfer function
must be hermetian symetric.

Introduction.  The performance of binary and nonbinary noncoherent frequency-shift
keyed (FSK) systems have been well documented in the literature [1]-[5]. However,
papers dealing with noncoherent binary FSK systems with phase jitter have been in short
supply. Ferguson [6] has considered low data rate systems and derived optimum detectors
for various models of the FSK tones, but did not obtain performance. Gleicher [6]
considered the effect of phase noise on an optimum noncoherent detector by modeling the
phase process as Gaussian and in addition approximating the non-Gaussian decision
variables as Gaussian variables. He found for his assumed triangular autocorrelation
function that the degradation was not very sensitive to the bandwidth of the phase process,



but strongly dependent on the phase noise variance. For example, at a phase error variance
of 0.1, a 1.8 dB reduction in signal to noise ratio was observed.

Gleicher considered the optimum FSK detector, with no frequency uncertainty, and with
the matched filtering performed before noncoherent detection. This paper considers the
more general case when the predetection filter bandwidth is wider than the data rate to
accommodate signal frequency uncertainty, with narrow post detection filtering to improve
the decision SNR. It is shown that such a system is less sensitive to phase jitter than is the
detector analyzed by Gleicher and that, in contrast to the optimum detector results, the
degradation is a strong function of the spectral shape of the phase process. The effect of
the phase jitter was found to reduce the SNR, the reduction being a function of the-mark-
space filter bandwidths, the doppler offset of the received tones, the spectral shape of the
phase process, the nominal SNR, and the lowpass filter transfer function. The analysis was
motivated by the need to appraise the effect of frequency synthesizer jitter on a
noncoherent FSK system.

System Model.  The FSK system under consideration is shown in Figure 1. The input
process to the FSK detector is modeled by a signal S(t), which is one of two tones, plus a
white Gaussian noise process, n(t), with two sided spectral density No/2. Each tone is
assumed to have a doppler frequency offset S radians/sec, and a phase modulation process
N(t). The phase modulation process is assumed to be Gaussian with a variance much less
than one. The input to the FSK detector is given by

where Tc is equal to either the mark or space frequency. Due to the fact that an exact time-
variant analysis appeared to be impossible to obtain, it was decided to obtain a steady state
solution. It is reasonable to assume that if the mark or space signal has essentially reached
its final value at the end of the bit time, the steady state solution will be close to the actual
transient solution. The phase variance, F2, should be less than or equal to 0.1 for the results
to hold with small error.

Analysis.  Due to the fact that it appears that a solution to the finite time or transient
problem is impossible to obtain, a solution for the stationary case is developed. It is felt
that the degradation due to the phase jitter in the stationary signal case will be very close
to that in the actual finite baud time case. If the signal at the end of the baud time has
almost reached its final value, it is reasonable to assume that both the stationary and the
transient solutions will be essentially the same.

Y(t} = A cos [wet+ '2t + +(t}] + n(t} 



In order to facilitate the computations complex notation is used. The FSK detector input,
with S radians/sec doppler offset is given by

(1)

where the complex random process N(t) is given by
(2)

with correlation functions
(3)

In addition, it can be shown that 0c(t) and 0s(t) are statistically independent for white
noise.

For mathematical convenience we can work with the complex envelopes of the signals and
noise in order to determine the output of the bandpass filters. For this purpose we note that
from equation (1) the complex envelope of the input signal and noise is given by

(4)

The output complex envelope is then given by

(5)

where k(t) is the complex impulse response of the lowpass equivalent filter and is related
to the actual bandpass filter impulse response, K(J), by

(6)

(7)

where H(T) is the transfer function of the baseband equivalent response of the bandpass
filter (it is assumed that H*(T) = H(-T) and k(J) is real). The output complex envelope of
the bandpass filter is given by

(8)

--
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F0(t) = J k(t·T) {Aei(nT + +(T)) + N{T)J dT ... 



The envelope squared is then given by

(9)

We now define the output signal to noise ratio by the mean output squared, divided by the
variance of the output. This is equivalent to computing the spectrum of the output and
taking the ratio of the DC component to the post detection filtered AC component.

The autocorrelation function of the squared envelope is given by

where E(·) denotes the expected value of the random variable following it. Expanding the
integrand and assuming that the expectation operator commutes with the integrals
produces
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(11)

Now each term will be evaluated separately. The first term will be denoted by R1, etc.
Since R1 will have various component terms they will be denoted by R10, R11, R12, etc.
Now the first term, R1, can be written as

The expectation can be evaluated (Reference 8) noting that it is the characteristic function
evaluated at 1,1,-1,-1, so we have

where F2 is the variance and R(J) is the autocorrelation function of the phase process,
N(t).

