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ABSTRACT

This paper describes a method for determining high resolution time, space, and
position information for a test range flight vehicle using four tracking receivers.
Equipped with GPS time systems, each receiver records the exact time at which a time
marker embedded in the transmitted TM data stream is received. With this
information, the time difference of arrival for the time markers at three of the receivers
can be calculated referenced to the fourth. Using this time difference, the position of
the transmitter can be determined.

The accuracy with which the received signal time delay can be calculated depends on
the accuracy of the GPS time system at each receiver. The effect of time accuracy on
positional resolution is evaluated.
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1. INTRODUCTION

An important part of a safe and successful flight at a test range is the ability to know,
with a high degree of accuracy, where the flight vehicle is at all times. Furthermore,
this must be real-time information so that if the vehicle leaves predetermined
boundaries, corrective action can be taken. In addition to providing a safe test flight,
accurate tracking information is useful for evaluating the test vehicle's performance.

This paper describes a method for determining high resolution position information
for a test range flight vehicle. Signal time difference of arrival information is obtained
from three outlying sites with reference to a fourth base site. The signal TDOA
information is used to calculate the test vehicle's position.



Section 2 gives an overview of the tracking system and discusses the placement of the
four receiver sites. In section 3 the derivation of transformation from range difference
to Cartesian position is presented. Section 4 provides a numerical performance
analysis. Conclusions are made in section 5.

2. TRACKING SYSTEM OVERVIEW

A tracking method commonly used at test ranges is based on the azimuth and
elevation angles of the test vehicle. These angles are determined from each receiving
antenna as they track the vehicle's maximum transmitted signal strength. Knowing
these angles then allows the vehicle position to be calculated. However, this method
suffers from inaccuracy, especially when the vehicle is low on the horizon.

Figure 1 shows a possible test range configuration with three outlying sites and a
reference or base site positioned on a set of coordinate axes. The flight vehicle's
position is also labeled. This layout will be used in the development of the position
tracking algorithm in section 3, as well as the numerical performance analysis in
section 4.

When equipped with GPS time systems, the receivers previously used for
azimuth/elevation angle tracking can now be used to obtain time difference of arrival
information. Using the time difference from one site's reception of a signal to another
site's reception of the same signal, the distance difference can be easily calculated.
The signal time difference multiplied by the speed of light becomes a distance
difference.

Between any two points, hyperbolic surfaces exist which contain all points having the
same distance difference from the two original points. In a test range environment,
the distance difference (obtained from the time difference of arrival) between the
reference site and any of the outlying sites also defines a hyperbolic surface. The
reference site and only one additional site would therefore be inadequate to determine
three-dimensional position information. Adding a third site would define a second
hyperbolic surface which would intersect the first in the form of a hyperbola, thus
restricting the possible positions of the test vehicle to a line. By adding a fourth site, a
third hyperbolic surface is defined which intersects the line described above in two
points. One of these two points corresponds to the vehicle's position.

The ambiguity of the two possible solutions can typically be resolved by checking to
see which is physically realizable. Often, one of the solutions will correspond to a
position with a negative z coordinate, and can therefore be discarded. If both solutions
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Figure 1: Configuration of Tracking Receivers at Outlying Sites and Flight Vehicle

are plausible, the history of the flight path must be used to determine the correct
solution.

When calculating the optimal position for the receiver sites, the following issue must
be taken into account. If the four stations are co-planar and lie on the perimeter of a
circle, any position on the line perpendicular to that plane extending up from the
center of the circle will result in a distance difference of zero. This will cause the
algorithm to fail. Points along this line could not be distinguished from one another.
Therefore, co-planar sites should not lie on the perimeter of a circle.
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It is possible to have a set of three time differences which do not correspond to a
physical position. Such would be the case if the magnitude of one of the time delays
were greater than the propagation time between the reference site and the outlying site
cooresponding to that delay. The actual propogation time between the reference site
and an outlying site is the maximum time delay that could ever be possible between
those two sites. In this case the tracking algorithm presented below would yield an
imaginary solution.

3. DEVELOPMENT OF POSITION TRACKING ALGORITHM

Referring to Figure 1, define the quantities R , R , and R to represent the distance1 2 3

from the reference site to each of the three outlying sites at coordinate positions
(x ,y ,z ), (x ,y ,z ), and (x ,y ,z ) respectively. Using Pythagorean's Theorem, R , R ,1 1 1 2 2 2 3 3 3 1 2

and R can be written as3

(3-1)

Let R represent the distance from the flight vehicle to the reference site at the
coordinate system origin (0,0,0). R is similarly expressed as

(3-2)

The three range differences can now be written in terms of R as

(3-3)

Each d is interpreted as the difference in distance from the flight vehicle to the
reference site, and the distance from the flight vehicle to each of the three outlying
sites. Moving R to the other side of the equal sign and squaring both sides, equation
(3-3) can be written as

