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PERFORMANCE OF A TRACKING STATUS DETECTOR FOR A DIGITAL DELAY 
LOCK LOOP 

By J. K. HOLMES and C. C. CHEN 

Summary. - A tracking st atus detector, operating on the principal of 
detecting the instantaneous phase error is considered in conjunction with 
a noncoherent , -dither loop . Thi s detector offers a si gnificant improve
ment in performance as compared to the conventional loop lock detector. 
The out-of-lock detection when the loop is not in lock is modeled as a 
Markov process and the detection probability is the probability that the 
phase error accumulator (or a digital counter) exceeds a preset t hreshold 
in a fixed T seconds. The other performance parameter, the probability of 
false alarm, is also obtained using a Markov model. The results indica te 
that at a signal-to-noise ratio of 6 dB, the probability of out-of-lock 
detection of 0.9999 is attainable. The probability of one or more false 
alarms in one year was less than 10-5. A brief discussion on t he fre
quency drift estimator based on the same principal is also included. 

Introduction. - Precise time synchronization for a high data r3te TOMA 
system or for a psuedo-ranging system can be provided by using a delay
lock loop in a satellite-Earth communication link. When such a l oop is 
used, it is imperative to know whether the loop is tracking or not . Con
ventional lock detectors are based on detecting the energy in the inphase 
detector output after suitable filtering. These detectors are not very 
reliable when the loop is operating near threshold, and in addition the 
detector is sensitive to the input signal level. 

In this paper, a new approach to the lock detector as shown in Figure 
is proposed and analyzed. This detector is operated on the principal t hat 
the instantaneous phase error determines the loop tracking status. The 
delay lock loop behavior has been analyzed by many authorsl-4. Lewis5 
studied the same detector by different methods, however, his model ignored 
non-independent samples and did not esti mate the probability of detection. 

The phase up-dating in the delay lock loop is accomplished by an 
Incremental Phase Modulator (1PM). The !PM is the digital equivalent of a 
VCO and up-dates t he code phase by incrementing or decrementing a fraction 
of a code chip dependent on whether the phase error signal is positive or 
negative. The error signa l is derived from the code correlator by either 
,-dither or the equivalent early-late technique . After low-pass filtering, 
the error signal out of the l imiter provides ·a binary valued si gnal to the 
up-down counter (accumulator). When the l oop is in lock t he positive and 
negative counts essentially cancel leaving a residual error t hat can be 
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shown, with high probability, t o be small. However, when the loop is out 
of lock the counter quickly proceeds to accumu l ate a value qreater than a 
pre-set threshold value. The threshold count can be set to correspond to 
any desired phase error value (such as +1 80°) . These two cases are shown 
in Figure 2-a and 2-b. In Figure 1-a the phase error , expres sed in error 
counts, is shown for the in-lock case. The delay in the loop {due to filters 
or propagation time in earth to satel l ite transmission) even in the noise
less case produces a triangular shaped phase error variation with time. 
The period of the triangular function is four times the tota l loop delay. 
In Figure 2-b a typical count as a function of time is shown when the loop 
loses lock. At the time of loss of lock t he count quickly accumulates to 
either the positive or negative threshold indicating an out-of-lock state. 
If the input si gnal frequency is not exactly at the l ocal reference fre
quency a bias develops which can be uti l i zed to estimate the frequency 
offset by a l ong term average . This case is shown in Figure 2-c. When 
there is a frequency error the offset frequency estimator {an up-down 
counter similar to the lock-detector counter) accumulates t he phase error 
for a t ime much longer than the lock detector counter in order to provide 
an accurate estimate of the frequency offset, then the accumulati on is 
divided by the averaging time to form the offset frequency. 

The proposed detector system has been analyzed by a Markov random 
walk model general izing a result due to Fel l er6. Two sets of probabili
ties were determined. The first was the probabili ty of detecting the out
of-lock condition given that the loop was out of lock . The second per
formance parameter was the probability of exceeding the threshold given 
that the loop was in lock. 

