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TWO-WAY COHERENT TRACKING SYSTEMS 

By WILLIAM C. LINDSEY and JOSEPH H. YUEN 

Summary. - This paper presents results pertinent to the development of 
nonlinear theory of two-way tracking system. In particular, the model of 
cascaded systems is presented and approximations to steady state proba
bility density functions {p.d.f. 's) of the two-way system phase and 
Doppler error are given. From these certain numerical results required in 
the design and planning of systems are given. 

Introduction. - Trackings and navigation systems which employ coherent 
two-way Doppler measurement of range rate have been in common use for 
some time. Examples of such systems are the Goddard Range and Range Rate 
System1 used to track scientific satellites and the Unified S-Band 
system2

'
3 used to track deep space vehicles {Mariner type) and the Apollo 

spacecraft. In both of these systems, a signal is transmitted from the 
ground station to a spacecraft and coherently transponded on another fre
quency to the ground. The frequency of the received signal is then 
evaluated and compared with the original transmitter frequency. In this 
way a precise measurement of the two-way Doppler shift is obtained and 
can be used to compute range rate needed as an input to orbit and trajec
tory determination programs. Frequently, scientific data, or otherwise, 
is simultaneously transmitted. 

Even though such systems have been in operation for some time, neither 
a satisfactory nor complete theory 3 has been advanced oweing to the non
linear nature of the problem. The purpose of this paper is to present 
results pertinent to the development of the probability density functions 
of the system phase and Doppler error. Various numerical results which 
serve to illustrate the theory are also given. 

System Model and State Space Representation. - A functional block 
diagram of two generalized tracking systems in cascade is depicted in 
Figure l. The additive channel noise processes nk(t) are assumed to be 
statistically independent, and are sample functions of narrowband white 
Gaussian random processes with zero mean, one-sided spectral densities 
Nol and No2• respectively. The signal component of the input to the first 
system, sl[t, e1{t)] is assumed to be modulation free. The voltage-

1Baghdady, E. J., Kronmiller, G. C., "The Goddard Range and Range Rate 
Tracking System", NASA Goddard Space Flight Center, Greenbelt, Md., 
Rept. X-531-65-403, Oct. 1965. 

2 Hondros, G., Painter, J. H., "Unified S-Band Telecommunications Tech
niques for Apollo, Vol. I - Functional Description", NASA Tech. Note 
TN D-2208, March 1965. 

3 Lindsey, W. C., "A Theory for the Design of One-Way and Two-Way Phase
Coherent Communication Systems", Technical Report 32-986, Jet Propulsion 
Laboratory, Pasadena, California, July 15, 1969. 
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controlled oscillator (VCO) output reference signal for the first system 
is r,[t,e,(t)], in which el(t) represents the estimate of el(t) made 
by the first system. The input signal to the second system necessarily 
reflects the performance of the first system. Thus the phase Gf~l(t) is 
a modul~tion input to the second system in the cascaded system, and 
s2[t,Gf81(t),e2(t)] represents the signal component of the input to the 
second system is a function of Gfel(t) as well as e2(t). The constant 
Gf is the frequency translation ratio, i.e., Gf = w2/w1. Similar to the 
first system, the VCO reference signal for the second system is 
r2[t,e2(t)], where 82(t) is the estimate of e2(t) + Gfel(t) made by the 
second system. 

The phase-error of the first system is defined by ¢l(t) ~ e1(t)-e1(t) 
while the phase erro~ of the second system is defined by ¢2(t) ~ 
[e2(t) + Gfe1(t)J- e2(t). 

For general linear system filters Fl(P) and F2(p) for the first and 
second system, respectively, the dynamic equations of the two systems are 
readily derived. 4 For the first system 

¢1(t) = ~01 -K1 F 1 (p)[A 1 g 1 (~ 1 ) + n1(t)] 

and for the second system, 

(1) 

Here, AR; k=l,2, represent the power in the input signals; Kk; k=l,2, 
represent the total open loop gains; gk(.); k=l ,2, represent the loop non
linearities; the subscript k=l ,2 denotes which system is being considered. 
The functions gl(.) and g2(.) are restricted to belong to the class of 
functions which are continuous, odd and periodic. The noise processes 
nk(t); k=l ,2 are white Gaussian processes with zero mean, and one-sided 
spectral densities No1 and No2• respectively, 5 and n1(t) and n2(t) are 
assumed to be independent. Note that in Eq.(l) and Eq.(2) the transfer 
functions of the system filters are in operator form, F1(p) and F2(p), 
where p = d/dt is the Heaviside operator. 

