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RECENT ADVANCES IN CODING FOR MULTIPLE ACCESS
COMMUNICATION SYSTEMS

M. B. PURSLEY
University of Illinois

Summary.  During the past few years it has been demonstrated that coding can play a
major role in multiple-access communication systems. In addition to providing error-
control capability as in a single-user system, coding can actually provide the multiple-
access capability in a multi-user system. In this paper we concentrate on one such system,
the spread-spectrum multiple-access system in which the communication capacity of the
channel is shared by several asynchronous radio frequency signals that occupy the same
bandwidth. Recent results on the analysis of these systems and on the selection of codes
for multiple-access applications are presented.

Introduction.  Multiple-access communication theory is a relatively young research area
even when compared with related disciplines like information theory and coding theory
which are only twenty-eight years old now. Multiple-access communication theory was
perhaps first recognized as a major branch of communications in 1964 when the Institute
for Defense Analysis held its summer study on multiple-access techniques for satellite
communications. A summary of the Proceedings of the study can be found in [19].

One of the important conclusions of this study and a number of other publications that
appeared in the mid-1960’s was that coding can play a dual role in satellite multiple-access
systems. In addition to its usual error-control function in single-user systems, coding can
actually provide the multiple-access capability in multi-user systems. We will refer to any
multiple-access technique in which coding provides the primary multiple-access capability
as code-division multiple access (CDMA). Unlike traditional time-division multiple access
and frequency-division multiple access there is no requirement for precise time and
frequency coordination between the various transmitters in the system.

A specific example of a CDMA system which will be discussed in this paper is the spread-
spectrum multiple-access (SSMA) system in which a code sequence is modulated onto the
carrier along with the digital data. The various transmitted signals may occupy the full
channel bandwidth at all times. We will see that for asynchronous systems, the code
sequences should be selected to have good aperiodic cross-correlation properties in order



to enable the receiver to distinguish between the signals. Additional coding can be
employed to correct message errors that occur during transmission.

In addition to SSMA systems, there has been considerable recent interest in CDMA for
computer-communication network applications. Such applications of coding will not be
discussed here, but they are presented in [14] and in the references cited therein.

In recent years CDMA techniques have been considered for a variety of systems including
the NASA tracking and data-relay satellite system, systems to provide communication to
aircraft and other mobile users, and air traffic control systems. In addition, CDMA
techniques are very attractive for military satellite communication systems since they can
provide additional encryption and anti-jam benefits. In certain multiple-access satellite
communication systems CDMA techniques can be designed to simultaneously provide
multiple-access capability and to reduce the effects of multipath distortion.

Performance of Phase-Coded SSMA Systems.  The SSMA system model that will be
employed in this paper is described as follows. The kth user’s data signal bk(t) is a
sequence of unit amplitude, positive and negative, rectangular pulses of duration T. The kth

user is assigned a code waveform ak(t) which consists of a periodic sequence of unit am
amplitude, positive and negative rectangular pulses of duration Tc. If (aj

(k)) is a sequence of
elements of {+1,-1} then we can represent ak(t) as

where               = 1 for 02#t<Tc and                 = 0 otherwise. We assume that each
sequence (aj(k)) has period p = T/Tc so that there is one code period a0

(k), a1
(k),...,

per data symbol.

The data signal bk(t) is modulated onto the phase-coded carrier ck(t) given by

which produces the signal

In the above expressions 2k represents the phase of the kth carrier, Tc represents the
common center frequency, and P represents the common signal power.

If the SSMA system is completely synchronized then the time delays Jk representing the
propagation time for the k-th signal can be ignored (i.e., Jk = 0 for k = 1,2,...,K). This
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would require a common timing reference for the K transmitters and it would necessitate
compensation for the different delays in the various transmission paths. For the majority of
SSMA communication systems such compensation is not feasible and the transmitters are
not time-synchronous. For asynchronous systems the received signal r(t) is given by

where Nk = 2k - TcJk and n(t) is the channel noise process which we assume to be a white
Gaussian process with two-sided spectral density N0/2. Since we are concerned with
relative phase shifts modulo 2B and a relative time delays modulo T, there is no loss in
generality in assuming 2i = 0 and Ji = 0 and considering only 0 # Jk < T and 0 # 2k < 2B
for k… i.