The frequency drift estimator was configured and analyzed to provide 
accurate estimation of the frequency error. 

Up-Down Counter Model for Out-of-Lock Detection. - The up-down counter 
that is used for 1 ock detection is driven by the sign of samp 1 es of s i gna 1 
plus noise at t he IPM cl ock ra te. 

In the case of no no i se or delay and in lock, the loop oscillates back 
and forth between the two nearest error states, with an attendant sync error 
of less than the increment step size (6). The model for t he counter system 
during the out-of-lock state i s shown in Figure 3. The input si9nal to the 
sampler just after loss of lock is mode led as Y(t) ~ Vo{t) + N(t) where 
Vo(t) is a ramp voltage due to the lowpass filter F{s) behav ing as an 
integrator to system DC offsets and N(t) is zero mean lowpass Gaussian noise. 
The lock detector works in the fo llowi ng way. Suppose the signal suddenly 
decreases t o a negligable value. After a short time the offset (integrated) 
signal-to-noise ratio will be high due to the integration effect of the 
active lowpass fi lter so that virtually every count in the counter is 
either positive or negative according to the sign of the output DC voltage 
Vo(t) . Af ter the counter counts to + N. (the threshold), t he loop is 
declared conditional ly out of lock. If after a second consecutive time the 
counter exceeds + N counts within T seconds {counter reset t ime), t he loop 
is decl ared out of lock and the acquisition search is started. When the 
loop i s in lock, the total count after T seconds will, with hi gh probability, 
be smal l compared to+ N and consequently, t he loop will not be declared 
out of lock. The counter is then reset to zero and again checked after 
T seconds, etc. 

The filter in Figure 3 has a nominaa noise bandwidth of BL Hz and con-
sequently we expect 2BL independent samples per second. If the count rate 
is R samples per second, and if R > 28L, the system viould be over sampled 



by a factor of R/2BL· When the samples are not independent, it is not 
possible to apply random wal k theory directly to solve for the desired 
probabilities. However, a reasonable assumption is to assume that only 
2BL samples per second are independent so t hat blocks of R/2BL samp l es are 
equal and the blocks themselves woul d be essential ly statistical l y indepen
dent. This assumption appears to be an approximate lower bound to perfor
mance, but in add ition, as a model it agrees with the available experimental 
data reasonably well. 

If we use the above 2BL sample block model with the assumed indepen
dence, vie then can mode 1 t he problem as a r andom walk and determine the 
probability of correctly detec ting the out-of-lock cond i tion. 

Analysis of Out-of-Lock Detector Per formance. - The problem can be 
formulated as fol lows: ~Jhat i s the orobability that the counter will add 
up to ! 2BLN/R du ring T seconds (or 2BLT ind.ependent sampl es) given that it 
starts wi th the value zero at time zero. Th is problem has been partially 
solved by Feller (Ref. 6). The complete sol ution is given i n Appendix I. 
From Appendix I we have that UN n is the probability that at the nth sample* 
input, t he counter accumulates to either +W or - N' for the first time, 
given that the counter started at zero and the system is out of lock. The 
probability UN',n is given by: 

(l) 

The tota l probabili ty of exceeding + N' counts i n the counter in M 
bl ock of R/2Bl counts is given by the sum of the probabilities of exceeding 
! N' in N'+l, N' +2, ... , M inputs so the out-of- l ock detection probability 
is given by 

M 

PD = I UN ', n 
n=N ' 

(2) 

where N' = 2BLN/R and M = 2BLT· Since the DC input vol tage (Vo) (assumed 
to be constant) to the lowpass filter is a variable from system to system, 
due to different offset bias voltages the probability, Po , of out-of~lock 
detection (g i ven that the system is out of lock) is plotted for various 
offset input bias voltages and a noise rms voltage of 166 mv's in Figure 4. 

False Alarm Probabi l i ties. - The intent of this section ts to obtain 
an upper bound on the probability of false alarm, i.e., a crossing of the 
threshold due to noise whi l e still in lock. When the loop is i n l ock, we 
find that the probability of correct ly updating is dependent upon the actual 
value of t he timing error because of the form of the error control signal 
present at the input of the lowpass fi lter . A typical error control signal 
is shown below in Figure 5 for a , -dither system with a "dither" of 0.1 chips. 