In order to proceed further, it is necessary to expand the exponential in Equation 13. Since
we are concerned in this analysis with phase variances of the order of 0.1, we shall retain
terms only up to first order since second order terms will be on the order of 0.01. Hence
the exponential becomes, using our approximation
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The first term of R1(J) becomes R10(J)

After performing the integrations, and taking the Fourier transform, we have

(15)

The next term of R1(J) is R11(J) defined by

After evaluating two integrals and taking Fourier transforms we have

After letting u-u' = 0 and > = t-u so that u+u' = 2t-2>-20 we have

Now letting µ = J+0+>, we obtain

(19)

where we have assumed that k(J) is real (that is we assumed that H*(T) = H(-T)) to
simplify our calculations and SN(f) is the spectrum of the phase jitter (radians2/Hz). Now
R12(J) is given by

(20)
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After going through the same type of calculations the spectrum S12(f) can be shown to be

(21)

Notice that S12(f) and S11(f) are complex conjugates. Now the R13(J) term is given by

(22)

where we have assumed that k(J) is real again to simplify the calculations. We will make
this assumption in the remainder of the paper. Letting u-s=0 and t-u=> and taking the
Fourier transform we have

(23)

In order to evaluate the term in brackets consider the input

(24)
to the equivalent lowpass filter k(J). The phase term 2 is a uniform random variable on the
interval (0, 2B). The average squared output is

(25)

If we let > = u-v and 0 = t-u, we have

(26)

Now
(27)

so that

(28)

which is the real part of the expression that we wish to evaluate. Making the change in
variables u-s = 0 and t-s = > in Equation 22, it can be shown that the bracketed term in
Equation 23 is real and is given by Equation 28.
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Now note that

(29)

assuming steady state we may also write

(30)

Hence Equation 23 becomes

(31)

Now R14(J) is defined by

(32)

Making the change of variables u-s' = 0 and t-u = > and taking the Fourier transform and
then letting µ = J+0+> produces

(33)

The next to the last R1 term, R15(J) is defined by

In a manner similar to R14 it can be shown that the spectrum S15(f) is given by

(35)

The final signal term R16(J) is of the form

(36)
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In a manner similar to the term R13(J) we can show that

In summary, we have the following expression for the first term of Eq. 11

We now consider the second term of Eq. 11, which we denote by R2(J). In order to
evaluate R2(J) we note that

(39)

Hence R2(J), using Eq. 39, becomes

(40)

To evaluate R2(J) it is necessary to evaluate

(41)

where again we have used the results for the characteristic function of a Gaussian random
vector (Reference 8). To proceed further we use the approximation

(42)
The first term of Equation 42 inserted in Equation 40 produces

(43)

If we let the integral in Equation 43 equal 2B where 2B is the two sided noise bandwidth
of the lowpass equivalent of either the Mark or Space bandpass filter (the RF noise
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bandwidth of the mark or space bandpass filter) and take the Fourier transform, we have:

(44)

The autocorrelation function due to the second term of Equation 42 is given after some
algebra by

upon taking the Fourier transform and letting u'-s' = 0 and t+J-u' = > we obtain

(45)

The term S31(f) can in a similar manner be shown to equal

(46)

The term S32(f) can also be obtained in a similar manner and is given by

(47)

The fourth term of Equation 11 can also be evaluated and is given by

(48) 

which is seen to be the same as S2(f). The fifth term can be shown to be given by

(49(

In order to evaluate the sixth term (noise times noise) it is necessary to evaluate the value
of

(50)
By expanding the product into real random processes and using the results of problem 8.2
in Reference 8, we obtain (after some tedious algebra)
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Using Equation 51 in the last term in Equation 11 produces

Taking the Fourier transform and evaluating produces

(53)

In summary the output spectrum from the square law envelope detector is given by

The terms above the dashed line are the constant terms and the remaining terms are the
time varying or noise like terms.
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The spectrum of the signal plus noise that exists at the input to the lowpass filter Sz(f) (see
Figure 1) is given by (signal in upper filter)

Where the second and third terms are due to the fact that the difference power spectrum of
the two detector outputs is the difference of the means plus the sum of the noise parts
(since they are statistically independent).

In order to compute the total power out of the lowpass filter, the quantity

(56)

was evaluated, where HL(f) is the transfer function of the output lowpass filter. We define
the output SNR as the ratio of the DC component of Pz to the AC component, which is
equivalent to taking the ratio of the mean output squared divided by the variance.

The degradation is defined by SNR

(57)

where the numerator denotes the output SNR with phase jitter present and the denominator
denotes the output SNR when there is no phase jitter.

