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THE EFFECTS OF USING A FINITE NUMBER OF BITS AND
APPROXIMATE DIVISION IN A DATA COMPRESSOR*

T. BJORN, JR.
Harshman Associates, Inc.
Mountain View, California

Introduction/Summary    In the design of a data compressor one of the basic problems
is error due to the use of a finite number of bits in calculating various parameters. This is
error due to truncation (or round off) after a set number of bits to the right of the binary
point. Another error that could be introduced to the system is that error caused by the use
of an approximate divide instead of a full divide. It is the purpose of this study to find
the effect of these two errors so that (1) a judgment may be made as to how many bits to
the right of the binary point are necessary, and (2) find if a double shift approximate
divide may be used instead of the slower full divide.

The study is divided into three basic parts (1) the effect of truncation (or round off), (2)
the effect of the double shift approximate divide, an (3) the combined effect of truncation
(or round off) and the double shift approximate divide. Each one of these error-causing
phenomenon has two variations; i.e., an error caused while compressing data and an
additional error caused while reconstructing. The error during compression distorts the
tolerance limits, and the error in reconstruction causes distortion of the reconstructed line
segment. Each of the errors leads to an overall error in data magnitude over and above
the normal allowable error of one tolerance level. For all of the analysis the maximum
run length of the compressed data is assumed to be 128. A summary of the study is found
in Table 6.

I.0   Truncation Error or Round Off Error    The error due to truncation (or round off
whichever is used) arises from the use of a finite number of bits to the right of the binary
point in any calculation performed by a digital machine. This error is noticed when a
division is performed, and division is used in data compression algorithms of higher
order than zero; i.e., first order, exponential, second order, etc. For the first analysis of
this error a perfect or full divide is assumed. Figure la shows the way tolerance limits for
First Order Interpolator algorithm are formed, assuming NO error due to truncation or
round off. Figure lb shows the exact same data assuming that no bits to the right of the
binary point are used. Note the erroneous tolerance levels in Fig. 1b allow samples to be



considered as redundant when they are actually non-redundant. Comparing the slope of
the upper tolerance T1 in Fig. la and the slope of the comparable line in Fig. 1b it may be
seen that this slope differs by a magnitude approaching one. This is true since no bits to
the right of the binary point are used and truncation instead of round off is employed.
The extension of this finding is that, if truncation is used, the largest possible error in
slope is 2-i where i is the number of bits to the right of the binary point. If rounding to the
nearest bit is employed the largest possible error in slope is 2-(i+l).

I.1  Truncation and Round Off Error Due to Compression    With the above-
mentioned facts in mind, an artificial data is generated to allow this truncation error to
produce the worst possible errors. This largest possible error occurs when data points are
in a straight line and then suddenly change as much as the faulty tolerance will allow. A
representation of a data of this type is seen in Fig. 2 and the terms used in the figure are
listed below.

1. Yorig - The original data value at the point where the data changes direction.
2. Yrec - The reconstructed data point in the Yorig position.
3. K - Tolerance level.
4. mo - Slope of the tolerance limits at the position of Yorig.
5. mo-2

-1 - Slope of the tolerance limits at the position of Yorig with truncation
error considered.

6. i - Number of bits to the right of the binary point.
7. Srec - Slope of the reconstructed line.
8. L - Run length.
9. n - Sample position where the abrupt change in data activity occurs.

Using this data the error due to truncation can easily be derived, as shown below.
Errortruncation = Yorig - Yrec - K K is a value of tolerance - the normal allowable error



** NOTE:  The maximum errors presented from now on in this paper were found with the aid of a
digital computer since precise mathematical maximation is exceedingly difficult

To maximize, differentiate with respect to n and set equal to zero.

