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PERFORMANCE OF BLOCK-CODING SYSTEMS WHEN
TRANSMITTING THROUGH A N-ARY DISCRETE CHANNEL IN

THE PRESENCE OF WHITE GAUSSIAN NOISE

R. W. OKKES
European Space Technology Centre (ESTeC)

NOORDWIJK, Netherlands

SUMMARY

The basic problem of transmitting digital (PCM) data with the least signal to noise ratio
per bit of information is considered if the data is encoded into code words consisting of a
finite number of symbols where each symbol belongs to an alphabet of N elements. For
quantitative results the error probability of the decoded data has been taken as equal to or
below one out of 105 bits of information in the case where the transmitted symbols are
corrupted by additive white Gaussian noise and are detected “symbol per symbol” by
correlation methods. Mainly coherent detection is considered.

After the derivation by a geometrical method of the upper bounds (based upon random
coding) of the minimum signal to noise ratio per bit, the performance of several
constructive code methods are compared with these bounds. The amount of hardware
and the number of operations required respectively for encoding and for decoding the
most promising class of codes (binary and N-ary Bose-Chaudhuri codes) are indicated.
Considerations are given to synchronous demodulation requirements using a “Costas”
phase lock loop type of demodulator.

I - INTRODUCTION

In this article the following two aspects are dealt with when considering the telemetry of
digital data from satellites or space probes to earth :

1 What is the minimum amount of energy required per bit of information in order
not to exceed a specified bit error rate when digital coding techniques are used and
the transmission channel is disturbed by white Gaussian noise ?

2 What are the consequences, when using these coding techniques, in terms of
complexity of encoding, detection and decoding equipment and required
bandwidth of the transmission channel ?



The analysis of this problem is here considered for the communication model shown in
figure 1. The encoder accepts an input sequence (m) of k equally likely, statistically
independent binary digits (0 or 1) and transmits a sequence (s) of n N-ary symbols. The
mapping m 6 s is one to one. The sequence (s) is corrupted by noise and is detected as a
sequence (r), consisting of n symbols. The detection process is “symbol per symbol” and
either the input symbol a. is transformed by the channel noise into a different symbol,
with a corresponding conditional probability Pj(i) (j = 1,2, .... i-1, i + 1, ... N), or remains
unchanged with probability 

The symbols are detected by correlating them with locally generated replicas at the
receiver and making a maximum likelihood decision on the different outputs of the
correlators. If the correlation is performed on the complete code word (n = 1), the
detector output is the estimate already of the input sequence (m) and the decoder is not
needed. The symbol alphabet consists of N different waveforms.

The upper bounds of the minimum signal to noise ratio required are derived in Section II.
Sections III and IV consider the performance of several code structures in comparison to
the upper bounds and the different aspects of code implementation.

II - UPPER BOUND OF SIGNAL TO NOISE RATIO PER BIT

In the general case the transmission can be considered as through a discrete N-ary
channel, namely the codeword consists of n symbols where each symbol can have one
out of N discrete values.

We assume that maximum likelihood decoding is performed at the receiver ; that is, any
particular output sequence r will be decoded into the input sequence mi for which

P[r(mi)] > P[r(mj)] for all possible input sequences
mj (j … i), where P[r(mi)]

denotes the conditional probability of receiving r if si (the mapping of mi)is transmitted.

The following basic theorem can be proofed (ref. (1) and (2)) for the transmission model
of figure 1.

For any block length n, any number of code words  M = 2nR , and any probability
distribution on the use of the code words, there exists a code for which the probability of
decoding error is
bounded by:



(1)

with :

(2)

where :

D is an arbitrary number 0 # D # 1,
p̄ = (p1, p2, .... pN) is an arbitrary probability vector whose components denote the
probability with which the input symbols a1, a2, .... aN are chosen
pj(i) is the probability of detecting the symbol bj if the symbol ai is transmitted
R is the code rate in bits per channel symbol.

Because the input binary symbols to the encoder are equally likely and statistically
independent, the distribution of input symbols (containing log2N bits of information) is
uniform, so pi = 1/N for all symbols. It has been shown by viterby [3] that when coherent
detection is possible, the probability of symbol error is minimized by choosing a set of
transorthogonal signals, representing the input symbols. This is, that for any two signals
Si(t) and Sj(t), of duration T :

and :

where A is the signal energy.