(3-4)

The expansion of both sides of equation (3-4) yields

(3-5)

Recognizing the fact that x +y +z = R and x +y +z = R , equation (3-5) can be2 2 2 2 2 2 2 2
i i i i

written as

(3-6)

Rearranging equation (3-6) yields

(3-7)
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After dividing both sides by 2, equation (3-7) can be written as the following three
simultaneous equations

(3-8)

(3-9)

(3-10)

Equations (3-8), (3-9), and (3-10) can be expressed in matrix form as

(3-11)

Pre-multiplying both sides of this equation by the inverse of the left-most matrix gives

(3-12)

Letting
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and

(3-14)
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equation (3-12) can be written as

(3-15)

or, after expanding R, as

(3-16)

From equation (3-16) the following three equalities are obtained

(3-17)

(3-18)

(3-19)

Equations (3-17) and (3-18) are substituted into equation (3-19) to obtain

(3-20)

which is a function of z only. Squaring both sides and expanding equation (3-20) gives

(3-21)

Finally, collecting like terms for z , z , and z the following quadratic is obtained0 1 2

(3-22)

Letting

(3-23)

(3-24)

and

(3-25)
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two values for z can be calculated using the quadratic equation

(3-26)

One of these two values must be selected as described in the previous section. Once a
value for z has been determined, x and y can be calculated using equations (3-17) and
(3-18) above.

4. PERFORMANCE ANALYSIS

For numerical analysis, the example test range geometry given in Figure 1 will be
used with actual numbers to evaluate the algorithm performance derived in section 3.
The three outlying sites are assumed to have separations on the order of 100-170 km
(60-100 mi). With the reference site at coordinates (0,0,0), the following coordinates
were arbitrarily chosen for the three outlying sites:

Site #1: (x ,y ,z ) = (100km, -50km, 0km)1 1 1

Site #2: (x ,y ,z ) = (50km, 50km, 5km)2 2 2

Site #3: (x ,y ,z ) = (-50km, 35km, 0km)3 3 3

Flight Vehicle Position: (x,y,z) = (-30km, 85km, 25km)

These coordinates provide site separations of 112km (70mi), 172km (107mi), and
101km (63mi) between sites 1&2, 1&3, and 2&3 respectively. Using these coordinate
values, time differences td , td , and td are calculated to an accuracy of ±10 s. These1 2 3

-19

time differences are shown in the first column of Table 1 below. They may be
interpreted as the differences in time from when each outlying site receives a time
marker until the reference site receives the same marker. A positive time difference
indicates that the flight vehicle is closer to the outlying site, than it is to the reference
site. Column two shows the calculated coordinate positions using time differences
from column one. Column three contains the magnitude of the calculated coordinate’s
error. Column four contains a temporal perturbation of the first time difference (td –1

from column one). The effect of this temporal perturbation on the coordinate position
is shown in column five.

As can be seen from Table 1, a time measurement accuracy of ±.001 µs (1 ns) is
required to have a spatial accuracy of four meters. GPS time systems typically have a
short term accuracy of at least 1 ns.



Time Differences (µs) Deviation Temporal Position Error
(Rounded to different from correct Perturbation Due to
numbers of significant coordinates of td1 Temporal

digits) (meters) (µs) Perturbation

Calculated
Coordinates

(meters)

 td =-318.6713567775673 x=-30000.000001

 td =13.2060371362109 y=85000.00000 0.00000 0.000000 0.000002

td =113.9779314733760 z=25000.000003

 td = -318.671357 x=-29999.999611

 td =13.206037 y=84999.99957 0.00110 0.000001 0.003632

td =113.977931 z=24999.999073

 td = -318.671 x=-30000.325561

 td =13.206 y=85000.22313 1.41104 0.001000 3.634302

td =113.978 z=25001.354723

 td = -318.7 x=-29992.792631

 td =13.2 y=84995.00763 76.56854 0.100000 366.820032

td =114.0 z=24923.935083

 td = -319 x=-29834.599821

 td =13 y=84771.93748 905.01879 1.000000 4071.194972

td =114 z=24139.948103

Table 1: Effect of Time Accuracy on Positional Resolution

5. CONCLUSION

Before highly accurate GPS time systems were available, an approach to tracking
flight vehicles such as is presented in this paper would be ineffective. But with GPS
systems now having short term time accuracies on the order of a few pico-seconds,
and with the availability of powerful microcomputers, this becomes a viable solution
for obtaining instantaneous position information of a test range flight vehicle.

An area of further study relating to this topic is implementation of a Kalman filter
using TDOA information for path reconstruction. A desirable characteristic of the
Kalman filter is that it uses the flight vehicle's path history in the calculations. This
leads to a system less susceptible to noise and spurious interference.
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