Each input sample in t he following section is equivalent to R/2BL actual 
samples, and N' = N/(R/2BL). 



This variation with t iming error implies that transition probabilit ies 
are timing error dependent unt i l the error ~0 .1 chips in magnitude. How
ever, if we assume a ground to synchronous satellite to ground loop with
out noise, there would be an oscil l ation about the mean dr ift rate due 
to the round trip delay time of 1/4 second. In order to obtain an upper 
bound on the proba bi l ity of false alarm, we reduce the threshold by the 
error count due to the two way delay plus the error count due to both 
clocks being at slightly different frequencies, plus a term that quarantees 
that the error s i gnal is maximum. The counter accumulation as a function 
of time is plotted in Figure 6, illustrating a typical accumulation value 
at time T, the reset t ime. It can be shown that the ma ximum value of 
Np=D+ la lT where D is the peak to peak oscil lation magnitude and a is fre-
quency difference between the ground and satel lite clocks expressed in 
counts per second. Since the peaks of the counter accumulation correspond 
to minimum error control voltage and not maxi mum, an additional count 
value o is used to ensure that an upper bound is used to determine the 
false alarm probability (see Figure 6). 

Mathematically, we have tnat the equivalent threshold Ne, is given by 

_ N - D - ia jT - o (3) 
Ne - (R/2BL) 

Equation (3) is based on the block of R/2BL assumption discussed in Section 
3. Since the new threshold holds at both the upper and lower boundarys, 
we may view the problem as a random walk with fixed p since by virtue of 
our bound the control voltage is constant. We have in effect rerooved a 
center strip from the count vs time diagram to obtain our random walk 
model for t he false alarm probabi lity bound. 

Because of our simpl ifications, we may replace the two sided random 
walk problem with a one sided one with the addition of a reflecting bound
ary at the origin . The solution for this random walk problem is given in 
Appendix II. From Appendix II, the probability of going from counter value 
0 to counter value Ne in exactly n sample inputs is bounded by 

UN ,n 2. (l-q/p)(q/p)Ne-1 + 2n+l ql +( l /2)(n+Ne)p(l/2)(n -Ne) flf(x)dx (4) 
e o 

where ( ) /p/q cos0 (11x) sin (11x){s i n(11(N +l)x) - P; sin (nN x)} 
fx = e q e 

l-2Q cos(nx) (S) 

The total probability of false alarm, PFA' is over bounded by 
M 

p FA 2. l UN n ( 6 ) 
n=Ne e' 

where M is the number of blocks of samples inputed into the counter in T 
seconds and Ne is given by eqn(3) for the block of R/2BL uncorrelated sam-
ples model. The values of N depend on a as can be seen from eqn(3). 
Since the second term has be~n found from numeral integration to be neg
ative and small for all parameter values of interest we can upper bound 
eqn(6) by dropping the second term, so we have 

PFA ~ (M-Ne) (1-q/ p) (q/ p)Ne (7) 

Using a typical value of M (240) and ass uming that at one half a chip 
timing error, the SNR is ?db then p=.98745 and q=.01255. The values of Ne 



are listed in Table las a function of a and the counting reset time T. 

a Ne( T=30 sec) Ne(T =20 sec) 

1 14.25 15. 5 
2 10. 5 13 
3 6. 75 10. 5 
4 3 8 

Table l. Tabular Form of Equation (3) for Desired Range of a 

The false alarm probabi lity bound given by the right hand side of 
eqn(7), call it PFA' is plotted i n Figure 7 for both a counter reset time 
of 20 and 30 seconos which a re typical parameters. A more meaningful 
probability measure is the false alarm rate for a f ive year period . Since 
t he probability of false alarm in T seconds is known, it is readily seen 
that the false alarm probabilities are binominal distributed. However, 
since the T sec false alarm rate is very small and the ti me of one year 
(Ty) is a large number of T sec intervals, we may accurately aprproximate 
the 5 year false alarm distribution by a Poisson distribution with mean 
rate parameter 

n = (¥-l PFA (Tl (9) 

where PFA (T) is the false alarm rate in T seconds. 
tion is of the form 

The Poisson distribu-

-n (- )n 
P(n) = en 

n! 
( l O) 