(3)

The tightest bound on Pe is found by maximizing the factor E(R,p) = - DR + E0(D,p) with
respect to D which gives :

After some manipulation, we obtain :
(4)

where :

and :

therefore, with (3) and (4) :

(6)

(7)



This value of R is found also for the capacity of this type of transmission channel,
defined as :

(8)

Because equation (4) is valid for 0 # D # 1, it follows that it is valid for the range of
rates:

For rates below this lower bound, the maximum of Eo(D, p) occurs for D = 1, and it
follows from (3) :

(9)

Equation (6) can also be written as :

(10)

According to equation (10) the exponential coefficient E(R) is the difference between the
transmission rate R and the linear function given by the straight line tangent to the
function C at point p = p D , as shown in figure 2 where N = 32. From (10) it follows that
if the transmission rate R is less than C the probability Pe of false decoding can be made
arbitrarily small by increasing the word length n                                     

The validity of (10) can be checked by evaluating (5) for D = 1, the result of which
should be larger than p D. If this is not the case, then (9) applies.

The upper bound for the error probability per bit of information after decoding is given
by :

(11)



The energy required per bit of information Ao is determined by :

(12)
where A, the required energy per symbol, is in turn defined by the noise spectral density
No(W/Hz, one sided) and the symbol error probability p before decoding.

The symbol error probability p as a function of the signal to noise ratio per symbol,
A/No, is evaluated and tabulated by Viterbi [3] when considering the case of coherent
detection of orthogonal and transorthogonal signals and by Lindsey [4] for non-coheren
detection (orthogonal signals).

For the binary symmetric channel (N=2) the minimum bit error probabilities are given
by:

III - SEVERAL CONSTRUCTIVE CODE METHODS



In this section we shall give some constructive codes and compare their performance
with the upper bounds obtained in the preceding section. We shall confine ourselves here
to “parity check” codes, because these codes make relatively simple decoding procedures
possible. The parity check codes can be described by a parity check matrix (H)
consisting of (n-k) rows and n columns of N-ary symbols Pi,j and the condition that every
combination of n symbols considered as a vector V = (a1, a2, .... an) is a code word if and
only if :

where HT is the transform of matrix H, or :

Such a code word contains k symbols of information and (,n-k) “parity check” symbols
and shall be referred to as a (n,k) code. An important characteristic of these codes is the
minimum distance (D), that is, the minimum number of positions in which two different
code words may differ. in addition, the property that the distribution of distances
(number of code words at a certain distance) with respect to a certain code word is
identical for all code words, is extremely helpful in analysing error correction
capabilities of these codes.

The following decoding procedures can be envisaged, using error correcting codes
capable of correcting up to t bits in error ?

1 On receiving a code word the decoder decides if the number of detected errors (r)
is greater or lower than a certain value s (s may be less than t, the correcting
capability of the code).

2 If r # s the errors are corrected.



3 if r > s, the code word can either:
- a, be rejected (marked as erroneous) or,
- b, be accepted with the errors uncorrected.

Procedure 3a obviously leads to a lower probability of false word detection.

As shown in appendix , the probability of false word detection when following
procedure 3a is given by (if p<<1):

(13)

where :

Formula (13) depends on the random coding assumption in deriving the code word
distribution.

If all code words are accepted, in which case the maximum correcting capability of the
code should be used, the probability of false word detection is given by :

(14)

Bit error probabilities after decoding are respectively derived from (see appendix) :

                 (15)

and          (15a)

where



The “rejection rate” finally (following decoding procedure 3a) is given by :

In figure 3 the performance of the following codes is indicated, for the condition where
one out of 105 bits are in error after decoding when all code words are accepted
(procedure 3b) :

1 “Golay” or (23,12) code, capable of correcting up to 3 errors (t=3)
2 (73,45) code, studied by Prange (t=5)
3 The class of orthogonal codes, for which : n = 2k and D = 2k-l 
4 The class of Bose-Chaudhuri codes, the characteristics of which can be

summarized as follows (ref. [5]).

For any m and t, there is a Bose-Chaudhuri binary code of length 2m-1 which corrects all
combinations of t or fewer errors and has no more than mt parity-check symbols. It
follows that the number of information bits is given by :

(16)

Actual code characteristics have been taken (ref. [5]) instead of the boundary condition
given by (16).

TABLE 1



It can be seen from table 1 that for code lengths larger than n = 1023, practically no
reduction of Ao/No can be achieved.

As the information transmitted from satellites and space probes is often very redundant,
the rejection of a small part of the data (marked as erroneous) would have very little
effect on the ability to reconstruct the information. If this decoding procedure is adopted
lower values of Ao/No could be obtained with a substantial reduction of decoding
complexity (see next paragraph) as compared to the procedure where all code words are
accepted. The performance of some typical Bose-Chaudhuri codes are indicated in figure
4 for rejection rates of 1% and 10%, code word lengths of 63 and 255 and a bit error rate
of Pb # 10-5

The results indicated in figure 3 concerning the orthogonal codes show that this class of
codes is not of interest in the case of encoding for the binary symmetric channel.

