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PCM PROCESSING IN BANDPASS SIGNALS

F. H. SHAVER
Aerospace Corporation
El Segundo, California

1.0   Summary    Several types of errors are generated when a bandpass analog signal is
sampled such that it can be encoded into a sequence of digital words. Two of these types
of errors are particularly dependent on the frequency band occupied by the input signal.
These are: (1) the aliasing errors due to generation of unwanted spectral components
and, (2) pulse width errors due to the use of finite width, flat topped pulses when
regenerating-the analog signal.

Expressions are presented for the spectral densities and total power of these error
sources. The particular dependence of each on the location in frequency of the input
signal is investigated and discussed. Quantization noise and distortion due to the
smoothing filter which is used to reconstruct the signal are not considered in this paper.

It is determined that the aliasing noise power as a function of the ratio of the signal
center frequency to the sampling frequency has a series of relative minimums and
maximums. A relationship defining the ratios at which the minimums occur is presented.

An approximate formulation for the sample pulse width error is presented which allows a
simple estimate of its magnitude to be made without knowledge of the smoothing filter
transform or the sampling frequency. Quantitative results are presented as a function of
the percentage bandwidth of the signal and the ratio of the sample pulse duration to the
period of the center frequency of the signal.

The results of the analyses are interpreted as design constraints.

2.0   Introduction    In a PCM telemetry system, the analog input information signals
must be sampled and each sample represented as a single discrete value so that the signal
can be quantized and encoded into a sequence of digital numbers. This process
introduces errors which will be present when the sequence of numbers is converted back
into a sequence of pulses of varying amplitude which are filtered in an attempt
to reproduce the original signal.



These errors have been treated in the literature,1,2 at least for the case where the input is a
lowpass signal. Aliasing and sample pulse width errors have characteristics which are
dependent on the absolute range of frequency occupied by the input signal. These
characteristics are, therefore, different for bandpass signals than for lowpass signals. It is
the objective of this paper to describe the dependence of these errors on the frequency
band occupied by a bandpass signal. Formulas for calculating the magnitude of the errors
are presented. Results of the investigation are interpreted as design considerations.

The approach is to define the signal and error components that comprise the total output,
determine their spectral densities, and integrate with respect to frequency. The effects of
the errors are thus determined as a variance or noise power at the system output. This
does not reveal the specific types of si gnal distortion that are caused but provides a
common measure of degradation which can be readily compared with other sources of
degradation.

The system model which provides the basis for the mathematical treatment is described
in the next section. The analysis of the aliasing noise is performed by considering both
idealized and realistic signal spectrums and filter characteristics.

The effect of using single valued finite width sampling pulses is described. The sampling
pulse width considered in this report is that used during the reproduction of the analog
signal. This need not be the same as the pulse width used during the encoding sampling
process. The effects of the pulse width used during encoding are also dependent on the
frequency band of a bandpass signal, but are not considered in this paper. Throughout
this paper the “sampling signal” is the sequence of sampling pulses used during the
process of reconstructing the signal rather than the sequence used during the initial
sampling of the signal.

3.0   System Model and General Analysis    General formulations of the variance of the
error are presented for three cases which correspond to three different degrees of
idealization of the sampling process. These cases are:

Case 1, Delta Function Sampling - The sampling signal s* (t) is a sequence of delta
functions which have zero width and unity area.

Case 2, Exact Product Sampling - The sampling signal is a sequence of pulses of
unity amplitude and finite duration, d. The sampled signal is the product of the
information signal, x(t), and the sampling signal sd(t). During each pulse the
amplitude of the sampled signal is equal to x(t) and thus varies with time.



Case 3, Flat Topped Sampling - The sampling signal is the same as in Case 2, but
the sampled signal amplitude is held constant, during each pulse, at a value which
is equal to x(t) at the center of the pulse.