If the received signal r(t) is the input to a correlation receiver matched to si(t), the output is

In all that follows we assume TcT/2B is an integer. However, the results obtained are also
valid if Tc >> T-1 since the frequency response of a realistic hardware implementation of
the correlation receiver is such that the double frequency component of r(t) cos Tct will be
negligible under this condition. The condition Tc >> T-1 is always satisfied in a practical
SSMA communication system. The data signal bk(t) can be expressed as

where bk,R , {+1,-1). The output of the correlation receiver is given by

where Rk,i and Rˆ k,i are the continuous-time partial cross-correlation functions defined by

f or 0 # J # T. It is easy to show that for 0 # RTc# J(R+1)Tc#T, these two cross-correlation
functions can be written as

(1)
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and
(2)

where the discrete partial cross-correlation functions Dk,i and D̂k,i are defined by

and Dk,i(0)=D̂k,i(p)=0. Notice that the periodic cross-correlation function is given by
2k,i(R)=D̂k,i(R)+Dk,i(R). We also define ˆ

2k,i(R)=D̂k,i(R)-Dk,i(R) which is called the odd cross-
correlation function by Massey and Uhran [12]. It is easy to see that Dk,i(p-R)=D̂k,i(R) and
D̂k,i(p-R)=Dk,i(R) and therefore 2k,i(p-R)=2i,k(R) and ˆ

2k,i(p-R)=- ˆ
2i,k(R).

Cross-correlation parameters can also be given in terms of the aperiodic cross-correlation
function D̃k,i defined by

which is related to the partial cross-correlation functions as follows. For nonnegative
values of RD̃k,i(R)=D̃k,i(R) and for negative values of R, D̂k,i(R=+Dk,ip+(R).

If vk,i(Jk) is defined by vk,i(Jk)=[bk,-1Rk,i(Jk)+bk,0R̂k,i(Jk)]cosNk then %&P /&2&vk,i(Jk) is the
contribution of the kth signal to the output Zi of the correlation receiver matched to si(t).
For fixed  Jk,vk,i(Jk) depends only on Nk, the data symbols bk,-1 and bk,0, and  the discrete
cross-correlation functions Dk,i and D̂k,i (or equivalently, 2k,i and ˆ

2k,i). Specifically, if Rk is an
integer for which RkTc # Jk # (Rk+1)Tc and bk,0 = bk,-1 then

(3)

On the other hand, if bk,0 … bk,-1 then

(4)

Up to this point we have not explicitly indicated which parameters of the partial cross-
correlation functions should be optimized. One approach is to search for a code for 
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all values of the parameters Jk,Nk,bk,-1, and bk,0. It is clear from symmetry considerations
that for any code, the set of values that one of the two probabilities takes on as the
parameters are varied is the same as the corresponding set for the other probability. In
particular, the two probabilities have the same maximum value Pe

(i) for any given code.
One code selection procedure that is often suggested is to choose the code that gives the
smallest value of Pe

(i); that is, the maximum value of the error probability is minimized.

If bi,0=-1 Pe
(i) depends on the maximum value of the sum of the vk,i(Jk), where the sum is

over all k … i. Equations (3) and (4) imply the maximum value of  vk,i(Jk)is achieved for
some value of Jk in the set {0,Tc,2Tc,...,[p-1)Tc} and Nk=0. That is the maximum value of 
vk,i(Jk) is of the form [bk,-1Dk,i(R+bk,0D̂k,i(R)Tc. For a fixed integer R, this quantity has four
possible values, ±2k,i(R) and ± ˆ

2k,i(R). The maximum of these values over R is 8k,i = max
{µk,i,µ̂k,i} where µk,i = max {*2k,i(R)**0 # R # p-1}, µ̂k,i = max {* ˆ

2k,i (R)**0 # R # p-1}

From the above discussion we conclude that if bi,0 = -1, the maximum error probability for
the ith receiver corresponds to the maximum value of vk,i(Jk) for each k…i and that this
maximum value is 8k,i. The same argument can be applied for bi,0 = +1 in which case the
maximum error probability corresponds to the minimum value of vk,i(Jk) for each k … i and
min vk,i(Jk)=-8k,i. Thus, Pe

(i) is minimized if the quantity                          is minimized.

