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DISCRIMINATOR DEMODULATION

DAN McRAE
Advanced Communication Department

Radiation Incorporated
Melbourne, Florida

1.  Problem    In the past few years an increasing number of requirements have occurred
for the transmission of binary data over frequency modulated microwave carriers. In
many of these applications the overall frequency uncertainty of the received carrier due
to doppler or instabilities is large compared to the bit rate. In such cases the receiver
designer has the option of using a predetection bandwidth which is much wider than the
bit rate and depending upon post detection filtering for noise removal prior to decision,
or of using a narrow band IF and an AFC with appropriate acquisition mechanism.

If an ordinary FM discriminator is to be used it is commonly accepted that the AFC
approach is superior in performance since predetection filtering of the noise is more
effective than post detection filtering due to the FM improvement threshold. Indeed, if
the threshold is assumed to be infinitely sharp and if at threshold the output signal-to-
noise is sufficient then we might expect the gain in sensitivity provided by the AFC to be
proportional to the ratio of the predetection bandwidths. Thus if the drift is 100 times the
bit rate, the use of an AFC (assuming a predetection bandwidth equal to the bit rate)
could provide a sensitivity gain of 20 db. This, however, must assume that the post
detection filtering is of no benefit which does not seem reasonable.

How much loss, then, is associated with the use of simple wideband reception in these
cases? The answer is important from an engineering standpoint since use of an AFC adds
complexity (particularly when sweep circuitry is required) and if adequate signal
strength is available the simplest technique is the best.

The problem, then, is to determine the bit error rate (BER) vs. S/N for PCM/FM when a
standard limiter-discriminator is used followed by a low-pass filter (for large ratios of IF
BW to bit rate). This should be done for different frequency deviations and the effect of
detuning in the IF must also be considered.

II.  Background    The problem of determining bit-error-rates in a PCM/FM (or FSK)
system has received quite a bit of attention in the literature in the past. The more



pertinent references will be mentioned here. Kotel’nikof1 determined an expression for
the bounding performance of PCM/FM and Smith2 noted that this boundary performance
is achieved (within 1 db) by use of ordinary FM discriminators when the IF bandwidth is
made equal to the bit rate. Shaft3 made an estimate analytically of the performance of an
FM discriminator with the inherent assumption of no video filtering and an IF bandwidth
to bit rate ratio of approximately one. Radiation Incorporated4, Aeronutronics5, and
EMR6 have reported measurements of BER for various settings of IF bandwidth to bit
rate ratio, frequency deviation and low pass filter configurations. However, all of these
measurements were made with the IF bandwidth to bit rate ratio of four or less. The
author is not aware of published data reporting error rates for cases where the IF
bandwidth is much wider than the bit rate.

To tackle this problem analytically it is necessary to describe the noise out of an FM
limiter-discriminator in such a fashion that the effect of post detection filtering can be
determined. The early (1948) classical approaches to the problem reported by Rice7 ,
Middleton8 , and Stumpers9, provided quantitative results for FM noise directly out of a
discriminator but the form was such that the effect of a post detection filter followed by a
decision device could not be deduced. In 1958 Jona Cohn10, 11 published a paper and a
Doctoral dissertation for North Western University in which he determined
quantitatively some of the impulse like properties of FM noise. In 1962 Rice12 presented
a paper taking a similar but slightly different approach as that of Cohn to determine the
statistics of impulse noise out of an ideal limiter-discriminator combination. He then
used these results to provide a simplified expression of the power spectra I density of the
noise. The approach taken by Rice, however, was limited to IF S/N ratios of unity or
greater. More recently several papers by Shilling and Billig13 have discussed the
“impulse” or “pop” nature of noise to analyze phase-locked reception.

A crude model for “pops” which would be valid for low S/N ratios as well as high was
developed earlier by Pelchat and the author and was reported in an internal Radiation
Incorporated report in March, 1965, entitled Improved Demodulation Techniques. The
approach reported herein is similar in concept with this earlier work and is also quite
similar in many respects to the approaches of Cohn and Rice.