For non-Gaussian statistics, detector efficiency (e.g., bit error rate) is not easily related,
analytically, to output SNR degradation; however, SNR degradation does provide a
reliable, approximate indication of performance loss, especially when the ratio of
predetection to post detection bandwidths is large.

Computational Results.  In spite of the complex appearance of Equation 54, physical
interpretation of each of the terms in the expression is straightforward and both qualitative
and quantitative results can be obtained quite easily.
 
First note that for small phase jitter variances, the signal component in Equation 1 can be
expanded into a carrier component and phase modulation sidebands: 

(58)
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Thus, neglecting terms of higher order in N(t), the signal spectrum consists of a carrier
component of power A2/2 e-F2 and modulation sidebands having spectral shape identical
to that of N(t).

Examining Equation 54, the following qualitative conclusions are evident. First, the DC
terms are directly proportional to the total input power passed by the mark/space filters.
The presence of phase jitter reduces this power only slightly. At worst, the filter will strip
off all of the modulation sidebands, but since F2<<1, very little power is lost. Consider
now, the AC (noise like) terms of Equation 54. The second and third AC terms represent
the signal times noise output of the square law detector, the second term is carrier times
noise and the third term is phase sidebands times noise. As was the case with the DC
terms, this output noise power is reduced in the presence of phase jitter only to the extent
that the phase modulation sidebands are attenuated by the filter. This represents only a
minimal change in noise power for F2<<1. The fourth AC term is the noise times noise
detector output which is unaffected by the presence of phase jitter. The only term in
Equation 54 which has a significant effect on performance is the first AC term,

(59)

This term, which represents the carrier times phase sideband detector output, arises when a
portion of the phase modulation on the carrier is converted to amplitude modulation due to
nonsymmetrical filtering of the signal. The noise spectrum into the lowpass post detection
filter is SN(T) reduced by the term *H*(S)H(T+S) - H(S)H(T-S*2, which is a measure of
the symmetry of the filtering of the phase sidebands at S+T. If S is less than 2B(B-BL),
where BL is the lowpass post detection filter bandwidth. then the degradation to system
SNR is small. This is a result of the fact that all phase sideband frequency components
within ±2BBL of S are passed by the mark/space filters and as a result, the induced
amplitude modulation is all high frequency and is rejected by the lowpass filter. Suppose,
for example, that H(T) is an ideal lowpass filter with linear phase,

(60)

then, the noise spectrum into the lowpass filter will be

(61)

For real filters, of course, the filtering is never symmetrical and even for *T*#2BB-S some
of the phase modulation will be converted to amplitude modulation. However, since SN(T)
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is small, for typical filter passband ripples (#1dB) and typical phase deviations from
linearity (#20E), the degradation to SNR will be small.

In summary, the following qualitative results hold. For small doppler offsets, S<2B(B-BL),
the SNR degradation due to phase jitter is small. For S>2B(B-BL) the degradation
increases, becoming significant only when the mean square phase modulation in the
frequency range 2BB-S to 2BBL approaches the thermal noise to carrier ratio.

To put these qualitative results on a more quantitative basis, the degradation predicted by
Equations 54 - 57 was calculated for a range of system parameter values. Based on typical
synthesizer performance, the phase jitter spectrum was assumed to have the following
form:

(62)

The mark-space filters were assumed to be ideal bandpass filters and the post detection
lowpass filter was assumed to be ideal.

(63)

(64)

The results are presented in Figures 2-4. In Figure 2, degradation is plotted as a function of
S for various ratios of post detection to predetection bandwidths. The rms phase jitter is
0.3 radians and the input carrier to noise ratio measured in a bandwidth 2BL is 15 dB. The
fact that the degradation is minimal for S<2B(B-BL) is evident and the degradation begins
to increase dramatically when the doppler shift gets within the post detection lowpass
bandwidth of the mark/space filter band edge. In Figure 3, the dependence of these
conclusions on input carrier to noise ratio is examined. The ratio BL/B is fixed at 0.1 and
the rms phase jitter is 0.3 radians. Degradation increases as input carrier to noise ratio
increases since induced amplitude modulation noise becomes more significant as thermal
noise is reduced. The same effect is illustrated in Figure 4 where degradation is plotted as
a function of S for various RMS phase deviations. Here BL/B is fixed at 0.1 and input
carrier to noise ratio is 15 dB.
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Figure 1.  FSK Detection System Model
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Figure 2.  SNR Degradation Versus Doppler Shift for Various Bandwidth Ratios
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Figure 3.  SNR Degradation Versus Doppler Shift for Various
Values of Input SNR

Figure 4.  SNR Degradation Versus Doppler Shift for Various
Values of RMS Phase Jitter
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