Of course, the goal in choosing a code is to simultaneously minimize the error probability
for all K receivers. Hence we might wish to minimize Pe,m = max Pe

(i), which is equivalent
to minimizing v = max vi since Pe

(i)= 1 - M([1-(vi/p)]%&2 E& /&N& o&) where M is the standard
(i.e., zero mean, unit variance) Gaussian cumulative distribution function and E = P/T is
the energy per data bit. It follows that

(5)
where 8 = max{8k,i*1 # i <k #K].

There are a few additional code parameters that are of interest. These are the maximum
magnitude of the periodic cross-correlation functions for the set of sequences 2C =
max{µk,i*1#i<k#K}, the maximum magnitude of the odd cross-correlation ˆ

2C, = max{µ̂k,i

*1# i < k # K}, and the maximum magnitude of the aperiodic cross-correlation D̃C =
max{*D̃k,i(R)**1-p # R # p-1, 1# i # k # K}. The relationships 8 = max (2C, ˆ

2C} and D̃C # 8
# 2 D̃C are easily established. It follows that (3) implies

(6)

It should be noted that it is impossible to obtain an upper bound on the error probability if
we know only the periodic cross-correlation function.

A = ~ 1.. 
i k#i ·1c,i 

P = 1-~([l-(AiP)]JZE/N) ~ 1-~([l-(K-l)(A/p)]JZE/N) 
e,m _ . _o o 

p s l - i([l-(K-1)(2pc/p)J./2E/No • e,m 



An alternate approach to SSMA system analysis and code evaluation is to treat the phase
shifts, time delays, and data symbols as mutually independent random variables. In this
approach the interference terms are random and are treated as additional noise. The signal-
to-noise ratio, SNRi, at the output of the ith correlation receiver is the most important
performance measure that can be obtained with a reasonable amount of computation.
Furthermore, bounds and approximations to the error probability can be given in terms of
SNRi.

As before, there is no loss of generality in assuming Nk = 0 and Jk =0 for k 0 … i when
considering Zi, the output of ith correlation receiver. Also, due to the symmetry involved
we need consider only bi,0 = +1. The desired signal component of Zi is then %P& /&2& T while
the variance of the noise component of Zi is

(7)

where we have assumed Nk is uniformly distributed on [0,2B) and Jk is uniformly
distributed on [0,T) for k … i. In addition, the data symbols bk,R are assumed to take values
+1 or -1 with equal probability. Equations (1) and (2) are then employed to show that (7)
is equivalent to

where

The signal-to-noise ratio is just %P& /&2& T divided by %V&A&R&&Z& i& which is

(8)

Note that for K =1 this gives SNR1 = %2&E& /&N& o& which has associated error probability Pe

= 1 - M(%2&E& /&N& o&. In general the error probability is not 1 - M(SNR1) but this is a good
approximation for large values of p and K. A more thorough discussion of the signal-to-
noise ratio as a performance measure and a numerical evaluation of (8) for Gold sequences
of period 511 can be found in [13] and [14]. Results on the accuracy of the approximation
Pe . 1-M(SNRi) for K << p have been obtained by Yao [23].
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Binary Sequences with Good Aperiodic Correlation Properties.  It is clear from the
previous section that the aperiodic cross-correlation function D̃k,i and the odd cross-
correlation function 2̂k,i are at least as important as the usual periodic cross-correlation
function 2k,i Although this has been recognized for some time by communication
engineers, the functions D̃k,i and 2̂k,i have received very little attention in the literature. This
is primarily because the theory of linear cyclic codes, which provides most of the periodic
cross-correlation results (e.g., [4]-[9]), is considerably more difficult to apply to the design
of sequences with good aperiodic cross-correlation properties.

One of the first detailed investigations of SSMA system performance which included the
effects of the partial cross-correlation functions was published in 1969 by Anderson and
Wintz [1] who obtained a bound on the signal-to-noise ratio at the output of the correlation
receiver for a SSMA system with a hard-limiter in the channel. Gold had previously
investigated partial correlation functions and had determined the mean and variance of the
partial autocorrelation function and the mean of the partial cross-correlation function
where the randomness is in the starting position and the phase shift [5]. A thorough
investigation of the odd cross-correlation function 2̂k,i was undertaken by Massey and
Urhan in 1969 as part of a study for the NASA tracking and data relay satellite system.
The role of the odd autocorrelation function 2̂i,i in the analysis and design of SSMA
systems for multipath channels was one of the main topics of their investigation [12].