III.  Approach    A block diagram of the problem to be analyzed is given in Figure 1.
The signal into the limiter-discriminator is assumed to be the sum of bandlimited noise
and the undistorted modulated waveforms. It should be noted that the effect of the IF
upon the signal due to signal dynamics is assumed to be negligible. This assumption is
usually made in analyses of this nature but often is implicit in the mathematics rather
then explicitly stated. In the present case it would appear to be a good assumption when
the IF bandwidth is large compared to the bit rate but a bad one otherwise. Thus we can
not expect the results from this model to accurately apply to cases where the IF
bandwidth is small.



By use of the narrow-band gaussian model for the noise out of the IF (see, for instance,
Davenport & Root14) we may express the combined signal and noise as shown. This is
accomplished in the simplest fashion by writing:

The limiter is assumed to remove B(t) and the discriminator puts out a voltage
proportional to the rate of change of the input phase. For convenience the gain constant
of the discriminator will be assumed to be one volt per radian so that we may represent
the discriminator output as     (t). The integrate and dump integrates    (t) over the bit
period which is assumed to be T seconds long. The comparator compares the output of
the integrate and dump at the end of the integrate time and decides on the polarity of the
bit based upon whether the integrated output is positive or negative. Perfect bit timing is
assumed.

where 0/ (t) represents the error or noise contribution then the output of the integrate and
dump is:

where use has been made of the fact that R/(t) is either + Td or - Td during the bit
interval. The probability of a bit being in error, then, is the probability that [N(T) - N(0)]
is larger than and opposite in sign from ± TdT.

To determine the statistics of the random variable [N(T) - N(0)] it is convenient to
consider the vector representation of



This is given in Figure 2 for a particular set of values of Ys(t) and Yc(t). During the time
interval 0 to T, the resultant vector tip can be thought of as wandering around depending
upon the values of Yc(t) and Ys(t) during this time. A particular trajectory is shown in
Figure 3. From consideration of the trajectory during the period of interest, it is easily
determined that unless the trajectory crosses the horizontal axis to the left of the origin,
the angle [N(T) - N(0)] is bounded by ± 2B. Further, if the number of such crossings in a
negative (counter clockwise) direction is k and the number in a positive (clockwise)
direction is j, then it can be stated that:

where:

Thus, if TdT = -2 mo where mo is an integer then if m > mo + 1 an error is guaranteed and
if m < mo-1 an error cannot occur. Thus for these cases we ma write bounds for the bit
error probability, pe.

Therefore bounds on error probability can be obtained by determining the probability
distribution of m. The number, k, will be called the number of negative “pops” and j the
number of positive “pops” (clicks and clocks by Rice’s terminology) and m the net
number of pops in the bit interval.

In Section V an expression for the probability of net pops as a function of Td, T and IF
S/N ratio, D, is determined. This expression was used to determine the bounds on error
probability which are quite close in the region of most interest. The final resulting plots
given in the next section utilize these results in the region where the ratio of IF
bandwidth to bit rate is high.

In addition it can be easily determined by consideration of the periodigram definition of
power spectral density, W(f), that the height of the power spectral density at the origin in
units of CPS2/CPS is equal to the variance of m divided by T as T - 4. (This relationship
was also used by Rice12). The predictions of W(0) derived from the distribution of net
pops will be given in the next section.

IV.  Results    The primary results are given in Figures 4 through 11. Each set of curves
represents a fixed ratio of peak-peak frequency deviation to IF bandwidth, D. Each curve
represents a given error probability and the two axes are IF S/N ratio, D, in db and the
ratio of the IF bandwidth to bit rate, $. The solid curves were calculated from the 



expression for P(m mo) given in section V. The dotted curves connect the calculated
results with the theoretical bounding results for coherent FSK for $ = 1 (see Smith2).

A number of measured points are shown. The measured values shown for $ of one and
two were previously reported by Aeronutronics. All others were taken at Radiation
Incorporated in the course of this study. It should be noted that these measurements were
taken before the analytical values were determined in final form. This has the advantage
of making the measured values more of an independent check but carries the
disadvantage that surprising values cannot be used as a means of locating equipment
problems. In any case it is felt that the results of the measurements do argue for the
applicability of the model.

