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GENERALIZED CRITERION FOR NONLINEAR MODULATION

P. PAPANTONI-KAZAKOS
Rice University
Houston, Texas

Summary  In this paper a high order error measure is used for the evaluation and design
of nonlinear modulation schemes. This high order measure works as a deterrent against
thresholds effects. Through the use of the above measure, a simple two-dimensional
nonlinear modulation scheme is fully analyzed and efficiently designed.

Introduction  The proper choice of performance criteria is very crucial for the efficient
design of communication systems. A good performance criterion should be simple
analytically as well as representative of the structure of the system. It has been found, for
example, that the simple analytically mean square criterion is not physically meaningful in
image processing. The same criterion has been found to be inadequate also for several
information theory problems.

In this paper the design of nonlinear modulation schemes is considered. That a
performance criterion or order higher than two (the order of the mean square criterion) is a
stronger deterrent against threshold effects is explained first by argument and then by
analysis of a simple modulation case.

Nonlinearly Modulated Signals Through Gaussian Channels  Let the information-
carrying parameter be scalar and denoted by s. Also, let F(s) indicate the modulated signal
which is, in general, m-dimensional. We assume that the signal F(s) is transmitted through
a Gaussian additive channel and that our objective is to design a receiver that will provide
us with a good estimate of s. Let the noise vector N be zero mean and colored with
covariance matrix R. Then the data at the input of the receiver are given in a vector form X
expressed as:

X = F(s) + N

If the parameter s takes values in the closed interval [-a,a] changing continuously from -a
to a, the tip of the vector F(s) moves on a curved line. If the signal power **F(s)**2 is 



bounded from above by the amount EF, then the curved line on which the tip of the vector
F(s) moves is inside an m-dimensional sphere of radius %&E&F .  [6].

In the case that the noise power is bounded from above by an amount EN, the high
probability topology of X tips is the area that is enclosed by the cylinder made of the
common tangents of the spheres with centers on the F(s) locus and radii equal to %&E&N .

Let us now suppose that in models as the one expressed by (1) the receiver, using the data
vector X, decides in favor of the s value that in the m-dimensional space corresponds to
the minimum distance between the X tip and the F(s) locus. This minimum distance
decision is obviously the maximum likelihood estimate.

If the task of designing the modulating function F(·) is undertaken in the case that the
energies **F(s)**2 and E(NTN) are bounded from above by EF and EN correspondingly and
the maximum likelihood estimation scheme is used for demodulation, then the longer the
locus F(s) is, the less erratic the ML scheme will be. That is because the folding effects
that extend the length of the locus appear, as explained in the previous paragraph.

However, this increasing improvement of the ML estimate with increasing length of the
F(s) locus stops being true after the length of the locus exceeds a certain value. These are
the cases of highly folding F(s) loci and are called threshold effects; they cause the
breaking down of every estimation scheme and they must be avoided.

The design of an F(s) locus is desired which is long enough to take advantage of the
beneficial folding effects that decrease the demodulation error, but which is not as long as
to reach the threshold effects. The efficient F(s) design will be based on the fact that small
deviations between the true value s of the modulating parameter and its estimate × are
unimportant and, in most cases, undetectable due to the finite precision of the system. On
the other hand, large s, × deviations are undesirable and should be as discouraged as
possible. If , is the lower bound of the *×-s* values that actually affect the system
performance, then a good error measure should decrease the influence of the smaller than 
, *×-s* values on one hand and penalize heavily the larger than , *×-s* differences on the
other hand. Such an error measure is the conditional expectations E{([×-s]/,)2p/s), where p
is a natural number larger than zero.

The larger p is, the less is the influence of the smaller than , *×-s* differences on the above
measure and the more emphasized are the larger than , *×-s* differences.

The choice of , depends entirely on the characteristics of the system.



Before a simple two-dimensional nonlinear modulation scheme is fully analyzed on the
basis of the E{([×-s]/,)2p/s) error measure, some results presented in detail in [7] will be
mentioned.

Corollary 1  If p is arbitrary natural number, s is a scalar parameter and the P(X/s)
statistics satisfy conditions:

the inequality

(2)

is true. Expression (2) is satisfied with equality if and only if

(3)

with C(s) arbitrary function of the parameter s.

The most general family of distributions satisfying (3) is an exponential one given by the
expression

(4)
where R(X) is a function of the data vector X.

If the model in (1) is given with N Gaussian zero mean with autocovariance matrix R, then
the bound in (2) of corollary 1 takes the following specific form:

(5)

where R-1 = WTW. Expression (5) is the one that applies to the nonlinear modulation
model presented in the beginning of this section. A first observation at the bound in (5)
shows that it is decreasing with increasing signal-to-noise ratio **F(s)**2/*R*. The bound in
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(5) can be used either as an evaluation measure for different estimators and fixed
modulating function F(·), or as a basis for design of the function F(·) when the estimate
×(X) remains unchanged. Further analysis on that is presented in the following section for a
two-dimensional modulation scheme.

A Two-Dimensional Nonlinear Modulation Scheme  Let the nonlinear modulation
model be given by equation (1) where s is a scalar parameter taking values in the closed
interval [-1,1] and X, F(s), N are two-dimensional vectors. In addition, let us denote

XT = [x1,x2] (6)

NT = [n1,n2]  (7)

FT(S) = [f1(s),f2(s)] (8)

and have specifically the variables n1 and n2 being independent, Gaussian, zero mean and
variance F2, while the slcalars f1(s) and f2(s) are sinusoidal orthogonal functions given by

f1(s) = Acos(as) (9)

f2(s) = Asin(as) (10)
the amplitude A determines the signal-to-noise ratio, while the constant a controls the
erratic behavior of the modulator.

Let us call , the lower bound on the *×-s* values that have real effect on the good
performance of the system. Then, applying (2) we obtain the following bound for the
performance measure E{([×(X)-s]/, )2p/s}, where p is an arbitrary natural number and ×(X)
some estimate of the parameter s.

(11)

The maximum likelihood estimate ×m1 for the present model is such:

(12)

And since there should be a unique ×m1(X) value for every fixed X value, we obtain from
(12):
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(13)

where            (·) is the primary angle value and the primary interval is [-B/2,B/2].

After some analysis the following form of the bound in (11) can be found

(14)

In (14), the well defined estimate expressed by (13) is tested. However, the characteristic
constant a remains unspecified. Our efforts here are directed toward designing a in a way
that the 2p-order performance measure E{([×(X)-s]/, )2p/s} becomes as small as possible
for all s values. It is not expected, however, that the minimum (if any) value of the above
performance measure will be achieved by the same a for all s values. Therefore, it seems
reasonable to search for a minimax solution of the problem. Specifically, we will seek the
a value that minimizes the maximum with respect to s value of E{([×(X)-s]/, )2p/s}. It can
be found that this maximum M is the value of E{[×(X)-s]2p/s} at s = 1. To compare the
value of M with the value of the corresponding bound provided by (14), in order to make
observations as to the optimal design of the characteristic a, we need the value of this
bound at s = 1. Indeed, we have then the expression
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From studies on (15) and (16), it seems that for signal-to-noise ratio A/F large enough to
satisfy

(17)

the choice
(18)

achieves moment M/,2p close to the optimum.

The bound in (16) is used as navigator leading the system away from very disadvantageous
choices of the modulation characteristic a.

Let us emphasize here again that the natural number p is chosen a priori so that *×(X)-s*
differences smaller than the system tolerance , are given nil penalization while higher
differences are heavily punished.

A choice of p = 2 is, in most cases, sufficient.
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