The system model used in the following analyses is depicted in Figure 1. Figure 1 also
presents Equations 1 through 4. The sampling process is mathematically represented as
the multiplication of the information signal, x(t), by a sequence of sampling pulses, s(t).
The sampling pulse sequence is periodic with period Ts. In Cases 1 and 2 the sampled
signal, y(t), is the product x(t) s(t). In Case 3 the box labeled “level clamp” performs the
function of holding the amplitude of each pulse at the value of x(t) at the center of the
pulse, x(nTs).

The error power at the output can be readily found, if the smoothing filter transfer
function, H(jT), is known, once the spectral density of the error component, e(t), in the
total sampled signal, y(t),is determined. The error e(t) is defined as the difference
between y(t) and the desired component, kx(t), which is proportional to x(t). Appropriate
values of k can be determined from the Fourier transform of y(t) which can be expressed
as the sum of a factor k’ times the transform of x(t) plus a series of terms which are
frequency translated versions of the transform of x(t)3. For Cases 1 and 2, k’ is a constant
and k is equal to k’. For Case 3,k’ is a function of T and k is taken to be the value of k’
at the center frequency, Tc , of the spectrum of x(t), Gx(T).

The spectral density, Ge(T), of e(t) can thus be derived for each case in terms of Gx(T)
and k. In the derivation it is necessary, in order to eliminate sets of cross product terms,
to assume that the phase or starting time of the sampling signal is random relative to that
of the signal x(t). The resulting error spectral densities for the three cases are presented
below. The prime on the summation symbols means that the n = 0 term is not included.
For the sake of brevity the term spectrum is used to mean spectral density and is not used
for any other meaning.

Case 1, Delta Function Sampling

(5)



Case 2, Exact Product Sampling

(6)

Case 3 Flat To ed Sampling

(7)

In Cases 1 and 2 the error consists only of terms which are proportional to frequency
translated spectrum of the input signal. This type of error is called aliasing error or
aliasing noise. For convenience each term in the summation is called an aliasing
spectrum and the sum is called the total aliasing spectrum. Case 3 contains a similar
component, the second term in Equation (7), and in addition a term which is a function
of a non-translated spectrum of the input signal. The total error spectrum in this case is
divided by definition into an aliasing error spectrum, Gv3 (T), which is the second term in
Equation (7), and a flat topped sampling pulse error, Gw3 (T), which is the first term in
the equation.

(8)

(9)

This division of the error does not accurately correspond to the names of the two error
parts because the aliasing part is affected by the fact that the reconstruction sample
pulses are flat topped. A more precise definition would be to let Gw3 be Ge3 - Ge2 or Ge3 -
Ge1 . This would be cumbersome and is not necessary for the purpose here.
 



Equations (5), (6), (8), and (9) provide the spectrums of the error components in the
sampled signal at the smoothing filter input. Letting the filter transfer function be H(j T)
one obtains expressions for the aliasing and pulse width output noise powers as:

(10)

Where Gv (T) is given by Equation (5), (6), or (8).

(11)

The power of the desired signal, So , at the output is given by:

(12)

where the appropriate k is given by Equation (5), (6) or (7).

The above results allow calculation of output noise powers and signal-to-noise ratios if
the signal spectrum and smoothing filter transfer functions are known. An rms error, F,
which is normalized to a unity desired signal output power can be defined as:

(13)

(14)
The above considerations apply to low pass or bandpass signals. In the next section,
some peculiar characteristics of the aliasing noise are discussed. Further consideration of
the pulse width noise is postponed to a later section.

4.0   Aliasing Noise    The total aliasing signal spectrum is composed of a sequence of
spectrums like the information signal spectrum except that each one is translated an
amount nTS. When the input is a bandpass signal, its spectrum is composed of two
distinct parts, one being located about some positive center frequency Tc and the other
about  -Tc . For each value of n other than zero in Equations (5), (6), or (8), there are thus
two aliasing spectrums. For sufficiently large values of n nTs , the images of the negative
frequency part of the Gx appear in the positive frequency domain. The same effect occurs
in the negative frequency spectrums due to the symmetry. This is the basic cause of the
peculiarities of aliasing noise for bandpass signals.