Several interesting observations can be made concerning the results shown in Figures 4
through 11.

1)  The first is the fact that low error rates can be produced at IF S/N ratios which are
very far below the usual number assigned for the FM improvement threshold, if
sufficient post detection filtering is done. Although this appears reasonable enough if
one reflects upon it, it is not a widely accepted conclusion. For pe = 10-8 and D = .7 the
difference in required signal strength between the optimum receiver and the
discriminator is only 5 db for $ = 100 and 9 db for $ = 1000 rather than 20 db and 30 db
as our thumb rule would have us believe.

2)  In the region of $D > 100 the curves for a fixed D reduce in D approximately
proportional to $1/2. This means that reducing bit rate and hence the post detection filter
bandwidth by 2 allows a reduction of 1 1/2 db in IF signal strength rather than 3 db
which would be available by halving the predetection bandwidth.

3)  In the region $D > 100 the curves and the expressions derived in Section V can be
approximated quite closely by the expression:

where

where W(0) is the two sided height of the power spectral density at the origin. A plot of
W(0) vs. D is given in Figure 12. The scaling is such that if one multiplies the number



given by Bif in cps, W(0) will have units of cps2/cps. If Bif is in KC W(0) will have units
of KC2/KC. For D 0:

This is derived in Section V and plotted in Figure 13 and compared with previous
calculations by Stumpers and previous measurements.

4)  Since (1-e-D) approaches D and W(0) approaches a constant for small values of D, the
error probability in this region can be closely approximated

where C1 is a constant. Since for $ = 1

the conclusion that can be drawn is that for large $ and small D, Pe is a much steeper
function of D than it is for $ = 1. This becomes important when very small values Of pe

are desired.

5)  The last point is perhaps the most significant one. Equation 4 is identical to the
expression that one would determine if one assumed the noise to be white and gaussian
with spectral height of W(0) and the signal to be the input signal modified by the signal
suppression factor. Thus, it appears reasonable to conclude that in the region where the
post detection filtering is narrow enough to average 50 pops or more ($D > 100), the
resulting noise may be considered to be white and gaussian. This provides a relatively
simple means of predicting performance of systems other than FSK in the low input S/N
region.

6)  The effect of detuning has not been included in obtaining these results. However,
measurements of bit-error-rate vs. signal-to-noise have been made for detuning of
± .1 BiF, ± .2 BiF, and ± .3 BiF. These measured results are shown in Figure 14 which
indicates a loss of about 1 db or less due to detuning.

V.  Derivation    In this section we will determine an expression for P(m) suitable for
determining pe (see equation 3). The general approach will be as follows:

1)  An expression for the expected value of J and K, E(j) and E(k), will be derived. This
has been done by Rice12 but will be included in this report since a different approach is
used to obtain the solution.



 2)  An expression for P(j-k) = P(m) is derived by assuming j and k to be dependent
poisson random variables. The assumption of dependence rather then independence (as
was assumed by Rice) is important to allow proper prediction in the low S/N region.

3)  A final adjustment of the expression is made to provide proper dependence upon D in
the very low S/N region.

A) Derivation of E(j) and E(k).

From consideration of Figures 2 and 3 it can be deduced that the expected value of the
number of positive pops, j, in an interval of time is the expected number of times that
Ys = 0, Yc < -A and        < 0 in that interval. Likewise: the expected number of negative
pops, k, in the time interval is expected number of times Yx = 0, Yc < -A and       > 0 in
that interval. We wish to determine this expected value as a function of the joint density
function of p(Ys , Yc ,       . Let us begin by determining the expected number of times a
random function, Yx(t), crosses a value (such as zero), in a time T. Although this problem
has been solved before, the approach given here is new so far as the author is aware, and
hence may be of interest to others.