This proba bi lity function is plotted on Figure 8 for three cases: 
(1) T=20 SEC, a=l (2) T=30 SEC, a=l, and (3) T=20 SEC, a=4. Clearly 
as the frequency difference (a) increases the false alarm rate increases. 

Estimation of Relative Drift of Oscillators - The steady sta te phase 
error of the code tracking loop under noiseless and no code clock error 
conditions, traces out a triangular waveform with slope alternating between 
the positive and negative phase increment rates (Figure 9). The oscillation 
period is equal to 4 times total delay in the loop. When code clock error 
is present, the slopes of t he triangular waveform become K2+a and K2-a 
respectively, as shown in Figure 10, where K? is the phase increment rate 
(Ro) and a the clock error . The peak amplitades are oscillating between 
(K2+a )2T and (K2-a )2T with 2T as the total delay in the loop. 

The period of the triangular waveform is given by 
3TK/ 

T' = 2 2 
K2 - a 

( 14) 

where 
2( K

2
- a ),r 

Tl = K
2

+a 
2(K

2
+a)T 

'2 = K
2

-a 
( 15) 

The average phase error of the loop is the time integration of £(t) in 
Figure 10 

T' 1 £ave= T' f e(t) dt = 2aT (16) 
0 

To obtain the average phase increment rate, we can take the average time 
difference of the positive and negative voltage durations of the IPM input 
and multiply the difference by the IPM rate. 



( 17) 

The resu1t is the rel ative clock error cr, that is, the average counter 
accumulation rate is exactly the clock error . 

When noise i s present, the phase jitter due to noise can be super
imposed on the triangular oscillator. The combined effects by an approxi
mate analys is?, are as follows : 

A. For a reasonab l e SNR out of the lowpass filter (say> 4 db), the 
predominant source of phase error in the loop is the steady state oscilla
t ion, with the noise producing a small perturbation on the oscillation. 

B. Using the effective phase increment size of 6 chips, the standard 
deviation of the phase jitter due to noise is 0.03 chips or l ess for 
SNR=4 db and .01 chips for SNR=lO db. (Assuming no steady state oscilla
tion ) . 

C. When both noise and steady state osci ll ation are present in the 
loop, the noi se induced phase jitter is muc h smaller than that predicted 
above. 
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APPENDIX I 

First Passage Time Probability 

Let P denote the probability that the counter increases by one and 
let q denote the probability t hat t he counter decreases by one. Further, 
let Ux,n denote the probability that at t he nth sample input the counter 
accumulates to either +Nor -N given that the initial counter value is 
equal to the value x. Fo 11 owing Fe 11 er, Reference 6, (pp. 318-323), we 
note that Ux,n satisfies 



U = pU + qU x,n+l x+ l ,n x-1,n 1 <X<2N-l , N ~ l I-1 

Equation I- 1 states that the probabi lity of absorption at the n+lth 
sample input is equal to the probability of being absorbed at the nth 
sample input given that it started at an initial count of x+l, times the 
probabi l ity of increasing the count by one pl us the probability of being 
absorbed at the nth sample input given that i t started at a count of x-1, 
times the probability of decreasing the count by one. The boundary con
ditions are given by 

Uo,n = U2N,n = 0 n>l I -2 

uo,o = 1, u2N,o = 1, ux,o = 0, O<x<2N I-3 

Define the generating function Ux(s) by 

co 

Ux(s) • r ux nsn 
n=O ' 

We find that the transformed boundary con di ti ons become 

U
0

(s) = 1 

u2N(s) = 1 

Now if we multiply eqn(I-1) by sn+l and sum we obtain 

1-4 

1-5 

Ux(s) = ps Ux+l(s) + qs ux_,(s) O<x<2N I-6 

Followi ng the approach given in Feller, we obtain 
function of the probabil ity that the counter threshold 
t he nth input sample: 

the generating 
is exceeded at 

2N-x 2N-x 
U (s) = (.9.)X "'1 (s) - "' 2 (s) 
x p A 2N(s) _ A 2N 

1 2(s) 
I -7 

We note t hat the total generating function is the sum of the individual 
generating functions for each absorbing boundary. The first term in I-7, 
corresponds to the absorbing boundary at zero and the second term to the 
absorbing boundary at 2N. 

