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ON THE SELECTION OF AN OPTIMUM DESIGN POINT FOR PHASE-COHERENT RECEIVERS 
EMPLOYING BAND-PASS LIMITERS 

By MARVIN K. SIMON 

The author is at the Jet Propulsion Laboratory, California Institute of 
Technology, Pasadena, California, This paper presents the results of one 
phase of research carried out at the Jet Propulsion Laboratory, 
California Institute of Technology, under Contract No. NAS 7-100, spon
sored by the National Aeronautics and Space Administration. 

Summary. -In the design of phase-coherent receivers employing band
pass limiters, it is customary to specify system performance relative to 
its value at a fixed design point. For a given design point, it is well known 
that an optimum tradeoff can be found between the power allocated to the 
carrier and sideband signals. This paper describes an attempt to further 
improve the performance of such coherent carrier systems by optimizing 
the design point based upon a given practical optimization criterion. The 
single-channel system is treated in detail and a brief discussion is given 
on how to extend the optimization technique to a two-channel system. 

Introduction. -Over the years a great deal of interest has been demon
strated relative to the problem of optimum power allocation in single
channel command, and one- and two-way channel telemetry coherent car
rier systems for spacecraft applications (Refs. l-4). One fact in common 
to all of the solutions that have been suggested is that the system design 
point (i.e., the carrier tracking loop signal-to-noise ratio at "threshold") 
has been arbitrarily fixed while the other system parameters are varied 
to achieve the optimum tradeoffs. To date, very little consideration has 
been given to the question of what is the optimum design point based upon a 
given practical optimization criterion. 

To answer this question, the problem must be posed in such a way that 
the relation between an actual operating point and the design point is 
clearly placed in evidence, thereby resulting in a solution of significant 
importance to the practicing engineer. This paper suggests a method for 
doing so. The technique involved makes use of the up-to-date phase
locked loop and band-pass limiter theories recently contributed in Refs. 5 
and 6. 

Statement of the Problem. -There are two parts to the optimum power 
allocation problem associated with the design of a phase-coherent receiver 
employing a band-pass limiter. The first part (which is that most com
monly considered in the literature) is to fix either the system error proba
bility or total transmitter energy-to-noise ratio and minimize the other 
quantity by varying the system modulation indices. This approach can be 
applied to either single- or two-channel systems and implicitly assumes 
that the system design point is held fixed during the optimization. 

The second part of the problem considers, in effect, the locus of these 
minima as the design point is varied, and this information is used to select 
an optimum design point. This part of the optimum power allocation prob
lem has, to the author's knowledge, not been considered and is the princi
pal motivation behind this paper. The details surrounding both parts of 
the problem are the subject of the next section. 

System Model. -A functional diagram of a phase-coherent receiver pre
ceded by a band-pass limiter (BPL) is illustrated in Fig. l. The signal at 
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point Q) can be characterized [with respect to the unit amplitude modula
tion m( t} J by* 
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In the above, mr is the modulation factor, Wo is the IF carrier radian fre
quency, eo the random phase to be tracked, and pis the total transmitted 
power. Also, n 1(t} and n2(t} are zero mean "white'' gaussian noise pro
cesses with single-sided spectral density No in W/Hz. After passing 
through the BPL, the signal can be expressed in the form (Fig. 1, point 
Q)>.** 
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where, from an extension of the results in Ref. 6, 
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and the BPL suppression factor, a1 , is given by 

(4} 

*We shall treat only the single-channel case for simplicity of presenta
tion. 

**We assume for the moment that the bandwidth of the IF filter is suffi
cient to pass the modulation m(t}. Later on, we consider the case 
where m(t} is outside the bandwidth of the IF filter. 



Also in the above, P 1 = 8j,r2 is the total power in the first SJ!.ectral zone 
and the parameter Pi denotes the input SNR existing at point@. 