The cascaded system is completely characterized by the above two non
linear stochastic integra-differential equations [Eq.(l) and Eq.(2)]. To 
obtain a state space representation, we consider a class of lumped
parameter loop filters whose transfer function may be expressed in partial 
fraction expansions as 

Nj 1-Fkj 
FJ.(p) = F1J. + L: -:;-l+~-

k=l Tkjp 

for a (Nj+l)-order system; j=l ,2. Eq. (3) describes a class of linear 
filters whose poles Pkj = - 1/Tkj , along the negative real axis of the 
com~l:x p-plane if Fkj are less than or equal _to unity, and if Tkj are 
pos1t1Ve and real, for all k=l,2, •.. ,Nj, and J=l,2. 

Define the state variables Ykj• j=l ,2 by 

4 Yuen, J.H., "Theory of Cascaded and Parallel Tracking Systems with 
Applications", Ph.D. Dissertation, University of Southern California, 
June, 1971. 

5Viterbi, A. J., Principles of Coherent Communications, McGraw-Hill, 
New York, 1966. 

(3) 



ykJ' ~- (~:Fkj) [A.K.g.(cp.) + K.n.], k=l,2, ... ,NJ.. (4) 
Tkjp J J J J J J 

Then Eq.(l) and Eq.(2) can be written as an equivalent system of L + 1 ~ 
(N1+l) + (N2+l) first-order stochastic differential equations with states 
YOl' Yll' · · ·, YNll, YQ2• Yl2• ... , YN 22. These states form components 
of a (L+l)-dimensional continuous vector Markov process,~~ (Yol, Yll, 
· · ·, YN 11, Y02• Yl2• ... , YN 22), since the statistics of the future state 
of w depend only on the present state (i.e., the present value of the 
components) and on white Gaussian noise processes n1(t) and n2(t). 

The L+l dimensional Fokker-Planck (P-F) equation for the state vector 
w is given by 

a P(~;t) 

at 
L a 

- l: -" - [Kk(~,t)P(~;t)] 
k=O oWk 

L L a2 
+ ~ k:O ~=0 awkaw~ [K~k(~,t)P(w;t)] (5) 

where P(~;t) ~ P(~,tl~(t0 ),t0 ), ~(t0 ) is the initial state vector at t 0 • 

And the intensity coefficients Kk(w,t), K~k(w,t); k,~=O,l , ... ,L, from 
Eq.(l) through Eq.(4). - -

From physical consideration of the system, appropriate initial and 
boundary conditions can be specified. 1 In particular, the initial value 
of w is assumed to be known exactly. The p.d.f. P(w;t) and its gradient 
with respect to Ykl and Yj2; k=l ,2, ... ,Nl, j=l,2, .. ~,N2, are zero, but 
continuous at 4> 1 = ~ rr ana 4> 2 = ~ rr. We are interested in 4>1 mod 2rr and 
4> 2 mod 2rr . 

Determination of the Steady-State Probability Density Function 
p( cp 2) -- Method I. - It is a formidable task to solve the F-P equation 

corresponding to cascaded tracking system. However, we are most interested 
in the steady-state p.d.f of the phase-error 4>2, (mod 2rr), of the cascaded 
tracking system. Since the phase-error process 4> 2 of the cascaded system 
described in the preceding is non-Markov, its transition p.d.f. does not 
satisfy a F-P equation. Thus to find the p.d.f. p(cp 2;t) we first need a 
partial differential equation whose solution is indeed p(cpz;t). If the 
(L+l)-order F-P Eq.(5) for the vector Markov process w is 1ntegrated with 
respect to Wj for all j where Wj ~ wNl+l = 4>2, and with respect to the 
initial state variables Wj(t0 ) for all j where Wj(t0 ) t 4>2(tQ), making 
use of the appropriate in1tial conditions, and boundary condit1ons, we 
obtain partial differential equation of flow in the cp 2-direction, 