I.2  Truncation and Round Off Error Due to Compression and Reconstruction **   
In a first order algorithm, the data is reconstructed by connecting the end points of
compressed line segments and interpolating to fill in the missing points. This
reconstruction could be accomplished by simply finding the slope of the line
(Yn-Y1/(n-1) and then filling in the missing points. However, if there is a non-integral
slope, a truncation or round off error will occur causing the reconstructed samples to
deviate from the true reconstructed line segment as the missing points are filled in. An
example of this is seen in Fig. 3a. For the purpose of a graphic demonstration, no bits to
the right of the binary point are used.

Figure 3b shows an alternate more reliable methodof reconstruction. In this method, the
overall slope of the line segment is used to reconstruct the first point only. Then the
slope of the line connecting that point to the end point is used for the third point and so
on. This reconstruction procedure may be expressed as;



*** Bits to the right of the binary point

where,
YI+1 is the sample being reconstructed,
YI    is the previous sample, and
n     is the total run length

Since the end points of the line segment are known, they need not be reconstructed and
thus 1 I n - 2. While this reconstruction prevents an ever increasing error clue to round
off or truncation, there is still an error possible with each reconstructed data point. The
total error due to reconstruction and compression is seen in Table 1. These errors are in
units of data magnitude and are independent of the full scale value of the data.

Compression and
Reconstruction Er.

4 bits***

Trunc.
4.00

4 bits
Round

3.00

3 bits
Trunc.

8.00

3 bits
Round

6.00

TABLE 1

As may be expected, the error where four bits and rounding off was used produced the
smallest error.

1.3   Truncation and Round Off Error Due to Reconstruction     If the data were
compressed perfectly and then reconstructed using Formula I:2-1, a truncation or round
off error could occur at each reconstructed data point. These errors are dependent upon
the slope of the data but not the full-scale value. Table 2 shows the maximum errors for
the various truncation methods; there are, of course, slopes for which the errors are less.
Again the smallest error is for four extra bits and rounding off.

The error due to compression is then found. This is accomplished by assuming perfect
reconstruction and finding the error between the original artificial points and the points
along the reconstruction line. It was found that the largest error for any run length up to



128 samples was 1.37% of full scale. This means that for 10 bit data (1023 = full scale),
up to 3-2/3 bits could be in error. Thus, if a perfect reconstruction could be used, the
error due to the approximate divide would not be exceedingly large.

II.2   Approximate Divide Error Due to Compression and Reconstruction    An
artificial data is generated in the same manner as in Section II.I. However, instead of a
perfect reconstruction the approximate division in conjunction with Formula (I:2-1) is
used. In a ten bit word this would represent an error in excess of 5 bits. An error of this
size would seem tolerable only in special cases and would not be generally acceptable.

II.3   Approximate Divide Error Due to Reconstruction    Here the compression is
assumed perfect and the data is reconstructed using Formula (I:2-1). Surprisingly as it
may seem, the largest error occurred for a run length of only three, and the magnitude of
the error was 2.08% of full scale. Again viewing this error in a ten bit data word, more
than 4 bits are involved.

III.   Error Due to Truncation or Round Off and Approximate Division    Now the
effect of both error causing problems are discussed together. The effects of approximate
division and truncation or round off are dependent upon one another and the errors are
not simply additive. To express this combination of errors in a meaningful way, all the
values given in this section will be based upon a full-scale reading equal to the largest
data value in the line segment being studied as was done in Section II.

III.1   Approximate Division and Truncation or Round Off Error Due to
Compression    For this section, the exact same analysis is performed as for Section II.1
except that in addition to approximation division, truncation or round off is used. Table 3
shows the original artificial data, the reconstructed data, and the error in % F.S. when
four extra bits truncation is employed in addition to the approximate division. Note how
the artificial data points do not form a straight line as they should. The bending is caused
by the combination of approximate division and truncation. When the data is
reconstructed using a straight line, the bend in the original data allovis this error, in this
case up to 3.28%.

The errors are present even though the data was compressed using zero tolerance. Thus
these errors, as all the errors presented in this study, are over and above the normal
allowable error of one tolerance. Table 4 shows the error due to compression for the
different types of truncation and round off used. The use of three or four extra bits with
round off produces almost the same maximum error. On the model ten bit data almost 4
bits could be involved in an error. This could be unacceptable for many data
compression systems.