If m(t) is characterized by a digital data stream d(t) and bi-phase 
modulated onto a square-wave subcarrier 5(t), then YQ)(t) can be re
written as 
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with m(t) = d(t)5(t). 
Defining the phase-locked loop (PLL) reference signal r(t) by 

1\ 
where e 0 is the PLL estimate of eo, then the phase detector output (neg-
lecting second-order harmonics) is given by 

sin cj> 

(7) 
1\ 

with cj> = e 0 - e 0 denoting the phase error process. As pointed out in Ref. 
6, nA and nB are, in general, not gaussian processes nor do they have 
equal mean-square values; however, they do always have zero mean. To 
properly apply the Fokker-Planck technique (which is necessary for find
ing the phase error density), certain reasonable assumptions must be 
made relative to the practical operating conditions of a PLL preceded by a 
BPL. If the loop bandwidth W Lis designed to be small relative to the 
equivalent noise bandwidth We at the phase detector output (Fig. l, point 
13)), then the component noise processes nA and nB are approximately 
independent of the phase error process cj>. Hence , from Eq. (7), the total 
noise power at the phase detector output is approximately 
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2 
IT 

e 

l - exp (-pi) _ 2] 2 [1 - exp (-pi)Jl 
- 2p . -al +ml 2p. 

1 1 

-2] ( _ 2) [ 1 - exp (-pi)Jl 
al + 1 ml 2p. 

1 

(8) 

(9) 

If, in addition, the input SNR p . is small (the usual case of interest for a 
1 PLL preceded by a BPL), then 
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and it follows that the effective noise in the loop is 
distributed with one- sided flat spectrum 2cr2 /W L · 
in the loop bandwidth p P. is given by e 
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where r is defined in Ref. 6 by~' 
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approximately gaussian
Thus, the effective SNR 
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and Pe• the effective SNR a t the phase detector output, is defined by 
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Specification of Loop Parameters in Terms of the System Design Point . 
-In designing phase-coherent receivers preceded by band-pass limiters, it 
i s convenient to charact e ri ze loop performance a t a g iven operating point 
relative to its value at a fixed design point. In the past, it has been cus
t omary to choose this design point to correspond t o a carrier SNR in the 
design point loop bandwidth T0 = 2P co/(N0 W LO ) of 3 db, i.e. , so-called 
"loop threshold. 11 More recently , it has become apparent t hat the thres
hold effect exhibited by the loop is a more complicated phenomenon than 
can be expressed entirely in terms of a given carr i er SNR. Hence , the 
original motivation behind choosing To = 2 is, strictly speaking, no longer 
valid. Rather , one should allow T 0 to be chosen as that value that results 
in optimum receiver performance. Proceeding then with the assumption 
of arbitra r y To , the loop SNR , P£ , can be expressed as 

( 14) 

where 

,:, I"'o is the value of I"'p at Pi = 0, which, for an ideal band - pass filter, is 
approximately equal to 1/0. 862. 
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with K denoting the PLL gain and Tl, Tz the loop filter time constants. 
The symbol a10 represents the value of a1 at th_e design point where by 
definition x = T

0
. 

The probabihty density function of the phase error p(<j>) is derived via 
the Fokker-Planck technique in Ref. 5 w ith the re sult 

(16) 

w he re N is a normalizati on constant and 

(17) 

w ith 

( 18) 

The parameter n0 represents the loop detuning . 

Computation of Error Probability Performa nce. -In computing the 
error probability performance of the data detector, several possibilities 
exist depending on how the data signal is demodulated off the carrier. 
Specifically, the following three cases are of intere s t. 

(l) The input IF filter passes the total modulation which is subse
quently transferred to the data detector directly from.the PLL 
phase detector output (point@in Fig. 1). This situation is typical 
of present and past command transponders used in deep-space 
applications. 

(2) The input IF filter passes the total modulation; howeve r, the mod
ulated carrier is tapped off prior to entering the band-pass filter 
and is demodulated by the PLL reference in a separate phase 
detector (point@)). The output of this phase detector represents 



the modulation to b e r ecove r ed by the data detector. This case is 
t ypica l of present-day me thod s for r ecovery of ranging data and i s 
of interest in futur e command applications . 

(3) The input I F filter compl e t e l y filters out the modul a tion, w ith the 
modulation being recovered as in case (2). Thi s s itua tion would 
correspond to the case w h e r e the dat a modulation is placed on a 
subcarrie r w hose f requency i s o ut s ide the I F bandwidth. This 
case is typic a l of p hase - cohe rent r eception of t e l emetr y data. 