4.1   Idealized Case    It is instructive to first consider an idealized case before treating
the aliasing noise itself. The idealization is that normally employed in proofs of the
sampling theory, i.e., the signal x(t) is strictly limited to a finite bandwidth, W, which is
centered at  Tc and an ideal filter is available for recovery of the signal. The filter has a
constant amplitude and time delay characteristic over the signal bandpass and infinite
attenuation at all other frequencies.

The desired spectrum and hence the signal x(t) can be exactly recovered with an ideal
filter as long as none of the aliasing spectrums overlap the spectrum of x(t). It is
convenient to describe the locations of the aliasing spectrums as the sum of two series
a(n) and b(n) :

(15)

(16)
(17)

The series a(n) and b(n) locate the centers of the aliasing spectrums. Consider the
positive half of the spectrum of Gx ( T). The members of a(n) which are nearest to  Tc are
obtained for n = ± 1 and are located ± Ts from  Tc. The members of b(n) in the region of  
Tc are a sequence spaced  Ts apart. The absolute location of the b(n) depends on the
relative magnitudes of  Tc and  Ts. The maximum distance between  Tc and the nearest
member of b(n) is  Ts/2; therefore, the b(n) are closer to  Tc and cause the limiting
constraints rather than the a(n).

If b(n) is not to overlap Gx ( T), the nearest b(n) must be at least W rad/ sec from  Tc

because  Tc and the b(n) are the centers of the respective spectrums which are each of
width W. This constraint can be expressed as

(18)

(19)

Where b(i) is the nearest component of b(n) above  Tc. The sampling frequency must,
therefore, satisfy the constraint:



(20)

Any sampling frequency which satisfies Equation (20) will result in no overlap of the
aliasing spectrums on Gx (T). The situation in the negative frequency region is of course
symmetrical to that in the positive region and Equation (20) can be obtained by
considering the locations of the a(n) with respect to - Tc.

The location of Gx ( T) and the aliasing spectrums is illustrated in Figure 2-a. The
variations in the amplitudes of the spectrums as a function of n has been exaggerated in
order to help idetify the specific spectrums. Also, the spectrum amplitude is slanted to
help separate the spectrums which are images of the positive and negative parts of Gx(T).

The absolute minimum value of  Ts for a given  Tc and W is obtained when the left side
of Equation (20) is a minimum and yet smaller than the right side. The value of i which
results in a minimum  Ts is thus the maximum value for which:

(21)

Therefore,  Ts is a minimum when i is imax as given by:

(22)

and the minimum value of  Ts is given by:

(23)

This is the standard result for the bandpass sampling theorem.

An interesting aspect of Equation (20) is that  Ts is not only restricted to be greater than
a minimum value but is restricted to lie in one of a series of zones. For each value of i an
upper and lower limit is established for  Ts thus defining a zone for each i for which the
upper limit is greater than the lower limit. Any value of  Ts in any such a zone will allow
the exact reproduction of x(t) and any  Ts which is not in one of the zones will result in
one of aliasing spectrums overlapping the desired spectrum.

These acceptable  Ts zones are shown in Figure 2-b for the same  Tc and W used in
Figure 2 -a.



Sampling at a frequency which is less than the frequency components of the sampled
signal is not intuitively acceptable to some. One intuitive argument against such a
procedure is that if n  Ts is equal to the frequency of some component of x(t), (say A cos 
Tx), where n is any integer, then all samples of that component are of the same value
which can be any value between ± A. Such a sequence of samples could not completely
represent this component. It can be shown that Equation (20) constrains  Ts such that no
such integer exists for any  Tx , within  Tc ± W/2. Specifically, the ratios of  Tx/ Ts are
limited as:

(24)

4.2   Realistic Case    In a practical system Gx ( T) is not strictly limited to a bandwidth
W which s some practical measure of the bandwidth. Likewise ideal filters are not
available for recovery of the desired spectrum. In the real case exact reproduction of the
signal is not possible because some aliasing error will be present in the smoothing filter
output. The designer of a sampling system must select a sampling frequency and a
smoothing filter such that the aliasing noise is below some maximum acceptable level.

