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ABSTRACT

Parameterized data from ARTM channel sounding test flights are used to derive a parameter-based
estimate of the scattering function.  The Doppler bandwidth and Doppler spread, important measures of
channel dynamics, can be estimated from such a scattering function.  Data collected from ARTM Flight
11 suggest that the Doppler bandwidth is larger than 6.7 Hz.  Even for very small collections of
parameterized data, surprising agreement is shown to non-parametric scattering function estimates.
This confirms modeling assumptions and offers a way to achieve significant reductions of storage
requirements.
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INTRODUCTION

The scattering function offers an easy way to visualize the time-dependent behavior of a channel and
provides easy access to descriptive parameters such as the Doppler bandwidth and coherence time of the
channel. This affords a quick way to visualize large amounts of data and notice certain trends. The most
intuitive way to arrive at the scattering function is to take the Fourier transform of channel sounding data
taken at successive intervals.  But this is not the only way to arrive at the scattering function and it has
certain limitations.  A data based computation of the scattering function requires large amounts of data
storage and can be very cumbersome.  Certain issues are quickly lost in the detail, such as the
relationship between the channel behavior and the geometry of the channel.

By computing the scattering function from a three-ray parameterization of the channel sounding data,
one can achieve a great deal of insight and data compression over the data based computation.  Such a



parameterization provides a direct link between the channel behavior, including the time-motion of
frequency nulls, and the geometry of the channel.  Such a parameter based approach also reduces the
data of each snapshot of the channel to just two information triplets.  Because of the data compression,
some features of the scattering function are naturally lost, but the loss of information is surprisingly
small.  This paper examines a parameter based approach of quantifying the channel dynamics and
applies this technique to the ARTM channel sounding data.

ESTIMATING THE SCATTERING FUNCTION

The most direct way to estimate the scattering function is to move directly from a magnitude squared
representation of channel sounding data to sample correlation functions via the Fourier transform [1, 2]
as shown in Figure 1.

In this paper, however, we explore a second method of estimating the scattering function from a
parameterization of the data as shown in Figure 2.  Due to certain benefits offered by first
parameterizing the data, we work with parameter-based correlation functions rather than directly with
the data.  Parameterized data offers at least two advantages that full data sets cannot.  First,
parameterized data can take considerably less storage space than full data sets.  In the examples of
parameterized ARTM channel sounding data considered in this paper, 12,700 data points are well
described by 20 ordered triples [2, 3].  Second, parameterized data may directly offer physical
information about the channel that is hard to read from the data.  It has been shown that a three-ray
model representing a line-of-sight path and two reflections from physical features of the terrain near the

Figure 1  Direct estimation of the Doppler power spectrum.
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receiver and transmitter, agrees very well with ARTM channel sounding data.  Thus, such a
parameterization links the data with a physical understanding of the terrain.  This may help design
simulations and tests that do not require costly flights.

As an example of the advantages of working with parameterized data, consider the parameter values
given in Table 1 as estimated by least square fits described in [3] for the ARTM Flight 10.  As described
in [3], the Γi’s represent a (unitless) attenuation relative to the LOS path, the γi’s represent the phase
shift in radians relative to the LOS path, and the τi’s represent the delay in nanoseconds between the
arrival of signal power along the LOS path and the arrival of signal power along the ith path.  These 20
parameter triplets summarize some 12,700 data points of measured data and represent a compression
factor of more than 210—a considerable reduction in the need for data storage.

These parameterized data also offer a more intuitive understanding of the physical system than the raw
data does.  Where the ARTM channel sounding data for this flight consist of a long list of voltage levels,
these parameters summarize elements of the topology of the terrain traversed during Flight 10.  The first
three columns of data in Table 1 tell us something about the first non-LOS component of the signal and
the last three columns tell us about the second non-LOS component.   A first glance suggests that the
first non-LOS component is strongest relative to the LOS component at index points 1, 2 and 9, while
the second component is strongest at index points 9 and 10.  This indicates that for these samples of the
channel behavior, the angles and positions of reflective surfaces are aligned with the transmitter and
receiver.  It also indicates that the potential for constructive and destructive interference is greatest at
these times.  Because the data set is small and closely related to the physics of our channel, we gain

Figure 2  Estimation of the Doppler power spectrum from a parameterization of the data.
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insight into the channel directly from the parameters.  In fact, one might consider simulating other
channels by altering our parameter set—a possibility beyond the scope of this paper.

