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PREDICTING PERFORMANCE OF CONVOLUTIONAL CODED
COMMUNICATION SYSTEMS

G. K. HUTH
Axiomatix

Marina del Rey, California

Summary.  The probability of error for a convolutional coded communication system can
be predicted using three approaches. The first approach is using Gallager’s [1] exponential
bound for random codes. The second technique is the use of transfer function union
bounds developed by Viterbi [2]. Finally, an approximation to the transfer function
developed by Huth and Weber [3] can be used. This paper compares the three approaches
for predicting performance and presents results for Viterbi decoding bit error probability,
burst error probability, and decoder memory length.

Introduction.  To design a convolutional coded communication system, techniques are
required to predict probability of bit error (Pb) versus energy per bit to single-sided noise
spectral density (Eb/N0) for the modulation/demodulation scheme employed. In addition, it
would be desirable to predict the nature of the errors out of the decoder. That is, do the
errors occur in bursts and, if so, what is the probability of an error burst of a given length.

There are three basic analytical techniques available for predicting Pb versus Eb/N0. The
first technique is using Gallager’s exponential bound for random codes [1]. This bound
allows quick comparisons of various modulation/demodulation and encoding/decoding
schemes in terms of the basic coding parameters of code rate (R) and encoding constraint
length (K). Therefore, it can be used as an initial optimization technique.

The second technique is to analyze the distance between codewords using a generating
function (transfer function) developed by Viterbi [2]. This analysis technique has been
used to obtain tight upper bounds on the error probability for the binary symmetric channel
(BSC), the additive white Gaussian noise (AWGN) channel, and general memoryless
channels. These bounds can be used to optimize the communication system parameters for
a particular convolutional code and Viterbi decoding. While the bounds on error
probability using the transfer function approach are very precise, the bounds are difficult to
calculate for long constraint codes. Also, for even moderate constraint lengths, the transfer
function bounds are evaluated in matrix form and the individual codeword distances are
not available to determine the effect of decoder memory truncation or to determine the
statistics of the errors at the output of the decoder.



The third technique uses an approximation of the transfer function developed by Huth and
Weber [3], which is easy to calculate even for long constraint length codes. The resulting
bounds are as tight as Viterbi transfer function bounds and the individual codeword
distances appear in the bound so that it is possible to determine decoder memory
truncation effects and output error statistics.

Random Coding Prediction Techniques.  Random coding bounds on error probability
were developed by Gallager as easily calculable functions that did not require detailed
knowledge of the code distance properties. Gallager’s function assumed that the decoder
matched its decoding rule to the channel statistics. However, when the actual channel
statistics are unknown at a given time, it is desirable: (a) to choose the modulation format
and the corresponding demodulation technique; and (b) to optimize the demodulation
parameters and the decoder metrics to minimize the probability of error for all possible
channel statistics. Considering the decoding metrics, let d(y,x) be a decoding metric
function where d(y,x) $ 0 for all received sequences y and all possible transmitted
sequences x. If xm is the transmitted codeword for message m and y is the received
sequence, then the decoder correctly chooses xm if

(1)

Let Pr[errorlm,xm,y] be the probability of error conditioned on the message m entering the
encoder, on the selection of a particular sequence xm. as the mth codeword, and on the
received sequence y. This probability can be upper bounded by using a random coding
argument similar to that of Gallager by letting the codeword  xm be chosen randomly with
probability Q(xm). The resultant bound is

(2)

where M is the number of possible codewords and P(y*x) is the channel transition
probability. For a memoryless channel, note that

(3)

where yn take s on the value s 0,1,...,J-1 and xn takes on the values 0,1,...,I-1. Let Q(k) be
an arbitrary probability assignment on the channel input alphabet and let each letter of each
codeword of length N be chosen independently so that

(4)

Upon substituting (3) and (4) into (2), we get



(5)

where

(6)

and 2NR = M. Note that R is the code information rate and RD is the largest rate such that
reliable communication is possible. Furthermore, RD = Rcomp = E0(1) (Gallager’s function)
when d(j,k) = P(jlk) which corresponds to a maximum likelihood decoder but requires
knowledge of the channel statistics.

Viterbi [2] has derived the bit error probability bound for Viterbi decoding using
Gallager’s function. For unknown channel statistics, Viterbi’s bound can be rewritten
using RD as follows:

(7)

where K is the convolutional constraint length and R is the code rate.

Using (6) and (7), an initial optimization of the communication system can be performed
since the modulation and channel characteristics determine P(j*k) and the decoder metrics
such as soft decision, hard decision, or list quantization used in the Viterbi decoder
determine d(j,k).

