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COHERENT DEMODULATION OF CONTINUOUS PHASE
BINARY FSK SIGNALS

M. G. PELCHAT, R. C. DAVIS, and M. B. LUNTZ
Radiation Incorporated

Melbourne, Florida 32901

Summary    This paper gives achievable bounds for the probability of error of
continuous phase binary FSK signals on the white gaussian noise channel. Phase
continuity, like convolutional encoding, introduces a dependence between adjacent
transmitted signals which can be used to advantage in the demodulation process. It is
shown that continuous phase binary FSK can provide a given probability of error with
0.8 db less signal-to-noise ratio than antipodal PSK. The paper also shows how the ideas
developed for decoding convolutional codes apply to the demodulation of continuous
phase FSK with rational deviation ratio.

Introduction    This paper examines the performance of continuous phase binary FSK
(CPBFSK) signalling. It shows that the dependence of the transmitted CPBFSK signal
on data history through phase continuity can be exploited for performance gains. This
dependency is akin to the dependence that occurs in convolutional encoding where the
transmitted signal depends on the data history also.

The main purpose of this paper is to show that FSK systems can be designed which equal
or outperform antipodal PSK on the white gaussian noise channel. This possibility,
which seems to have been overlooked until recently, is of both theoretical and practical
interest. CPBFSK signals are attractive in many applications because they have constant
envelope and relatively small channel bandwidth.

In a binary uncoded communication system where the waveform transmitted in response
to an information bit is independent of any other bit it is well known that minimum error
probability is obtained, on the additive white gaussian noise channel without intersymbol
interference, by a receiver consisting of a pair of filters matched to the two possible
signals over a one bit observation interval. No performance gain is accrued from
observing over a longer interval.

In a binary FSK system a sinusoid of frequency f0 is transmitted to represent a “zero” and
a sinusoid of frequency f1 is transmitted to represent a “one.” In CPBFSK, however, the
initial phase of the sinusoid corresponding to a particular bit depends on previous data



* A paper entitled “The Fast FSK -A New ModulationSystem,” will be presented by DeBuda at
the June 1971 ICC Conference. He describes a CPBFSK system which is essentially that given in
the third section of this paper. A similar system has been used at Collins Radio Corp.

bits and it is possible to obtain a better bit decision by observing the received signal over
more than a one bit interval. This is the basic tenet of this paper and bounds are obtained
on just how much better such demodulators can do. 

It has been shown(1,2) that optimum coherent FSK for a one-bit observation interval is
obtained at a deviation ratio, h = 0.715. For a given probability of error this scheme
requires 0.8 db less signal-to-noise ratio than binary orthogonal signalling. This
performance bound does not apply to CPBFSK since the signal dependencies mentioned
above are totally disregarded. As a matter of fact it was shown in a recent paper(3) that
this bound can be exceeded with non-coherent receiver structures with observation times
longer than one bit. The present paper shows that with coherent reception it is possible to
exceed this bound by 3 db with an observation time of 3 bits*.

The next section gives bounds achievable with CPBFSK as a function of deviation ratio
for various observation times. The third section borrows ideas developed for maximum
likelihood reception of convolutional codes and shows how these ideas apply to
unconstrained observation time demodulation of CPBFSK with rational deviation ratio.

Performance Bounds on CPBFSK    Figure 1 is a diagram of the RF phase variation
versus time for a CPBFSK signal. T is the bit time and h is the deviation ratio. The signal
during bit time i can be written as

where E is the energy per bit, di is either + 1 or - 1 depending upon the input data bit and
Ni is the carrier phase at the beginning of the bit.

The following type of CPBFSK demodulator is considered in this section. The initial
phase, Ni, is assumed known. Bit i is demodulated by correlating the received waveform
over L bit times, beginning with bit i, with the 2L possible CPBFSK waveforms. Bit i is
decided as the corresponding bit in the highest correlated waveform. This procedure also
determines Ni+1 for indentical processing to determine bit i + 1, and so forth. Bounds are
obtained in this section on the probability of error in demodulating bit i given that Ni is
correct.

We first consider the one bit observation interval demodulator. With additive white
gaussian noise a maximum likelihood bit decision based on observing the input signal
from t = 0 to t = T is obtained by comparing the correlation of the noisy input signal with



cos[Tct - Bht/T + N] and cos[Tct + Bht/T + N]. The resulting probability of error is

(1)

where the Q function is defined as

No is the single sided noise spectral density and d is the “distance” between the two
possible input waveforms over the interval, t = 0 to t = T. The square of this distance is

which, for TcT > > 1, reduces to
(2)

With h = .715, d2 reaches a maximum value of 2.43E which is 0.8 db greater than 2E, the
square of the distance corresponding to coherent orthogonal FSX.