Sample
No.

Original Artificial
Data Points

 Reconstructed
Points

Error %F.S.
(2.1325 = F.S.)

1
2
3
4
5
6

0
.50

1.00
1.4375
1.875
2.3125

0
.462
.924

1.386
1.848
2.3125

0
1.64%
3.28%
2.22%
1.18%
0

TABLE 3

Compression Error

4 bit  Trunc. 3.28%

4 bits Round 1.37%

3 bits Trunc. 7.13%

3 bits Round 1/46%

TABLE 4

III.2   Approximate Divide and Truncation or Round Off Error Due to
Compression and Reconstruction    The method followed here is to compress and
reconstruct an artificial data as a Section II.2 with the addition of truncation or round off
to the procedure. Table 5 shows that these overall system errors are quite high, involving
from five to six bits of a ten bit word. The technique of rounding off again produces the
smallest errors; however, an error of five bits out of ten seems quite high.

Reconstruction Error

4 bits Trunc. 2.0

4 bits Round 1.0156

3 bits Trunc. 4

3 bits Round 2.0313

TABLE 2



II   Error Due to Approximate Division    The division procedure used for this study is
described in detail below.

where

This approximate divide is considered in an attempt to reduce the time it takes to perform
the division process. The analysis presented below using computer simulation, shows
just what this error is and how it varies with run length. To express these errors in a
meaningful way, all the values given in this section will be based upon a full-scale
reading equal to the largest data value in the line segment being studied.

II.1   Approximate Divide Error Due to Compression    The approximate divide error
is found by creating an artificial data as the data are compressed. The artificial data are
created by fixing two data points and setting up tolerance limits for the third data point,
using the approximate divide. The tolerance is made to approach zero so that the
tolerance limits for the third sample actually must be the third sample if the data point is
to be within the tolerance limits; thus an artificial data point is created. The tolerance
limits are then extended creating samples four, five, and so on until the desired run
length is obtained.

Compression and
Reconstruction Error

4 bits truncation
4 bits round
3 bits truncation
3 bits round

5.35%
3.22%
6.25%
3.28%

TABLE 5



III.3   Approximate Divide & Truncation (or Round Off) Error Due to
Reconstruction    The approximate divide completely dominates in this experiment and
the largest error produced is the same for all the truncation techniques. The error is
2.08% which is the same as the reconstruction error due to approximate division alone;
this corresponds to an error of over 4 bits in a ten bit data word.

IV.   Conclusion     The table below shows a brief summary of this entire study.

Double Shift
Approximate Divide
Error - % Full Scale

Full Divide
Error - % Full Scale - F.S.

= 10 bits
(Error - Data Units)

Truncation
Tech. Used

Comp Comp
Recon

Recon Comp Comp
Recon

Comp

4 bits
trunc

3.28% 5.35% 2.08% .195%
(2.0)

.390%
(4.0)

.195%
(2.00)

4 bits
round

1.37% 3.22% 2.08% .0975%
(1.0)

.245%
(3.0)

.099%
(1.0156)

3 bits
trunc

7.13% 6.24% 2.08% .390%
(4.0)

.780%
(8.0)

.390%
(4.00)

3 bits
round

1.46% 3.28% 2.08% .195%
(2.0)

.49%
(6.0)

.188%
(2.03130)

None 1.37% 3.80% 2.08% 0 0 0

TABLE 6
Summary of Study

This table clearly shows that in order to obtain the best maximum error criteria,
rounding to four bits should be used and a full divide should also be used. However, in
particular cases, the approximate divide could be considered, particularly if it was used
only during compression and a full divide was used for reconstruction.



Figure 1 - Example of Truncation Error while Generating Tolerance Limits

Figure 2 - Artificial Data Showing Effect of Truncation Error in Data Compression



Figure 3 - Effect of Truncation in Reconstruction