 IMPLEMENTATION OF BINARY BOSE-CHAUDHURI CODES

From the considerations of the preceding paragraph we can conclude that the application
of Bose-Chaudhuri codes permits one to decrease the amount of received energy
required per bit of information by a factor up to about 4,4 dB, if the block length is
restricted to n = 1023.

For the implementation of a Bose-Chaudhuri code the amount of hardware necessary for
encoding and the number of operations for decoding are two important parameters. The
hardware for encoding consists mainly of a shift register with a length of k or (n-k)
stages, (depending on which value is the lower), and a few modulo 2 adders.

The case of encoding if a shift register of k stages is used is shown in figure 5, with
operation as follows : the information symbols are stored initially in the k stages of the
shift register. For this the gate 1 is open and the gate 2 is closed. Then the register is
made to shift n times so that the first k symbols that emerge will be the information
symbols, and the last n-k symbols the check symbols, if gate 1 is closed and gate 2 is
open during this operation.

The process of decoding consists mainly of temporarily storing the code word and then
performing arithmetic operations in order to derive the positions in which the code-word
contains errors. The number of operation (P) required for error correction can be roughly
estimated as (ref. [5] ) :



1 A more advanced decoding algorithm (ref. [9]) may reduce the contribution to the number of
decoding operations relative to the principal component (1/2 s4m) to one proportional to s2 ,
effecting the relevant data in table II and table IV.

1

In table II the number of logic elements, consisting of flip flops, modulo two adders,
gates, etc... and the number of operations required for decoding, are indicated for the
Bose Chaudhuri codes of interest, also given in table 1, fig. 3 and fig. 4.

TABLE II

It can be concluded from table II that the amount of hardware required for encoding is
within acceptable limits but that the number of operations required for decoding codes
with word lengths n $ 255 is very large although, when a small rejection rate is accepted,
a substantial reduction of the number of operations can obtained. It follows from table I
that for word lengths n < 255, the transmission rate R < 0,6C.

ENCODING FOR THE N-ARY CHANNEL - APPLICATION OF
GENERALIZED BOSE-CHAUDHURI CODES

The generalized Bose-Chaudhuri codes are as a class the best of the known constructive
codes for channels in which errors affect the symbols independently.

The characteristics of this class of codes can be given as follows :

For any N(which is a power of a prime), m and t, there exist a Bose-Chaudhuri code of
length n = Nm - 1 which corrects all combinations of t or fewer N-ary symbol errors and
has no more than 2tm. parity check symbols [5] .



The probability of false code word decoding is again

(17)

where p = symbol error probability

(18)

Assuming that most of the decoding failures are detected, the bit error probability is
approximately :

(19)

(20)

TABLE III



2 The performance for orthogonal signals is about equal to that of trans - and bi-orthogonal
signals for N $ 5

For n 64 and any finite value of N, it follows from (17) and 18 that :

However because log2n = m log2N, the transmission rate becomes, according to (20) :

We can conclude from table III and figure 3 where the content of table III is compared
with the bounds derived in the preceding section that :

a) The performances of the codes with a length of 31 to 63 are about equal to what
can be expected from theory,

b) the loss in energy due to non-coherent detection decreases monotonicly with
increasing N.

IMPLEMENTATION OF THE GENERALIZED BOSE-CHAUDHURI CODES

Transmission through a N-ary channel (N > 2) requires encoding of the
binary PCM information into orthogonal wave-forms2 by taking



The minimum signal bandwidth required for transmitting a set of N orthogonal signals of
duration T is given by :

(21)

(22)
where the transmission rate (R) is given in bits/symbol (log2N bits).

The amount of hardware and the number of arithmetic operations required for
respectively encoding and decoding are the two parameters of main interest for a
transmission link between a (deep) space probe and a ground station if use is made of an
error correction code.

In table IV, these two figures, together with figures for the “power saving with respect to
uncoded binary information”, and the “bandwidth expansion factor” are given for the
most interesting codes, for which the number of logic elements for encoding and the
number of operations for decoding is within acceptable limits.

As shown in figure 3 where the area related to the codes given in table IV is indicated,
these codes make a power saving possible to an extent which is close to that which is
theoretically obtainable.

TABLE IV



Figure 6 shows the encoder circuitry for which the operation sequence is as follows :

Furthermore, it should be noted that the detector requires N correlators to decide which
symbol has been transmitted. With N # 27 , the complexity of the detector can be kept to
a reasonable degree.

IV - COHERENT DETECTION

Relatively simple coherent demodulation of the orthogonal signals is possible if the
signals consist of N binary levels PSK modulated on a (sub) carrier. All information is
contained in the (sub) carrier side bands if the phase shift corresponding to a 0 to 1 level
change is equal to 7 radians (no demodulation logs). The (sub) carrier frequency can be
reconstituted by a phase lock loop, schematicly indicated in figure 7 (known as Costas
loop), providing a phase reference signal for coherent demodulation.