Now suppose that the observation time is allowed to increase from T to 2T. Let s11(t)
denote the signal for a data sequence 11 and define s10(t), s01(t) and s00(t) in a similar
manner. With this observation interval a maximum likelihood decision of the first bit can
be obtained by correlating the input signal with the four references sij(t) and letting the
first bit be the value of i for the reference having highest correlation. The union bound(4) 
on the average probability of error can be written as

(3)

where 1/4 is the probability that any particular two bit sequence ij is transmitted and
P(ij, kR) is the probability that the noisy input signal correlates better with skR(t) than with
sij(t) given that the sequence ij is the transmitted sequence. Since Eq. (1) is also
applicable for any pair of waveforms we can write



The square of the distances of interest are given in Table I. Distances not shown in Table
I can be obtained from the relationship d(ij, kR) = d(kR, ij).

TABLE I

SQUARE OF DISTANCE BETWEEN 2 BIT SEQUENCES

The probability of error with a two bit observation time may depend on the actual
transmitted sequence. However, letting dmin be the minimum value of the distances
d(ij, kR) we have

which, substituted in (3), gives

(4)

The distances given in Table I have been computed as a function of the deviation ratio
and the square of the minimum distance is plotted in Fig. 2. The minimum distance
reaches a maximum value of                   for a deviation ratio of .773. This distance is
slightly larger (.124 db) than the distance achieved with antipodal PSK for the same
energy per bit. The minimum distance is           for a deviation ratio of 0.5 which
corresponds to performance nearly equivalent to PSK.

Now consider the case of a three-bit observation time. A maximum likelihood decision
on the first bit can be made by correlating the noisy input signal with the eight possible
received signal references sijk(t). The maximum likelihood decision on the first bit is the
value of “i” for the reference signal which correlates best with the noisy input signal.
Following the same reasoning leading to (3) for a two-bit observation time the result,

(5)

is obtained. In this case



(6)

and

Corresponding to (4) we have

(7)

The distances of interest are given in Table II and d2
min is plotted versus deviation ratio in

Fig. 3 along with d2
min for two-bit observation time (Fig. 2) and d2 for one bit observation

time (Eq. 2).
 

TABLE II
SQUARE OF DISTANCE BETWEEN 3 BIT SEQUENCES

For three bit observation time the minimum distance reaches its maximum value of           
                     (0. 8 db larger than antipodal PSK) for h = 0.715.

It is impossible to achieve a value of d2
min larger than 4.86E by increasing the

observation time beyond three bits. To see this note that for any observation time



where the x’s indicate that the two sequences compared are identical beyond the second
bit. But

which has a maximum value of 4.86E, the value of d2
min achievable with a three bit

observation time. Since, in the high signal-to-noise case, performance depends only on
dmin, no improvement in this case is obtained by observing more than three bits. At lower
signal-to-noise ratios however the ability to discriminate between paths at distances
greater than dmin becomes important. In this case improvement can be obtained by
observing more than 3 bits.

As a matter of interest the actual values of d2 (ijk, Rmn) are shown for h = 0.715 in
Table III.

TABLE III

SQUARE OF DISTANCE BETWEEN 3 BIT SEQUENCES WITH
h = 0.715

Maximum Likelihood Demodulation of CPBFSK with Infinite Observation Interval 
Here we discuss a viewpoint for representing CPBFSK signals that in principle allows a
systematic determination of the maximum likelihood demodulator (MLD) with infinite
observation time. Whereas the 3-bit observation time MLD is optimum for high signal-
to-noise ratio, the infinite observation time MLD is optimum for all signal-to-noise
ratios.

Figure 1 shows the variation of the phase of CPBFSK. We note that when any two paths
in Fig. I have the same phase modulo 2B at the end of a bit time, the two paths have



* There is great similarity between this maximum likelihood demodulator and the maximum
likelihood decoder for convolutional codes. (Ref. 5)

identical signals for identical choices for subsequent bits. For h = 1/2 the phase diagram
can therefore be collapsed down to the “trellis” structure shown in Fig. 4.

In Fig. 4 we have simply identified all the phases modulo 2B at the end of the bit times.
The horizontal transitions mean that the upper frequency is transmitted and the diagonal
transitions mean that the lower frequency is transmitted. The phase transition trellis
highlights the fact that when two paths arrive in the same phase modulo 2B, identical
extensions of both paths from this point have identical signals.

