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This paper is based upon work performed in COMSAT Laboratories under the sponsorship of the
Communications Satellite Corporation.

ON THE CONCATENATION OF SELF-ORTHOGONAL CODES

W.W. WU
COMSAT Labs.
Clarksburg, Md.

Summary.   The concatenation of convolutional self-orthogonal codes with threshold
decoding is suggested on the basis of extensive error run length statistical observations at
the outputs of the decoders. Simulation results are reported and some discussion is
provided.

Introduction.   One of the undesirable properties of the concatenation of codes is that the
output of the inner decoder produces additional, and sometimes unpredictable, errors when
the design capability of the decoder is exceeded by a larger number of channel errors. This
phenomenon has been observed in powerful decoders such as those used with BCH, Reed-
Solomon, and Viterbi codes. Very often these decoders have been known to produce
bursty errors. When they are used as inner decoders, the burst errors have traditionally
been handled by concatenation of either a multiple-burst error correcting outer decoder or
an interleaved random error correcting outer decoder. Such a scheme increases the
complexity of the overall decoder. The error generation phenomenon in an error correction
decoder limits the usefulness of coding in some applications.

On the basis of extensive run length statistical observations at the outputs of the decoders,
the concatenation of convolutional self-orthogonal codes with threshold decoding is
suggested. Computer simulation results will be presented for two representative codes.
The first codec evaluated is a code with a constraint length of 80, a rate of 0.75, and a
minimum distance of 5. The second codec has a constraint length of 376 and a rate of
0.875. Note that the code’s constraint length is defined as the product of the number of
encoder outputs and the maximum length of the encoder shift registers plus one.

Results.   Table 1 gives the measured performance of the rate 0.75 code. P is the specified
channel error rate from the IBM standard Gaussian random number generation subroutine.
The initial condition is X, and the corresponding distribution location is XX. Pa is the
measured simulation channel error rate for a given P. The differences between P and Pa in
this case are noticeable. Pe is the measured error rate after decoding. Since the constraint
length of the code is relatively short, 1000 bits of data are considered sufficient for each



computer run. This assumption is substantiated in Figures 1 and 2. Figure 1 is a run for
8 x 105 bits with a channel error rate of 10-2 . The decoder output error rate is about
2 x 10-3. Figure 2 is a run for 2 x 105 bits with a channel error rate of 5 x 10-3. The decoder
improves this error rate to 8 x 10-4.

Table 1.  Measured Performance of the Rate 0.75 Codec

Specified
Channel

Error Rate,
P

Distribution
Location,

XX

Measured
Channel

Error Rate,
Pa

Decoder
Output

Error Rate,
Pe

0.007
0.01
0.03
0.158
0.291
0.383
0.500

2.40
2.35
2.00
1.00
0.55
0.30
0.00

0.009
0.022
0.036
0.200
0.367
0.473
0.637

0.002
0.015
0.027
0.178
0.273
0.355
0.459

An interesting observation from Table 1 is that Pe is always less than Pa. This observation
indicates that, when the capability of the inner codec is exceeded, additional errors or burst
errors need not result if self-orthogonal codes are used. Of course, self-orthogonal codes
without interleaving are basically random error correcting codes. Accordingly, a channel
which exhibits random errors, such as a channel in the space segment of a satellite
communications system, is assumed. If a burst error channel must be considered, self-
orthogonal codes can be interleaved to varying degrees to overcome burst errors.

To investigate the behavior of the decoder, the probabilistic values of Table 1 are
insufficient. Hence, extensive run length statistics have been obtained. (The run length
statistics used herein indicate the frequency of the number of error-free digits between two
error digits.) Since the point of interest is a high-error-rate channel, the measured data for
two noisy channel values are presented in this paper. These values are all beyond the
capability of the decoder according to the feedback minimum distance criterion.

Figures 3 and 4 are two typical runs of the rate 0.75 codec. The total number of errors for
1002 bits in Figure 3 is 367. The total number of errors for the same number of bits in
Figure 4 is 637.



In the low values of the run length scale, which correspond to a bursty error pattern, the
decoder, which provides random error correction, may produce additional errors with burst
error characteristics at its output. However, the data indicate that the decoder always
attempts to correct random errors regardless of the channel error rate. The results show
that the decoders always reduce the error probability, even when the large number of
burst-patterned channel errors is taken into account.

Multistage Concatenation.   One of the attractive features of convolutional self-
orthogonal code concatenation is the large number of such codes. In particular, there is a
large number of high-rate codes.1,2 To preserve the communications efficiency, high-rate
self-orthogonal codes may be connected in multiple stages and a high transmission rate
may be maintained.

As an example, the following 3-stage concatenation scheme, shown in Figure 5, is
considered for domestic satellite applications. The three codec pairs are identical. The
codes, which are rate 0.875 codes of constraint length 376, have been used in the
INTELSAT single-channel-per-carrier system. The E’s are the encoders and the D’s are
the decoders. The coding rate decreases from 0.875 to 0.76 and 0.67 when the identical
codes are concatenated. For a channel bit-error rate of 10-2, the attainable error rate
improvements are 2 x 10-3, 10-4, and 2.5 x 10-8, respectively.

Self-orthogonal codes used for concatenation need not be identical. However, identical
codecs are easier to produce. From a practical point of view, if each codec is implemented
in a logical board, then the self-orthogonal code concatenation becomes a “plug-in” codec.
Economically, the advantage of such an implementation is self-evident.

Concluding remarks.   Due to the existence of a large number of convolutional self-
orthogonal codes, various rates and error rate improvements are possible with proper code
concatenation. Self-orthogonal codes are well known for simple decoding. In this paper
some interesting facts about threshold decoding of self-orthogonal codes have been
presented. The fact that a self-orthogonal threshold decoder always attempts to correct
errors in a noisy channel is not true of other error correcting codes, including the most
powerful ones. Such a decoding property is not only desirable for concatenation, but is
also useful in the design of a coded communications system.

The simulation results seem to indicate an important distinction. That is, threshold
decoding of non-self-orthogonal codes has resulted in error propagation, while threshold
decoding of self-orthogonal codes has not.

Why do threshold decoders for convolutional self-orthogonal codes exhibit such interesting
properties? A simple explanation is as follows: As the number of channel errors increases,



the average weight of the syndrome sequence increases, causing more error indications.
However, the nonzero feedback digits always seem to reduce the weight of the syndrome,
thus minimizing the effect of false error indication. As a result, this syndrome feedback
error propagation suppression phenomenon is responsible for the desirable code properties
described herein. This fact has been verified through simulations with and without
feedback.

Figure 1.  Decoder Performance at Channel Error Rate of 10-2
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Figure 2.  Decoder Performance at Channel Error Rate of 5 X 10-3

Figure 3.  Run Length Statistics Figure 4. Run Length
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Figure 5.  A 3-Stage Concatenation

1  W. W. Wu, “New Convolutional Codes-Part I,” IEEE Transactions on Communications,
September 1975.

2  W. W. Wu, “New Convolutional Codes-Part II,” to be published in IEEE Transactions
on Communications.