It can be shown by linear phase-locked loop theory that the variance of the phase error is
given by :

(24)

where : BL = noise loop bandwidth
S = input signal power



B = low pass filter bandwidth
No = single sided noise spectral density.

The rate at which information is transmitted by the N-ary symbols is :

(25)

Because the signal to noise ratio per symbol yields :

and the actual rate at which binary digits are transmitted is given by :

(26)

the rms loop error can be expressed. as :

                        (27)

and                    (28)

Two effects due to a imperfect phase reference signal should be considered :

1) signal to noise degradation after demodulation

2) phase skipping by B radians between the two stable phase positions of the VCO,
as a result of which the output data level is inverted.

From results obtained by Lindsey [6] and Chen [7] the demodulation loss is less than
0,5 dB if the rms loop error is less than 0,2 rad. (for all values of N considered here and
symbol error probabilities not lower than 10-5) considering a perfect synchronisation of
the correlation detector.

The skipping rate of a high gain, second order Costas lo can be derived from the mean
time to unlock, represented by [8]:



(29)

where : Tn/2B = natural frequency of the loop.

For the very common damping factor of 0,707, BL/Tn = 0,53. The skipping rate, in terms
of the number of skipping cycles per transmitted bit is expressed by :

(30)

(31)

When calculating BL/Rc using (31) and (27), taking a minimum skipping probability of
10-7 into account it turns out that FN < 0,2 rad. for all values of lg2N between 1 and 10.
In figure 7 the loop bandwidths required are indicated with and without using block
coding (n = 256).

V - CONCLUSIONS

The reduction of the signal to noise ratio required per bit of information as described in
chapter III, is achieved in two steps:

1) by transmitting the symbols as orthogonal (or nearly orthogonal) signals. The
power saving obtained with respect to uncoded binary transmission is 3 dB and
3,8 dB for N = 32 and N = 128 respectively, considering coherent detection ;

2) by symbol error correction methods using error correction block codes. The
obtainable additional power savings are in the range of 2,6 dB to 3,7 dB for N =
128 (block length of 127) and N = 2 (BSC block length of 255) respectively.

When weighing decoding complexity against obtainable power saving, code lengths
larger than 127 symbols are not worth the effort although advanced decoding algorithms
[9] could extend the range of code lengths of interest. For the orthogonal signal detection
system a value of N # 128 seems acceptable in terms of detection complexity and
coherent demodulation bandwidth requirements providing the necessary bandwidth
expansion can be tolerated (up to a factor of 12). The principle of uncorrectable code
word rejection has been shown to be efficient for the BSC in order to reduce the bit error
rate and decoding complexity and could eventually ba adopted as well for the N-ary
symmetric channel (N > 2).



1 (n, k) code with t error correction capability

If the power reduction on board of a space probe is of primary importance, the
application of one of the generalized Bose-Chaudhuri codes given in table IV, together
with orthogonal coding of the symbols, as shown in figure 3, may form an attractive tool
to reduce the received energy required per bit of transmitted information.

APPENDIX

ERROR PROBABILITY BOUNDS OF LINEAR ERROR CORRECTING CODES

This appendix considers the probability of false word decoding when transmitting a (n,
k, t) code1 over the binary symmetric channel, using the deooding procedures as
indicated in section III.

If the procedure is followed by which the uncorrectable error patterns are rejected, the
probability of false word decoding of the words accepted is given by :

(A1)

where :
p = bit error probability

N(w) = number of code words of the code dictionnary at a distance W
from the transmitted word

F(w,s,p) = probability of decoding a received message as a code word which
is at a distance W from the transmitted code word

D = minimum distance.

Due to the linear code properties [5] it follows :



This can be estimated as follows (provided ëi > p) :

(A2)

where :

This can be approximated, according to a method indicated by Shannon [5] :

(A3)

If the condition of (A3) is fulfilled, the approximationof (A2) is also valid, because :



Considering all code words received (procedure 3b), the probability of false word
decoding is derived from :

(A4)

For the Bose-Chaudhuri codes : n-k # t1og2 (n+l) and if t + 1 > pn, it follows, if s = t :

(A5)

Formula (A5) shows that the decoding procedure of rejecting uncorrectable error
patterns is very efficient when t is large as far as the reduction of false word decoding is
concerned.

The “rejection rate” is given by :

(A6)

The bit error rate after decoding is given by :

where w = j + s

Using the inequality :



it follows :

(A7)

Following procedure 3b, the bit error rate becomes :

(A8)

For the Bose-Chaudhuri codes in particular, it follows with (A5), (A7) and (A8) :

(A9)
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