For any rational value of h = m/n it can be seen that a phase transition trellis having n
nodes (phases) at the end of the bit times can be drawn. Those familiar with the channel
encoding area will recognize a correspondence between the phase transition trellis and
the state transition trellis description of convolutional codes.

The goal we now set for the maximum likelihood demodulator is to find the highest
correlated path in the trellis over an unconstrained time interval*. At first glance this
might seem to imply an ever-increasing number of reference paths to consider but we
now show that there is always a fixed number of paths that are candidates for the highest
correlated path over an infinite observation interval.

As noted, once two paths arrive concurrently at a given node, the signals corresponding
to subsequent identical extensions of the two paths are identical. Thus if one of the paths
has a correlation disadvantage at the node it has no hope of subsequently regaining this
disadvantage. Therefore a maximum likelihood demodulator might as well eliminate the
smaller correlated path from consideration at each node. Clearly the maximum likelihood
criterion is not compromised by this procedure since none of the eliminated paths can
ultimately become the highest correlated path. Thus we see that the infinite observation
interval MLD must always retain only n paths where n = number of nodes in the trellis
diagram for each bit time. The maximally correlated path anywhere in the trellis at any
bit time is always the retained path with the highest correlation at that bit time.

In principle then the MLD for rational h CPBFSK can be implemented in the following
way. Store the largest correlations at each of the n nodes for bit time i. Generate the 2n
possible signals for bit time i + 1 and correlate each with the received signal at bit time
i + 1. Add these correlations to the appropriate stored node correlations. This gives two
running correlations corresponding to two paths at each of the n node and store the larger
correlation and its corresponding path information bits for identical processing at bit
time i + 2. The n stored information bit paths correspond to the paths in the trellis that
have a chance of being the highest correlated path at any time.



For h = 1/2 it can be shown that the unconstrained MLD derived from the trellis
viewpoint is always able to make a bit decision after a 2-bit observation interval -- i.e.,
both retained paths will have the same information bit for time slot i after observing the
received signal for bits i and i + 1. We will not give the derivation of the demodulator
here but the block diagram is shown in Fig. 5.

The property that the unconstrained MLD for h = 1/2 reduces to a finite observation time
demodulator unfortunately does not hold for general h. The unconstrained maximum
likelihood demodulator inherently makes bit decisions when all retained paths vote
unanimously on a bit. The observation time required for this to occur is in general an
unbounded random variable depending on the channel noise.

A bit decision can be forced after any selected finite observation time L, by storing only
the most recent L bits along the retained paths and putting out as a bit decision the oldest
stored bit along the highest correlated path. Given the decoding delay, L, this is the best
possible decision. It is possible in maximum likelihood decoding of convolution codes to
choose a depth L at which all the retained paths are with very high probability
unanimous as to the oldest stored bit. It is felt that the MLD for CPBFSK will also have
this property.

The trellis viewpoint presented here, which accentuates the fact that only a finite number
of paths need ever be retained in an unconstrained observation interval MLD for rational
h CPBFSK is a useful one. It yields the demodulator of Fig. 5 for h = 1/2 that has PSK
performance. It is hoped that it might yield hitherto unknown simple demodulators that
exploit the bit-to-bit transmitted signal dependencies for further  power gains in
CPBFSK with other values of h.

Conclusions    The maximum likelihood demodulation of CPBFSK signals has been
considered. It has been shown that observation of more than one bit of the received
signal results in improved performance over the optimum h = 0.715 single bit
observation demodulator. With a 2-bit observation interval demodulator and h = 0.773 it
has been shown that CPBFSK can outperform antipodal PSK by .124 db. With a 3-bit
observation demodulator and h = 0.715 an advantage of .8 db over antipodal PSK is
obtained. The high signal-to-noise performance is not improved by observing more than
3 bits of the received sequence.

A phase transition trellis viewpoint for CPBFSK was presented in the third section which
demonstrates that the infinite observation interval MLD must retain only a finite number
of signal paths for rational h. This infinite observation interval MLD is optimum for all
signal-to-noise ratios. It is hoped that the phase transition trellis viewpoint might prove
useful in deriving improved dernodulators for CPBFSK.
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FIGURE 1. TIME - PHASE DIAGRAM FOR CPBFSK.



FIGURE 2. EFFECT OF MOD INDEX ON MINIMUM DISTANCE.

FIGURE 3. MINIMUM DISTANCE VERSUS DEVIATION RATIO.



FIGURE 4. PHASETRANSITION TRELLIS FOR h =1/2

FIGURE 5. UNCONSTRAINED MLD FOR h=Y2 CPBFSK.