The considerations discussed in the ideal case provide useful interpretations for the
realistic case. First consider an example in which Gx ( T) and *H(j T)*2 are symmetrical
about  Tc. Let Gx ( T) have a 3db bandwidth of 2 radians/sec. at a center frequency of 21
radians/sec. Also, for convenience, assume that an ideal delta function sampling is used
so that all aliasing spectrums are of equal amplitude and have the same shape as the input
signal spectrum. For a fixed value of  Tc, the total amount of aliasing error will vary with 
Ts roughly as indicated in Figure 3. This is a plot of calculated data for a simple example
in which the signal and filter spectrums are given by:

(25)

(26)

At some value of  Ts between each of the acceptable zones of Figure 2-b, one of the
aliasing spectrums will fall directly on Gx ( T) and hence the aliasing noise power, Nu,
will be between 1 and 2 times the desired signal power So which has been normalized to
unity. At some  Tc within the acceptable zones the total aliasing power will be at a
relative minimum. The magnitudes of Nu at the relative minimums decreases as  Ts 
increases because the distance from Gx (W) to the nearest aliasing spectrum increases.

Figure 3 illustrates that the designer is faced with a more complicated constraint when
selecting a sampling frequency for a bandpass signal than for a lowpass signal.



4.3   Minimum Noise Power Locations    The locations, in frequency, of the relative
minimum noise power points are primarily dependent on the relative values of  Tc and 
Ts. Values of  Tc and  Ts can be selected which will cause a system to operate at a
desired relative minimum. A simple formula which exactly locates the minimum points
for all cases does not appear to exist, but the result for a particular class of cases provides
a good approximation for most cases. A criteria for determining the exact location of the
minimum points is given for all cases, and examples are presented to illustrate the
effectiveness of the approximation.

The location of the minimums depends on whether  Tc is fixed and  Ts is the variable, or 
Ts is fixed and  Tc is the variable, and upon the shape of the aliasing and smoothing filter
spectrums. The latter considerations are divided into two cases, one in which both the
aliasing and smoothing filter spectrums are symmetrical about their respective center
frequencies and one in which either one or both are not symmetrical.

The minimum points with respect to  Tc or  Ts can be found by determining Nu and
setting its derivative with respect to  Tc or  Ts equal to zero. The total noise Nu is
composed of the noise powers N" and N$ from the nearest aliasing spectrums above and
below  Tc. Aliasing noise from spectrums farther removed from  Tc are insignificant
compared to that from the nearest two. Figure 4 illustrates the situation and defines the
parameters of interest.

First consider the case where  Ts is fixed and Nu is to be minimized with respect to  Tc.
For simplicity the considerations are restricted to the usual case in which the noise power
monotonically decreases as the distance between the center of the spectrum and the
smoothing filter increases. Since " decreases and $ increases as  Tc increases, the
derivative of N" with respect to Tc is positive and the derivative of N$ with respect to Tc

is negative. A criteria for determining the optimum value, Tco (i), is that Tc is Tco (i)
when:

(27)

(28)

The value obtained for Tco is in an acceptable zone if Equation (28) is satisfied and is,
therefore, a minimum noise point rather than a maximum noise point. If the aliasing and
smoothing filter spectrums are all symmetrical and of equal amplitude, N" is the same
function of " that N$ is of $, therefore, the derivatives are equal at " = $ . Therefore, the
relative minimums occur for values of Tc which are half way between the nearest 



aliasing spectrums. A simple expression for Tco (i) for equal symmetrical spectrums is,
from Equation (28), thus:

(27)

If the spectrums are not equal or symmetrical the minimum point does not, in general,
occur at " = $ . To determine its exact location, the specific spectrums must be used and
the criteria of Equations (27) and (28) applied. This is a complex task for all but fairly
simple spectrums.