Transfer Function Union Bounds.  The transfer function of a convolutional code,
introduced by Viterbi [2] in 1971, is essentially a Hamming weight enumerator of certain
types of codewords. Specifically, it enumerates all the closed paths in the code’s state
diagram [3]. The general form of this function is

(8)

where fk(N) is a polynomial of the form

(9)

and df is the free distance of the code [2, 3]. The general term in (8) has the following
interpretation. For the given code, there are akckj codewords that diverge from the all-zeros
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path at some point and remerge with it later, and these codewords have Hamming weight k
and are caused by input sequences with j “1” bits.

The transfer function has its usefulness in upper bounding the bit error probability of the
code. To derive this bound, let Pk be the probability of incorrectly choosing a weight k
codeword over the all-zeros codeword at the point of their remergence. If the weight k
codeword was caused by j input “1” bits, then the bit error probability for this event is jPk.
If there are akckj paths of this type, the probability of the union of these bit error events is
upper bounded by jakckjpk. Finally, the probability of the union of all possible bit error
events, PB, is upper bounded by the sum of the probabilities of these events,

(10_

From (9), note that the derivative term in (10) merely causes the remaining terms to be
multiplied by the exponents of the variable N, and these exponents are just the number of
bit errors.

Suppose there existed a bound on each Pk of the form
(11)

where x is the signal-to-noise ratio and " is a function of x and the modulation type.
Substituting (11) into (10) and rearranging terms gives

(12)

Comparing (12) and the derivative of (8) with respect to N yields

(13)

Thus, for the bound in (13), T(D,N) or its derivative need only be evaluated at some fixed
values of D and N, a possible task.

As an example of evaluating (8), consider the simple rate R=1/2, constraint length K=3
encoder in Figure 1. The contents of the last two register stages on the right constitute the
encoder state, hence there are four states defined by a = 00, b = 01, c = 10, and d = 11.
The state transition diagram for this code is shown in Figure 2 where the solid lines mark a
transition caused by an input “0”, the dotted lines mark a transition caused by an input “1”,



and the two binary symbols on each line represent the code output for that transition.
Looking at this diagram, the first few terms in the transfer function series can be written
down. The path abca has weight 5 and was caused by one input “1”. The two paths abcbca
and abdca have weight 6 and were caused by input sequences containing two input “1”
bits, so the next term in the series is 2D6N2.

This counting procedure could be continued, but it is easy to see that it is not too efficient,
especially for more complex codes. A better way is to obtain directly a closed form
expression for T(D,N). First, redraw Figure 2 so that state a is split into both source and
sink nodes. Next, label each transition with the dummy variable D raised to the weight of
the code output for that transition and N raised to the number of input “1” bits that caused
the transition. This construction yields the diagram shown in Figure 3. Now T(D,N) is just
the transfer function of this diagram regarded as a signal flow graph. Using standard signal
flow graph reduction techniques results in

(14)

which checks with the two terms gotten by counting.

Although the above method is straightforward, it is not suitable for computer computation.
For the present example, define the state variables xa,xb,xc,xd corresponding to the states a,
b, c, and d, respectively. Then, from Figure 3, the following node equations hold:

(15)

Next, define the state vector x = (xb, xc, xd)
T. Then (15) can be rewritten in compact form

as
(16)

where

(17)

is called the state transition matrix, and where

(18)
Solving for x in (16) gives



(19)
where I is the identity matrix. Equation (19) lends itself very easily to computer evaluation.
Obviously, the sum in (19) is truncated to a finite number of terms such that the truncation
error is, negligible compared to the sum. Now, once (19) and (16) have been evaluated,
T(D,N) is equal to xa.

These bounds have been shown to be extremely tight for the AWGN channel. In this case,
the bit error probability is bounded by

(20)

where Es/N0 is the binary coded symbol energy per single-sided noise spectral density, and

(21)

For bit error probability less than 10-3, the bound is within 0.1 dB of the actual measured
results for an AWGN channel.

Transfer Function Approximations.  The use of the state transition matrix to evaluate
the transfer function union bounds loses much of the information contained in the
individual terms of the transfer function series notation. An approximation developed by
Huth and Weber [3] alleviates the problem and allows additional useful results to be
obtained.

It has been shown [4] that the minimum weight DR of all codewords of length R which have
not returned to the all-zeros state (i.e. , urrmerged) is bounded by

(22)

where d0 is the minimum average weight per branch, b1 and bu are biases, [x] is the
smallest integer greater than or equal to x, and [x] is the largest integer less than or equal
to x.