index Γ1 γ1 τ1 Γ2 γ2 τ2

1 0.93 0.3 46.2 0.04 -2.4 182.6
2 0.90 -1.9 35.4 0.06 2.7 176.3
3 0.82 0.3 48.5 0.07 -1.2 113.0
4 0.86 -2.0 36.6 0.06 -1.6 107.8
5 0.83 -2.7 33.9 0.08 0.6 148.5
6 0.77 2.0 58.4 0.09 -0.6 205.2
7 0.83 -2.0 70.4 0.14 -2.0 344.6
8 0.75 -1.6 72.9 0.14 -3.1 339.9
9 0.93 2.0 59.3 0.30 1.4 306.5
10 0.84 0.1 83.8 0.35 -0.6 296.2

Table 1 Parameter values estimated by lest square fits as described in [rice] for the ARTM Flight 10 channel at time
17:30:11 [2].

Despite considerable compression, the data of Table 1 is sufficient to generate the plots of the scattering
function and Doppler power spectrum [1] in Figure 3, through techniques outlined in the appendix to
this paper.  Both plots agree surprisingly well with the plots of Figure 4, which were computed directly
from the data as diagrammed in Figure 1 or as outlined in [1].  In this and subsequent figures, power
levels are plotted with respect to two variables, τ and νn.  The variable τ represents the time delay
between the arrival of various components of the signal and the variable νn represents the normalized
Doppler shift.  The Doppler shift indicates the apparent change in frequency of the signal arriving at the
receiver relative to the frequency it would have, had it arrived by the LOS path [2].  The normalized
form given in this paper is computed by dividing out the dependence of the Doppler shift on the velocity
of the source and the angle between the direction of travel and the line connecting the source and
receiver [2].

Consider first the scattering functions of Figures 3 and 4.  The two are visually quite similar.  Each has a
large peak at the center, and as one moves out from ν = 0, the level drops but then levels off.  Moving
out from τ = 0, the level drops even more rapidly.  It is reasonable that this basic shape should be
common to both plots, as the LOS component dominates the signal.  The dominance is reflected in the
central peak which is at the point of no delay and no Doppler shift from the LOS path.  The power level
is naturally lower for signals arriving with increasingly non-zero delays and Doppler shifts.  Looking a
little closer at the two plots, we notice that most of the power arrives at a delay, τ, of less than 100 ns.
But there is also a noticable ridge of power around 250-300 ns in each plot indicating that there is a non-
LOS path with that delay.  The resolution is simply not fine enough to resolve what the delay of the first
non-LOS path has.

The agreement is also rather striking in the Doppler power spectra of Figures 3 and 4 despite some
variations.  Each consists of a central peak that drops steadily to –30 dB by about νn = 0.03 m-1 and each
has significant power levels at Doppler shifts near νn = 0.06 m-1.  There are also noticeable differences
between the two plots.  The first important difference is that the data based plot of Figure 4b drops off



again near νn = 0.08 m-1.  Second, the jumps in the level as νn  increases are more rounded and gradual in
the parameter-based plot of Figure 3.  Further, the plot of Figure 3 has a somewhat narrower region
around νn = 0 over which the signal level is between –10 and –15 dB.  In general these differences can
be attributed to a loss of information due to parameterizing the data [2].  Our 20 triplets of data
constitute a sparse representation of the original 12,700 points and this leads to a certain rounding of
features and an inability to capture some of the smaller trends in the data.

Still, the agreement is impressive.  We can read from each that there is around –10 dB of power arriving
with a Doppler shift very near zero and this level drops off quickly.  We can also see that the Doppler

Figure 3  Parameter based estimates of (a) the scattering function, Sc(ττ,ννn) and (b) the Doppler power
spectrum, Sc(ννn) of ARTM Flight 10 at 17:30:11 as diagrammed in Figure 2.

Figure 4  Data based estimates of (a) the scattering function, Sc(ττ,ννn) and (b) the Doppler power spectrum,
Sc(ννn) of ARTM Flight 10 at 17:30:11 as diagrammed in Figure 1.



bandwidth exceeds our window of observation (6.7 Hz [1]) in each case, so the coherence time must
also be shorter than our snapshot spacing in time.  At least in this example, either estimate tells us
roughly the same details about the time-variant behavior of our channel.

A COMPARISON OF SCATTERING FUNCTION ESTIMATES FOR
VARIED CHANNEL BEHAVIORS

To better understand how well the parameter based technique of Figure 2 compares with the data based
approach of Figure 1, we consider two further examples.  First we examine the time invariant channel.
We create a data segment representing a time invariant channel by repeating ten times the first snapshot
of ARTM Flight 11 at time 18:53:38.  The parameter based approach results in the scattering function
and Doppler power spectrum of Figure 5 and the corresponding data based approach results in the plots
of Figure 6.