In cases (1) and (2), the BPL suppres s i on factor, a nd h e nc e the effec 
tive loop SNR , i s a function of the total power-to-noise r a tio in the input 
bandwidth. In case (3), the B PL loss is incr eased (relative to case (2)) 
because it is now only a function of the carrier component of the tota l 
p owe r-to-noise r a tio in the input bandwidth. Hence, with a ll other param
eters unchanged, the effective loop SNR is reduced and the noisy reference 
loss incr eased. This effec t produces a minor degradation in case (3) rela
tive t o case (2). 

Regardless of which case is applicable, an important parameter t o 
consider i s the loo p bandwidth-symbol time product. Ordinarily, for com
mand app lications li o = 1/ (W LOT) i s s ufficiently small (e . g ., < 0. 5) such 
that the phase er ror can be assu med to var y rapidly over a symbol interval 
T . In many low-to-medium rate t e lemetry systems , thi s assu mption s till 
remains valid. Hence, t o a good a pproxima tion, the dat a detector error 
probability, P E , i s for a ll thr ee cases described by 

w here 
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The pa r ameters Sd and Nod are the data s i gnal and noise powers, r espec 
tive l y , which both depend upon w hich of the three cases is being considered. 
The validity of the gaussian noise model [which i s implicit in the form of 
Eq. (1 9 )] is justified as fo llows. In cases (2) and (3), the noise affecting 
the dat a detection process is clearly gauss ian because it has not been 
transmitted through the BPL. In case (1), the no:se ent ering the matched 
filter de t ect o r (i.e., the phase detector output at point@)in Fig. 1) is not 
gauss i an , but, for small P· , is approx imately ze r o mean. However , 
because the effective band~idth of this noise i s much wide r tha n 1/ T, the 
integrate and dump action of the matched filter ac t s as a narrow-band 
filter and the output s t a ti s tic i s approxima tely gaussian . 

a . Case (1). If the data signal applied t o the mat c h ed filter detector 
is t aken di r ectly from the phase de tector output (i.e., point@)in Fig. 1), 
then 

(21) 



An expression for Noe in terms of the system design parameters 
obtained using the definition of rp as in Eq. {12) with the result 

= 2mf (afP 1r P) 
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Combining Eqs. (21) and (22), 

can be 
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Also, in this case, the input SNR pi' which affects the computation of p(cj>), 
is given by 

p. 
1 

(24) 

b. Case (2). When the data signal is obtained by demodulating the 
BPL input with the PLL reference signal (i.e., point@ in Fig. 1), then 

S d = (1 - m f)P l 
NOd NO J 

(25) 

and, hence, 

Rd 
0 

( ~Ti) 2~0 (26) 

The parameter Pi is given by Eq. (24). 

c. Case (3). For the case where the data signal is obtained as in 
case (2), but the input filter to the BPL completely filters out the modula
tion, then Rd is still given as in Eq. (26), but Pi now becomes 

( 27) 

Optimization of Performance as a Function of Design Point. -Our first 
step is to divide the power between carrier and sideband to minimize the 
total energy-to-noise ratio, PT/No, at the transmitter for a fixed error 
probability, PE, in the data channel and a fixed ratio of data rate, 1/T, to 
design point loop bandwidth, W LO· This procedure enables the design engi
neer to constrain, a priori, the minimum acceptable signal-to-noise ratio 
in the design point bandwidth, Xmin; this minimum is based upon tracking 
performance considerations and, once established, allows the engineer to 
seek the optimum power split subject to that constraint. If the minimum 
total transmitted energy-to-noise ratio occurs at a value of x = 2Pc/N0 W LO 
less than xmin• the system designer selects the value of PT/No at Xmin· 
As we shall see shortly, this additional constraint determines an optimum 
design point. 

From Eqs. (14) to (27) for a given PE and specified values of T2/T1, 
r 0 , T 0 , Wi, WLO• and T, one can find an infinite set of paired coordinate 



values {x, Rd). For each pair of values, the ratio of the total energy per 
bit to noise density may be found from* 

PT - R' X 
N

0 
- d + 2.s

0 
{ 28) 