(6) 

with probability current 

(7) 



where 

Nl 
Ko(~2,t) = n02+GfFllAlKlE[gl( ~ l) ~~2'~2(to)]- Gf k=l E[ykl ~~2' ~ 2(to)] 

(8) 

and 

(9) 

In Eq.(8), E[gl( ~ l)i ~ 2·~(t0 )] denotes the conditional expectation of 
gl( ~ l) at time t given ~ 2 at time t and ~2 at timet ; and 
E{Ykil ~ 2· ~ 2(t0 )} is the conditional expectation of Yki a~ time t given 
~ 2 at time t and ~2 at time t 0 , k=O,l , ... ,Nl when i=l, k=l ,2, ... ,N2 
when i=2. We remark that this method of reducing the (L+l)-dimensional F-P 
equation (5) to a 1-dimensional partial differential equation (6) can be 
related to the work of Pawula. 6 In the terminology of Pawula, Eq.(6) is a 
generalized F-P equation for the continuous, non-Markov process ~2(t). 

Similarly, we can derive the generalized F-P equations for the contin
uous non-Markov processes Yk2; k=l,2, ... ,N2 (Ref. 4). We omit the details 
here since we are only interested in the p.d.f. p(~2) in this paper. 

Assuming, in the limit as t approaches infinity that p(~2;t) 
approaches the steady-state p.d.f. p(~2), the stationary diffusion current 
is independent of time t, i.e., ~02(~2). Thus Eq.(7) can be solved to 
be, for periodic nonlinearity g2(~2J, 

for any ~ 2 belongs to an interval of width 2rr centered about the stable 
lock point 0. In Eq.(lO) the potential function is defined by 

It is clear from Eq.(8), Eq.(lO) and Eq.(ll) that steady-state p.d.f. of 
the phase-error ~2• i.e., p(~ 2 ) is completely determined by the set of 
conditional expectations 

( l 0) 

( ll) 

4 = {E[g 1 (~ 1 )J~ 2], E[yklJ~ 2J; k=l,2, ... ,N1, E[yj 2 J~ 2 ]; j=l,2, ... ,N 2 (12) 

6 Pawula, R. F., "Generalizations and Extensions of the Fokker-Planck
Kolmogorov Equations", IEEE Trans. of Inf. Theory, Vol. IT-13, No. l, 
January 1967. 



Though the set of conditional expectations ~l cannot be found analytical
ly, they may be approximated by using the minimum mean square estimate, a 
procedure suggested by Lindsey. 7 ' 8 There the approximation of similar con
ditional expectations were carried out in discussing a single (Nl+l)-
order tracker. Without belaboring the details, the steady-state restoring 
force can be written as 

( 13) 

where 

2 

--}- [Rgl(¢ )G (0) 
OG 1 2 

2 

Nl ] 
+ L: Ry G (0) 

k=l kl 2 
( 15) 

Therefore, using Eq.(l3) through Eq.(l5) in Eq.(lO), an approximate expres
sion for p(¢ 2) is produced. The factor s2(N 2) is responsible for the 
asymmetry in p(¢2); hence p(¢2) will be symmetric if the loop is designed 
such that S2(N2) ~ 0. For the special case where the cascaded system con
sists of sinusoidal phase-locked loops, all the previous equations hold 
with gl(¢ 1) =sin ¢1, and g2(¢2) =sin ¢2. In particular, from Eq.(lO) we 
see that the steady-state p.d.f. p(¢2) is given by 

( 16) 

7Lindsey, W. C., "Nonlinear Analysis of Generalized Tracking Systems", 
Proceedings of the IEEE, Vol. 57, No. 10, pp. 1705-1722, October, 1969. 

8Lindsey, W. C., Synchronous Phase Control Systems- Phase-Locked Loops, 
Prentice Hall, 1972. 