These estimates of Figure 5 are easily recognized as coming from a time-invariant channel [1, 2] and
they are extremely similar to the data based plots of Figure 6.  We consider Figure 5 first.  The
information is concentrated at a Doppler shift of zero and drops on either side directly to zero (-150 dB).
In the delay axis, it is particularly simple to read: except at delays of τ1 = 59.7 ns and τ2 = 200 ns, there
is no power in the signal.  This corresponds to the parameterized values of the first and second non-LOS
signal components.  Because the data consists of ten repetitions of one snapshot, these values were
repeatedly parameterized.  Thus, these are the only peaks in the plot in addition to the peak at a delay of
zero, corresponding to the LOS path.  This describes Figure 6 quite well, though the levels differ
somewhat.  In Figure 6, the levels are somewhat lower and more distributed over several delay values.
Though the signal level is 10 dB higher at delays of roughly ±60 ns and ±200 ns than at other levels, the

Figure 5 Parameter based estimates of (a) the scattering function, Sc(ττ,ννn) and (b) the Doppler power
spectrum, Sc(ννn) of a simulated time-invariant channel consturcted by repeating ten times the first
snapshot of ARTM Flight 11 at time 18:53:38 as diagrammed in Figure 2.



distinction is not as crisp as in Figure 5.  This points out a slight weakness in the 3-ray model.  Rather
than consisting of two crisp non-LOS paths, the signal appears to contain peaks at two delays and a very
small diffuse power arriving at nearby delay values.  That corresponds to the fact that the reflectors in
the terrain are not single points, but rather somewhat larger, uneven surfaces.  Still, the peaks are 10 dB
stronger than the diffuse parts, so the model describes the signal quite well.

The Doppler power spectra of Figures 5 and 6 are indistinguishable.  Each clearly suggests that the
Doppler bandwidth is zero and the coherence time is infinite [1, 2].  In this case then, the parameter
based model contains basically all the salient information of the bulkier data set.

As a final example, we consider a rapidly changing channel.  Figures 7 and 8 show striking similarities
and further confirm the power of parameter based estimates.  In each, the power levels drop unevenly to

Figure 6 Data based estimates of (a) the scattering function, Sc(ττ,ννn) and (b) the Doppler power spectrum,
Sc(ννn) of a simulated time-invariant channel consturcted by repeating ten times the first snapshot of
ARTM Flight 11 at time 18:53:38 as diagrammed in Figure 1.

Figure 7 Parameter based estimates of (a) the scattering function, Sc(ττ,ννn) and (b) the Doppler power
spectrum, Sc(ννn) of ARTM Flight 11 at 18:53:38  as diagrammed in Figure 2.



–25 dB as the Doppler shift moves from zero to ±0.07 m-1.  Then the level increases at ±0.08 m-1.  Over
the window of our observation, both Doppler power spectra agree to within 5 dB and both indicate that
there is a significant level of power over the whole range.  This means that the Doppler bandwidth
exceeds the range available to us to measure (6.7Hz) and the coherence time is shorter than the snapshot
separation of our data [1].

CONCLUSIONS

We have found that a parameter based estimate of the scattering function has many advantages and few
weaknesses relative to a purely data based estimate.  For cases in which the channel changes very
rapidly or is entirely constant, both the parameter based and data based estimates provide roughly the
same information about the channel.  Visually, they are very similar.  Further, derivative functions and
values taken from the scattering function such as the Doppler power spectrum, Doppler bandwidth and
coherence time are fairly similar for both approaches.

This agreement suggests that our model of the channel is a reliable one.  Because the scattering function
is a sophisticated reflection of the channel’s time-dependent behavior, our results indicate that our
modeling assumptions are good even as the channel changes over time.  Thus, the telemetry channel of
ARTM Flights 10 and 11 may be treated as a three-ray model which is wide-sense stationary, exhibits
uncorrelated scattering, and is characterized by a uniformly distributed phase independent of the delay
and magnitude distributions for each non-LOS path component.  (See the appendix to this paper for a
basic treatment of this model.)