For any of the three cases being considered, a plot of PT/N0 vs. x exhibits 
a minimum. As an example, consider a command application wherein the 
command data is obtained by demodulating the BPL input with the PLL 
reference signal [case {2)]. Plotted in Fig. 2 is PT/N0 in db vs. x in db 
for PE = lo-5 and parameter values T2/T 1 = 0. 002, r 0 = 2, To = 2, 
W. = 9 kHz, WLO = 18Hz, 1/T = 4 bps, and n 0 = 0. We observe that 
th~ minimum value of PT/No occurs at x = 5. 8 db which is greater than 
T0 . If T0 is now increased in value, all other parameters held fixed, one 
finds that the minimum PT/N0 together with the value of x at which it 
occurs both continue to decrease. Thus, it appears, at least at first 
glance, that continued improvement in performance {in the sense of mini
mum PT/No) can be had simply by raising the design point indefinitely. Of 
course this cannot be true in practice, and hence some additional con
straint must be placed on the problem to counteract this anomaly. 

One practical consideration is that the value of x chosen for the final 
system design must be greater than some minimum value ~in· Where 
~in is related to the design point by xmin = Ko To, and where To in
creases, ayoint is eventually reached at which the value of x at the mini
mum of PT No becomes equal to ~in· From that point on, the value of 
PT/No at x = ~in is selected as the best operating condition. Figure 3 
illustrates a plot of {PT/No) . vs. T0 for case { 2) and the same param
eters as those used in arrivFngnat Fig. 2. ** Also assumed in Fig. 3 is 
that Xmin is chosen at the design point itself {i.e., Ko = 1). The physical 
significance of such a choice is that the ope rating point loop bandwidth can 
never fall below its value at the design point, i.e., WLO· One notes from 
Fig. 3 that an improvement of 0. 41 db can be obtained by allowing the 
design point, T0 , to be increased from its previously chosen value of 3 db 
{i.e. , 0 db in 2B LO) to 5. 8 db, the point at which the minimum value of 
{PT/No>min is achieved. 

Assuming case {3), i.e. , the single data channel is on a subcarrier 
that is outside the bandwidth of the input IF amplifier, Figs. 4 and 5 illus
trate the choice of an optimum design point for two sets of parameters 
typical of telemetry systems for PE = l0-3. In both Figs. 4 and 5, 
Tl/T2 = 0.002, ro = 2, wi = 4kHz, 1/T = 8-1/3 bps, andno = 0; in 
Fig. 4, WLO = l2Hz;inFig. 5, WLO =48Hz. 

Indicated by dashed lines on Figs. 3, 4, and 5 is the asymptotic behav
ior of Eq. {28) as x becomes large corresponding to the case where the 
noisy reference due to the RF carrier becomes negligible. This asymptote 
satisfies the equation 

~'For case {1), R~ = Rdf'p; whereas for cases {2) and (3), R~ 
we have neglected any symbol or subcarrier synchronization 
dulation losses that might be present. 

{29) 

Rd. Also, 
and demo-

~'~'The results for case (1) whe re the data signal is derived directly from 
the phase detector output are negligibly different from those of case (2). 
The difference is strictly due to the effect of the BPL loss on Rd because 
the noisy reference loss (approximately 0. 2 db) is the same for both. 
H e nce, Fig. 3 can also be thought to apply to case (1) . 



Application to Two-Channel Systems.- We conclude this paper with a 
brief discussion on how the optimization technique presented here might 
be applied in a two-channel system. Of particular interest in deep-space 
applications is the situation where both channels are used for the trans
mission of t e l e metry information, e. g. the science and engineering chan
nels in the Mariner Mars 1969 mission. Assuming that the two-channel 
telemetry model is classified as case (3), the optimization equation anal
ogous to Eq. ( 28) is given by 

(30) 

where the subscripts 1 and 2 now refer to channels 1 and 2 respectively. 
For given error probabilities in the two channels, i.e., PEl and PE 2 , and 
fixed parameter values for T2/Tl• ro, Tl, T2, wi, WLO• sto, and To, a 
plot of PT 1/ No vs. x once again exhibits a minimum. If as before To alone 
is now a llowed to vary subject to the constraint x 2: xmin• then, as in the 
single-channel case, there exists an optimum design point in the sense of 
minimum PT1/N0 . The practical significance of this optimum design point 
depends upon the specific parameter values that characterize the system. 
The asymptotic behavior of Eq. (30) for large x satisfies an equation simi
lar to Eq. ( 29), namely, 

p~l [e rfc-l (2PE 1 ~
2 

+(:;)[erfc-l (2PE2 ~
2 

( 31) 
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