Equation (5) shows that if we wish to minimize the maximum error probability, then an
optimum code is one for which the parameter v is smallest. The inequalities in (5) and (6)
suggest suboptimum code selection procedures based on minimization of the parameters 8
or D̃C. In practice it is common to first select a general class of codes which have good
periodic cross-correlation properties. Typically, if the class has such properties then µk,i #
µ̂k,i  for each k … i or at least 2C # 2̂C. If 2C # 2̂C then v # (K-1)2̂C. This suggests another
suboptimum method for selecting code sequences for phase-coded SSMA systems. A
family of sequences for which 2C is relatively small (e.g., the Gold sequences) is searched
in hope of finding a subfamily for which 2̂C is also small. This is basically the approach of
Massey and Urhan [121 and Sywyk [20] who consider a family of sequences which
consists of all distinct shifts of a set of K sequences of period p for which 2C, is small. The
goal is to minimize the parameter 2̂C by finding the best shift for each of the K sequences
in the set.

For many applications (e.g., multipath channels) it is important to also optimize aperiodic
autocorrelation parameters. It will be sufficient for our purposes to consider the parameters
D̃A = max*Dk,k(R)*, 2A = max*2k,k(R), and 2̂A= max*2̂k,k(R)  where the maximum in each case is
over 0 < R#p-1 and 1#k < K. For convenience we define D̃max = max{D̃A.D̃C}, 2max=
max{2A,2C} and 2̂max = max {2̂A,2̂C}. As part of the previously mentioned study, Massey
and Uhran have investigated minimization of the odd autocorrelation parameter 2̂A for a set



of sequences for which 2A is small. They found the parameter 2̂A was very sensitive to the
shifts of the sequences in the set. In particular they discovered there is unique optimum
shift for most of the 18 different m-sequences of period 127. This gave a set of 18
sequences for which 2̂A = 19 and, since they are m-sequences, 2A = 1. Massey and Uhran
computed the cross-correlation functions for these 18 sequences and found 2C = 2̂C = 41.
We should point out that some of these parameters can be improved (perhaps at the
expense of others) if a smaller set of sequences is acceptable. For instance, any maximal
connected set [3] of m-sequences of period 127 has 6 sequences with periodic cross-
correlation parameters 2C = 17. Roefs [16] has examined the partial cross-correlation
properties of some of these maximal connected sets and has found a set for which 2̂C  = 29
and 2̂A = 23. At least one of these two values can probably be decreased further if an
exhaustive search is carried out. Any set consisting of more than 6 m-sequences of period
127 must have 2C = 41. However, Massey and Uhran found a set of 14 m-sequences of
period 127 with odd autocorrelation parameter 2̂A = 17. Additional results on
autocorrelation properties can be found in [11], [17], and [21].

Two important analytical results on aperiodic cross-correlation properties have recently
appeared in the literature. The first of these, which was obtained by Welch [22], provides
lower bounds on the maximum correlation for a set of sequences of complex numbers. We
mention only the following special case.

Theorem 1: For a set of K binary sequences of period p
2max $ p[(K-1)/(pK-1)]½

and
D̃max $ p[(K-1)/(2pK-K-1)]½.

Note that for large values of K and p the lower bound on 2max is approximately %p& and the
lower bound on D̃max is approximately %p& /&2&. For the K = 2n+1 Gold sequences of period
p=2n-1 the lower bound on 2max is approximately 2n/2 for large n whereas the actual values
of 2max is 2[(n+2)/2]+1 which is greater than the bound by a factor of %2& for n odd and by
a factor of 2 for n even.

The second result, which is due to Massey and Uhran [12] provides a method for
constructing a set of sequences with a known bound on the odd cross-correlation function.
Furthermore, as a special case, it gives a bound on the odd cross-correlation function for
the Gold sequences.

Theorem 2: Suppose (1+x) does not divide f(x) and let h(x)=(1+x)f(x). Suppose the
sequences generated by h(x) have maximum periodic cross-correlation c. Then the set of
sequences generated by f(x) has correlation parameters 2max # c and 2̂max # (p+c+4)/2



where p is the least common multiple of the periods of the sequences generated by f(x).