The success of this model leads us toward a possible closed-form expression of the scattering function
for the ARTM channel.  We apparently have only sparse amounts of non-redundant information in the
channel sounding data.  A single LOS component and two non-LOS components constitute the bulk of

Figure 8 Parameter based estimates of (a) the scattering function, Sc(ττ,ννn) and (b) the Doppler power
spectrum, Sc(ννn) of ARTM Flight 11 at 18:53:38  as diagrammed in Figure 2.



our signal and are fairly adequate for describing the behavior of the channel at any instant.  A
description of the behavior of these sparse components very nearly describes the whole channel.  This in
principle is the final, unexplored branch in the diagram of Figures 1 and 2.  An understanding of the 4-
dimensional pdf of the magnitudes and delays, (Γ1,τ1,Γ2,τ2) along with our understanding that the phase
is independent and uniformly distributed would give us all we need to find a closed-form expression of
the scattering function.  This is a direction of current research but lies beyond the scope of this paper.  At
present, our parameter based estimate of the scattering function relies on measured data.  Perhaps it will
soon be possible to fully parameterize the problem and work independent of specific data sets in
simulating the ARTM channel behavior.

APPENDIX: MATHEMATICAL DEVELOPMENT AND MODELING ASSUMPTIONS

We now consider the methods used to generate our parameter based estimates of the scattering function.
By definition, the scattering function corresponds to a Fourier transform of the autocorrelation of a two-
dimensional channel impulse function [4, 5].  An appropriate model of the ARTM channel impulse
response function, h(τ,t), is the normalized three-ray model [2, 3]

)).(()())(()()(),( 2211 ttttth ττδττδτδτ −Γ+−Γ+= (1)

Here, τ represents the time delay between the arrival of various components of the signal, such as the
line-of-sight component and the first and second reflections of the signal.  The variable, t, represents
time, making clear that the behavior of our channel changes over time.  This is certainly to be expected
over the duration of a flight traversing uneven terrain.  The function, δ(t), is the unit impulse function,
which is equal to one at t = 0 and is zero elsewhere.  The function Γi(t) is the complex gain of the ith

component of the signal relative to the LOS path.

To derive the scattering function from this equation, we must first take a two dimensional correlation of
the channel impulse response function of Equation 1 in both t and τ [4, 5].  For our channel, the direct
computation is unnecessarily complex.  Instead, we are justified in making a number of simplifying
assumptions, due to the physics of our channel [2].  Accordingly, we may state the following:

Assumption 1:  the phase can be treated as being independent from both the delay and the magnitude.

Assumption 2:  the phase is distributed uniformly over (-π,π].

Assumption 3: Γ1(t) and Γ2(t) are uncorrelated, an assumption known as uncorrelated scattering in
communications literature [2, 4, 5].

Assumption 4:  the channel is wide sense stationary (WSS).



Taken together, these assumptions allow us to arrive at the following relationship to express Rhh(τ,∆t),
the time-delay correlation of the channel impulse response function [2]:
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Here, the operator E{x} means the expected value of x, and the asterisk means the complex conjugate of
the function.  In its present form, Equation 2 corresponds to the bubble denoted “Formula with
mathematical expectations” in Figure 2.  Because we are interested in generating Rhh(τ,∆t) and the
scattering function from a finite set of data, we estimate the function by a conditional form of a sample
correlation.  Naturally we can only estimate the scattering function for the discrete samples taken at
times t = kTs, where Ts is the sampling interval. Rhh(τ, kTs) may be approximated at these points as [2]:

Rhh (τ ,kTs ) ≈ δ (τ )δ(τ ) + N(τ ,1)
N
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In this equation, N(τ,n) is the number of points in the partition of the parameterized data such that
τn(t)∈[τ-∆τ,τ + ∆τ), and N is the total number of data points.  The set Jn is defined as follows [2]:
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One may select a value ∆τ  to trade off between higher resolution of the scattering function and greater
accuracy in representing the way that δ(τ-τn(t)) is highly τ-selective and zeros out terms when τ≠τn(t).
Equations 3 and 4 are enough to estimate the correlation function, Rhh(τ,kTs), from parameterized data.
The relationship of this function to the scattering function is given in Equation 5.
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s
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As indicated above, the relationship between the correlation function Rhh(τ,kTs) and the scattering
function, Sc(τ,νn), is a Fourier transform with respect to the sampled time variable, kTs.  We use the DFT
to compute this transform for finite collections of parameterized data.  In Equation 6, the Doppler power
spectrum, Sc(νn), is derived from the scattering function as follows [4].  We compute this integral as a
sum over our finite data sets.

Sc(τ,νn ) = Sc(τ,νn )dτ
−∞

∞

∫ . (6)
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