An example of the dependence of Nu, N", and N$ and their derivatives with respect to " is
presented in Figure 5. This is a plot of calculated data where the input signal and
smoothing filter spectrums are the square magnitude of geometrically symmetrical one
section bandpass filters. The frequencies have been normalized such that the sampling
frequency is one radian/ sec. Each of the spectrums has a 3 db bandwidth of 1/7 radians/
sec. The amplitudes of the three spectrums are equal.

This figure reveals that the minimum point is close to half way between the two aliasing
spectrums. It also shows that the total noise power, Nu, has a broad flat minimum region.
The maximum signal-to-noise power ratio for this example is only 11.1 db, which is
farily poor quality data. The signal-to-noise ratio at the half way point is 11.09 which is
only .01 db less than that at the exact minimum point. For cases in which the maximum
signal-to-noise ratio is greater, the minimum region becomes even broader and flatter. It
is, therefore, concluded that the halfway point, defined by Equation (29), can be used for
most bandpass filter type asymmetrical spectrums without a significant decrease in
quality over that obrained if the true minimum point is used.

If Tc is fixed, there is an optimum value of Ts, termed Tso(i), for each value of i of 2 or
greater which minimizes the total aliasing noise. If i is one, Ts is greater than 2 Tc, and
Nu decreases monotonically to zero as Ws increases without limit as in a lowpass signal
case.

A criteria for determining the Tso (i) can be found in the same manner used for Tco (i).
The result is that Ts is Tso(i) when:

(30)



and from Equation 20 :

(31)

If the derivatives are taken with respect to " and $, the optimum point criteria. Equation
(31) becomes:

(32)

Equation (32) indicates that Tso (i) is a larger value than that which locates the aliasing
spectrums symmetrically about Tc. Since it is usually desired that Ts be as small as
possible, i is selected to be the largest value for which Nu is less than some allowable
maximum value. For large i Equation (32) is approximately the same as the criteria for
selecting Tco(i) and the same comments apply. Even for i = 2, the smallest value of i of
interest, and for symmetrical spectrums, the Tso(i) yield approximately the same
performance as a value which locates the aliasing spectrums symmetrically about Tc.

This is illustrated by considering the example used for Figure 3. In Figure 6 the noise
powers and derivatives are plotted with an expanded scale in the region of the minimum
for i=2. The value of Ts which locates the aliasing spectroms symmetrically about Tc, is
termed Tss  and has a value of 28 as determined from:

(33)

This figure illustrates that although the factor              is 1/2, Tss from Tso by only 3. 8%.
More significantly, the noise powers and signal-to-noise ratios differ only by 3. 9% and
0.17 db of 17.3 db respectively.

It is concluded that for fixed Tc, the sampling frequencies for operation at a relative
minimum can be selected by use of the simple Equation (33) rather than employing the
criteria of Equations (30) and (31) without a significant decrease in performance. The
Tss(i) for other values of (i) are indicated on Figure 3.

Use of Tss(i) provides a good approximate optimum for geometrically symmetrical filter
type spectrum in the same manner that Equation (29) provides good approximations for
selection of Tco(i). For extremely asymmetrical or very unusually shaped spectrums one
must employ the complex procedures of minimizing the specific aliasing noise power
functions.



5.0   Flat Topped Sampling Errors    The flat topped sampling error, Fw, as defined in
Section 2, can be calculated using Equations (9), (11), (12), and (14) for a given Gx (T).
The value of this error depends upon the relative values of the reconstruction pulse
duration, the signal center frequency, and the signal spectrum Gx(T). A general
quantitative estimate of this error is desired which is not dependent on the specific values
of Tc, Ts ,d, and the specific shape of Gx (T). This is accomplished by representing Gx(T)
by ideal square spectrum, GIx (T), of constant amplitude and width W. By selecting W to
be sufficiently large to include most of the energy (or power) of Gx(T), one can be
assured that the resulting estimates are not optimistic. Because Gx(T) decreases toward
its band edges and the error spectrum is the product of Gx (T) and a factor (the term in
brackets [] in Equation (9))which increases as the frequency displacement from Tc

increases, the use of a square spectrum tends to give a conservative estimate of the error.
It is assumed here that

The magnitude of Nw relative to So is dependent on the relative values of d, Tc, and W.
The results can be made generally applicable by defining two normalized parameters:

(34)

(35)

where Tc is the period of the center frequency of G x(T).