Followi ng the same procedure given in Section XIV.5*, we 
at the result 

(n-x) (n+x) 
T -2 U = 2n-l N-1 p q 

x,n 

{, '(-11''' (~)"}] 

* Reference 6. 

2N- l l 
n-1 kn . kn ~ cos ( zrr) srn(2t1) 

finally arrive 

sin {h rx_ \. 
\-zN I 

I-8 



Since our problem starts at zero coun t this corresponds to setting x=N so 
that we obtain our des ired result. 

(n-N) (n+N) 
U = 2n-l N- 1 p ~2~ q ~2~ 

N,n 

(&;'l] 

~l [ n-1 ( k1T) . (k1r) . (k1r ) t cos "2Tf sin ZN sin 2 

I-9 

APPEND IX II 

A Bound on the False Ala rm Probability 

The upper bound on the false alarm probability i s obtained by deter
mining the probability that the accumulated count will total Nat the nth 
(block of eight) sample input. This is not the same as being absorbed at 
the nth sample i nput, but in fact is an over bound since trajectories that 
cross the threshold can fall below and cross again and therefore be counted 
again, increasing the probability. 

(n) 
To obtain our result, we let N be the threshold value and let Pjk be 

the probabi li ty that inn sample inputs the counter goes fr001 the value j 
to the value k. Further, let p be the probability of decreasing the timing 
error and q be the probabi lity of increasing the timing error. 

Initially we consider the case of two reflecting boundary ' s, one at 
the origin and one at the value of a and then later we let a-1-<lO. From 
Section XVI.3 (Reference 6) it is shown that 

q/p-l 
(q/p)a-l 

(q/pl-1 

where S is defined by 

+ a 

+{ (n-j+k) f (n+j-k) a-1 
P L 

r=l 

II-1 

r k 

cosn(~r )lsin(n~j)-(~J sin(1Tr(~- l ))f lsin(
11
~k)-(~)2 sin(nr(~-1 )) f s = _ __ __:_ __________ .:.......:.___;__ __ _:_ ______ _ 

r 1-2 IP"(f cos (n~) II-2 

Novi i f we let the reflecting boundary a-- we have 
II -3 

Pj~) = (l-q/p) (q/p)k-1 + 2n+l q 1 + !(n-j+k) P !(n+j-k) 
1 f f (x)dx 

0 

Now let the initial value of the counter be zero*, then j =O so f(x) be -
comes 

lp/q cosn( 1TX) sin( irx) 
f (x) = 

* 

{sin (nkx) -,{pjq 
1-2\}Pq cos( nx) 

Our allowed counter values are 0, 1, 2, ... , N. 

sin (n(k- l)x)} 
JI-4 



Figure 1.  Digital Delay Lock Loop and Unlock Detector

Figure 2.  Up-Down Counter Accumulation Counts

Figure 3.  Lock Detector System Model
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Figure 4.  Probability of Out-of-Lock Detection Vs
Counter Reset Time Parameterized by the 
Input Vo as Voltage to the Lowpass Filter

Figure 5.  Error Control Voltage to the Lowpass Filter Input

Figure 6.  Model Used to Get Equivalent Threshold N
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Figure 7.  False Alarm Probabilities Vs Relative Oscillator Drift Rate

Figure 8.  Upper Bound on “n” False Alarms in 5 Years
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Figure 9.  Counter Accumulation Without Clock Error

Figure 10.  Counter Accumulation with Clock Error
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