Massey and Uhran [12] have also given a method of constructing an infinite sequence of
codes of increasing block length for which p-12max and p-1 2̂max can be made arbitrarily
small for large p. Note that even if we know p-1c 6 0, the bound on 2̂max obtained from
Theorem 2 implies only                                     . The stronger result p-1 2̂max 6 0 is obtained
by requiring f(x) = f1(x)ft(x) in Theorem 2 where f1(x) is the minimal polynomial of ", a
primitive element of GF(2n), and ft(x) is the minimal polynomial of "t for t = Kp[2(K-1)]-1.
It is required that p=2n-1 and that the number of codewords K is 2R where R is a nontrivial
divisor of n, so the codes have block lengths p = 22R-1, 23R-1, 24R-1,... . The diffficulty with
this code is that the bandwidth expansion coefficient pK-1 6 4 as the period increases.
Schneider and Orr [18] have demonstrated the existence of sequences of codes which do
not suffer from this difficulty but still achieve small values of p-12max and P-12̂max  only as   
p 6 4.

For Gold codes generated by f(x) = f1(x)ft(x) where (f1,ft) is a preferred pair of primitive
polynomials of degree n, the bounds of Theorem 2 become

Since D̃max # max{2max,2̂max}, the upper bound on D̃max for Gold codes is greater than p/2
which is approximately the square of the lower bound provided by Theorem 1.

There seems to be no justification for considering only the maximum correlation when
selecting sequences for SSMA applications. For instance, the number of different sets of
values for J1,J2,...,JK which yield the maximum correlation would seem to be as important
as the maximum value itself. In the remainder of this section we discuss criteria that are
related to the signal-to-noise ratio. These criteria offer a number of advantages over the
maximum correlation which will be pointed out in the discussion.

The analysis of the previous section shows that the signal-to-noise ratio at the output of the
ith correlation receiver depends on the parameters rk,i for k…i. We have observed
experimentally, and it can be shown analytically for random sequences, that for large
values of p

Therefore, rk,i . r̃k,i where

lim SUD p-1~ ~ 1/2 
p ... ~ max 

a s 2 L(n+Z)/ 2J + 1 and § s 2n-l + 2 l.n/2J + 2. 
max max 



An attractive feature of using  r̃k,i as a code selection parameter is the computational saving
due to the fact that  r̃k,i can be computed from the aperiodic autocorrelation functions as
indicated in the following result which is from [15].

Theorem 3: Let (xj) and (yj) be any (not necessarily binary) sequences for which xj+p = yj. 
The aperiodic cross-correlation function D̃x,y is related to the aperiodic autocorrelation
functions D̃x,x and D̃y,y by

An application of Cauchy’s inequality gives the following bound on the sum of the squares
of the aperiodic cross-correlation values in terms of the sum of the squares of the aperiodic
autocorrelation values.

Corollary 3.1: For sequences (xj) and (yj) as in Theorem 7

We also get the following result for binary sequences (i.e., {+1,-1}-valued sequences).

Corollary 3.2: If the sequences (xj) and (yj) in Theorem 7 are binary sequences then

(9)

(10)

We get an interesting result if we apply these bounds to the Barker sequence of period 7
obtained by setting (x0,x1,...,x6) = (1,-1,1,1,-1,-1,-1). If (y0,y1,...,y6) = (x6,x5,...,x0) then the
inequalities in Corollaries 3.1 and 3.2 are actually equalities, the common value being
p2+p-1 = 55. The sequences above are m-sequences. The sum of the squares of the
periodic cross-correlation values for any two m-sequences of period p is also p2+p-1 which
is equal to the sum of the squares of their periodic autocorrelation function. We note that



the right side of (10) is larger than p2+p-1 unless the sequences are Barker sequences.
Furthermore, since equality holds in the Cauchy inequality if and only if there exists a
number $ such that D̃x,x(R) = $ D̃y,y (R) for 1-p # R # p-1 and since D̃x,x(0) = D̃y,y(0) = p for
any binary sequences (xi) and (yi) of period p, then equality holds in (10) if and only if
D̃x,x(R) = D̃y,y (R) for 1-p # R # p-1. This will be the case when (x0,x1,...,xp-1)=(yp,yp-1,...,y0)
for example.
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