The output signal power can be found from the definition of GIx(T) and the output error
power can be found from Equations (7), (9), and (11). The signal-to-flat topped pulse
noise ratio can then be expressed as a function of the normalized variables 8 and (.

)036_

The signal-to-noise ratio and the related rms error were calculated for several values of
fractional bandwidth ( and are plotted as a function of 8 in Figure 7. 



The Maximum value of 8 was limited such that the zero of                     which occurs at a
value of T = 2B/d is above the maximum frequency of GIx(T) which is                  . This
constraint can be expressed as:

(37)

This is done because having an effective infinite attenuation within the pass band seems
highly undesirable even if the calculated rrns error does not seem excessive.

6.0   Conclusions    Mathematical expressions for the spectral densities and total power
of aliasing and pulse width errors have been presented. The peculiar dependence of the
aliasing noise on the frequency location of bandpass signals has been discussed, and a
relationship between the signal frequency and the sampling rate was presented which
minimized the aliasing noise power. Am approximate formula for the pulse width error
which is dependent on the signal frequency and the fractional bandwidth but not the
spectral shape was derived and discussed.

The most useful results are probably the constraints and guidelines on system design that
can be inferred from the analyses. Briefly, these are:

1.  If the sampling frequency is less than twice the maximum signal frequency, it and/or
the signal center frequency, Tc, must be selected such that the aliasing noise power is at
one of a series of relative minimums. If the signal and aliasing spectrums are nearly
symmetrical and the sampling pulse duration is small compared to the period of the
upper frequency component of the signal, the optimum relationships between the two is
at or near that defined by:

(38)

where i is any integer greater than 0.

If the designer is at liberty to select Tc the problem is simpler. A value of Ts is
determined in terms of the signal bandwidth alone and a value of Tc which satisfies
Equation (38) is selected.

2.  Once Ts is determined, based on the bandwidth, the designer has a choice of
combinations of values of i and Tc which satisfy the relationship in Equation (38). The
aliasing noise power varies with the i and Tc combinations only in that a filter of a fixed
bandwidth (say the 3 db bandwidth) varies somewhat with the filter center frequency.
The choice of any of a number of values of Tc allows the designer to trade off aliasing 



noise and difficulty of filter implementation. This trade off is not analyzed in this report,
however.

3.  If the signal and aliasing spectrums are quite unsymmetrical or the sampling pulse
duration is greater than about 10 to 20% of the period of the highest frequency
component in the signal, Equation (38) does not give an accurate estimate of the
optimum relationship between Tc and Ts. In this case, the general criteria of Equation
(29) of (31) should be used.

4.  The flat topped sampling pulse noise is primarily dependent on the ratio of the pulse
width to the period of the signal center frequency and the fractional bandwidth. This
relationship is quantitatively presented in Figure 7. This data can be used to determine
the maximum sampling pulse duration that can be used to provide the desired output
signal quality without the use of an equalization filter to compensate for the flat topped
sampling pulse noise. The sample pulse width considered here is that used when
reproducing the analog signal which need not be the same as that used in the original
sampling process.
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Fig. 1.  System Model.

Fig. 2.  Ideal Case.



Fig. 3.  Aliasing Error Variance as a Function of Sampling Frequency.

Fig. 4.  Sketch of Relative Spectrum Locations.



Fig. 5.  Aliasing Errors and Derivatives for Filter Type Spectrums.

Fig. 6.  Aliasing Errors and Derivatives Near the i = 2 Minimum.



Fig. 7.  Signal-to-Flat Topped Sampling Noise Ratio