For some length R, the path of smallest weight is lower bounded by d0R+ b1. The path with
the maximum weight is estimated by nR, where the code rate is R=1 /n. All intermediate
weight paths of length R are approximated by appropriate combinations of these two
extreme weights. The generating function for the weights of these unmerged codewords is
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(23)

where

The probability of error due to truncation of the Viterbi decoder memory at length R has the
effect of causing the Viterbi decoder to choose among unmerged paths to determine the
correct path. Thus, the bit error probability of error due to truncation is

(24)

Using similar techniques, the probability of error due to the merged paths can be
estimated:

(25)

where the free distance df is the minimum distance of the merged paths, and R̄  is defined as 
              .

Thus, the approximation to the merged transfer function consists of the first few terms of
the transfer function in (8) and an approximation to the higher distance codewords similar
to the unmerged codewords.

Therefore, the bit error probability due to the merged paths is:

(26)

where r=b1 + [d0(1+i+j)] +n(k-i-j).
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The total bit error probability is approximated by

(27)

Using (27), the bit error probability can be computed for arbitrary Viterbi decoder path
memory as shown in Figure 4. The convolutional code used is the rate 1/3, K=7 code
found by Odenwalder [5] to have df = 14. The measured distance values are d0 = 11/17
and b1 = 2. Figure 4 presents a family of curves for various information bit energy per
single-sided noise spectral density (Eb/N0). Note that the results agree very closely with the
results of simulation.

Figure 5 presents the bit error probability versus Eb/N0 for two decoder memory lengths
and compares the predicted results with measured results of a Viterbi decoder operating at
the output of a STDN receiver [6]. Also shown are the results for the Viterbi decoder
operating on digitally generated Gaussian noise. The Viterbi decoder quantizes the
received signal to eight levels while the Huth-Weber approximation is for infinite
quantization. Allowing for the 0.2-0.25 dB loss usually associated with 8-level
quantization, the Huth-Weber approximation is very close to the measured results for the
ideal Gaussian noise at large Eb/N0. At small Eb/N0, the union bound technique used to
derive the transfer function bound results in a somewhat pessimistic prediction. However,
for the region of Pb < 10-3, the agreement is very good. Note that measured STDN receiver
results are within 0.2 dB of the ideal Gaussian noise when the bit synchronizer degradation
is accounted for. Thus, the Huth-Weber approximation is an excellent prediction technique
for real channels.

The undetected errors of the Viterbi decoder tend to occur in bursts. This phenomenon has
been observed from the operation of Viterbi decoders but also can be predicted from (25).
Suppose an incorrect path is chosen by the Viterbi decoder that first differs from the
correct path at the ith bit and does not have K-1 identical consecutive bits until the
i+L+K-1 bit. Then, the decoder will make burst error of length L. But the sum of
undetected errors in (25) is just the sum of the various lengths of paths that remerge with
the correct path after L+K-1 bits. Therefore, the probability of a burst error greater than L
is the sum of those paths that remerge with the transmitted path in lengths greater than
L+K-1. Let P(b$L) be the probability of a burst error greater than or equal to L. Then,
from (25), for L#R̄ -K +1,

(28)



where gi(k) is the number of paths of length i and weight k and s = b1 + [d0(1+j)] +n(i-j).
For L$R̄ -K +1,

(29)

It is possible to simplify the approximation in (29) for large L by bounding Ps as in (20) for
the AWGN channel. Therefore, for large L, P(b$L) is of the form

(30)

Conclusions.  Three analytical techniques have been developed to predict the probability
of error for a convolutional coded communication system. Quick comparisons of
modulation and coding parameters can be performed with the Gallager random coding
exponential bounds. Finer parameter optimization can be obtained by using Viterbi transfer
function union bounds and the Huth-Weber approximations to these bounds. The Huth-
Weber approximations provide a technique to predict decoder memory truncation
degradation and burst error probability, as well as bit error probability. These analytical
approximations are important to optimize the modulation/coding parameters at very low
probability of error where measurements are impractical. It was noted that the
approximations are extremely accurate over the region 10-3$Pb$10-5 where measurements
have been made. Since analytical techniques are used to predict performance,
communication system optimization can be obtained with little effort.
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Figure 1.  R = 1/2, K = 3 Encoder

Figure 2.  State Transition Diagram for R = 1/2, K = 3 Encoder

Figure 3.  Signal Flow Diagram for R = 1/2, K = 3 Encoder
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Figure 4.  Bit Error Probability Figure 5.  Bit Error Probability
versus Decoder Path versus Eb/N0
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