Determination of the Steady-State p.d.f. p(¢2) --Method II. - In 
certain practical cases, the bandwidth of tracking system 1, Bll, is wider 
than the bandwidth of tracking system 2, BL2· and vice versa. Therefore, 
as approximation, it is realistic to assume the two extreme cases; namely, 
the case where Bll is much narrower than BL2• i.e., BLl << BL2• and the 
case where Bll is much wider than BL2• i.e., Bll >> BL2· In this section, 
we present alternate approaches to the analysis of cascaded tracking 
systems under these relative loop-bandwidth assumptions. 

(a) Bll << BL2 Case. - Since the assumption Bll << BL2 implies the 
correlation time of the process 12 is much much shorter than the cor
relation time of the process Yl, as far as tracking system 2 is concerned, 
knowing the value of Yl(t) at time t provides approximately as much 
information as knowing the entire past of Yl( ~ ); t 0 2 ~ 2 t. This is an 
often used engineering argument when one is dealing with narrow band 
filter. Hence 

P [ Y2(t) jY2(t0 ) ,y1 ( ~ ) ;t0 2 ~ 2 t}:~P [ y2(t) jy2(t0 ) ,y1 (t)J (17) 

and the p.d.f. p(12;tly1) ~ p(12(t)IY2(t0 ),yl(t)) satisfies the F-P 
equation. Following the same procedure as in the preceding section, we 
can obtain the generalized F-P equations for p(¢2;tlyl) 

ap( ¢2;t y1) 
v · .J0 (¢2;t y 1) + at = 0; k=O,l , ... ,N2 (18) 

with probability current 

where 

(20) 

where E[Yk2•tl ¢1 ,¢l(t0 ),yl] is the conditional expectation of Ykl at time 
t, gi ven ¢1 and Yl at time t, and ¢1 at time t 0 . Since g2(¢2) is periodic 
and p(¢2ly1) is continuous, in the steady-state, Eq.(l9) can be solved to 
yield ¢

2
+2n 

p( ¢2ly1) = c02 exp[-u02 (¢2ly1)]J exp[U02 (xly1)]dx (22) 
¢2 

for any ¢2 belong to an interval of width 2n centered about the stable lock 
point 0. In Eq.(22), the potential function is defined by 



Again, the conditional expectations E[Yk21 ~ 2•Yl] can be approximated by method stated in the section on Method I. The p.d.f. p( ~ 2 ) is then obtai ned by 

N1-fold 

(23) 

(24) 

This means that we need to have the joint p.d.f. p(yl) which we are not able to obtain when tracking system 1 in the cascaded system is a higher order system, i.e., N1 ~ 2. Nevertheless, when tracking system 1 is of 
first-order, i.e., N1 = 0, then Yl = ~ 1• the p.d.f. p(yl) needed in Eq.(24) is just simply p( ~ l)· The derivation of p( ~ l) for a first-order tracking system is particularly simple, and well known (Refs. 5,7). 

(b) Bll >> BL 2 Case. - This is exactly opposite to the case discussed 
in (a) above. Since the present case implies the correlation time of the process Y2 is much larger than the correlation time of the process Yl, the effect of Yl on the performance of tracking system 2 is approximated by its expected value, as far as tracking system 2 is concerned. We then have, from Eq.(2) 

It is obvious that if we replace K0 ( ~ 2,t) in the section on Method I by 

* Nl 
Ko(~2,t) = ~02 + GfFllAlKlgl( ¢1)- Gf L ykl 

k=l 

the analysis in the section on Method holds. We take the liberty of omitting the details. 
For the special case of cascaded first-order PLL's wherein F1(p) = F2(p) = 1, it can be shown that 

* 4( ~02 + GfAlKl sin ¢1) 
62 = 2 2 2 

NOl Kl Gf + N02K2 

( 25) 

(26) 

(27) 



are used to replace s2 and a 2 respectively, in Eq.(l6) to obtain the 
desired steady-state p.d.f. p(~2). 

(28) 

In closing we remark that two-way Doppler tracking can be treated 
similarly (Ref. 4). Some numerical results are included and illustrated 
in Figures 2 through 5, with 

k= 1 , 2. (29) 

Here e2 represents the instantaneous Doppler error and cr~ 2 its mean square 
value. 
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