Let us consiter a small interval about the value of interest such as that between Yx and
Ys + ) Ys shown in Figure 15. If ) Ys is taken to be quite small, Ys(t) can be considered
to be a straight line in this region. The expected time E(T1), that Ys(t) is in this region
with a slope between       and       + )      Is:

If P(     , Ys) is a continuous function in this region the expression becomes an identity as 
       approaches zero. The time spent in the interval per crossing at this slope is )Ys/*   *.
Hence the expected number, E(N1) of crossings with this slope is the expected time
divided by the time per crossing or:

If we are interested in the number of crossings with any slope, E(N), we can add up the
values for each slope as ) Ys approaches zero:



This is the usual expression for the expected number of crossings of a level, Ys, by a
function Ys(t) in time T.

Let us now extend this to include the joint occurrence of a level crossing of Ys(t) = Ys

and a second function Yc(t) < -Ao . By exactly the same reasoning we may determine the
expected time E(T1), that Ys(t) is in a region within ) Ys of Ys with a slope        (within     
)      ) and Yc(t) is within ) Yc of some value Yc , to be:

If ) Yc is taken to be very small but still arbitrarily larger than )      we may argue that
the length of time of each of these events is till determined by       And is as before ) Ys/  
*      *. Hence we may write the expected number, E(N1), of these events as:

and the expected number, E(N1) of crossings for all values of       And all values of Yc <
-Ao becomes

From equation 7, we may write:

and

The next step is to determine a suitable expression for p(Ys = 0, Yc ,      ). In our case of
narrow band gaussian noise we have:



where the power spectral density of n(t) is symmetrical about 0. In this case Xc(t) and
Xs(t) are independent gaussian processes with power spectra corresponding to that of n(t)
translated to zero frequency and joint probability distribution:

where 0-2 is the variance of n(t). From equation 9 we may write:

where Yc(t) and Ys(t) are gaussian processes.

Also:

where Z(t) is a gaussian process. By multiplying the terms and evaluating, we may
determine:

and

For the spectrum of n(t) assumed (see Figure 1),

Further if R (t) is assumed to be a constant, - Td, during the interval of interest:



From these expressions we may write:

The last step is to substitute (11) in (8) and integrate.

By making the substitutions:

these equations become:



Interchanging the order of integration:

and

Performing the Z integration:

and

Integrating and substituting for b we obtain:

B) Determination of p(m)

The occurrence of events which determine the numbers j and k can be considered by use
of Figure 16. We observe the value of Yc at each of positive going zero crossings of Ys(t)
and count one each time Yc(t) is less than -Ao at this time to obtain j. To obtain k we
perform a similar count using the times corresponding to negative zero crossings of Ys(t).
In the example shown j = 2 and k = 0. Let us designate the number of positive zero
crossings at Ys(t) in time T as N and the probability that Yc < -Ao at this time as P1. If the
chance of a count occurring at one zero crossing is assumed to be independent of the
outcomes at other zero crossings then P(j*N) will be binomially distributed:



Similarly:

where P1 is the probability of Yc(t) -Ao at a particular positive zero crossing and P2 is the
probability of Yc(t) -Ao a a particular negative zero crossing of Ys(t). It can be shown by
use of equation (6) that the expected number of positive or negative zero crossings of
Ys(t) in an interval, T, is      Ad used in equation (16). If the number of such crossings is
assumed to be a Poisson random variable:

then

Similarly:

Thus j and k are Poisson random variables with mean and variance of P1     For j and      
P2      For k. From (16) then:

If j and k are assumed to be independent, then one is led to the same results as those of
Rice12 which runs into difficulty in the very low S/N region. This region, however, is of
particular interest in this problem.



The symptom of difficulty associated with the assumption of independence between j
and k is the fact that this predicts a W(0) too large in the low S/N region. This suggests
that j and k are dependent rather than independent.

Although, for a particular value of N it appears fairly reasonable to assume j and k
independent, it would seem that they both should depend upon N. That is if N is quite
large, both j and k might be expected to be larger. By inserting this dependence the
resulting W(0) checks quite well at all values of S/N for the case of no modulation. We
will proceed, then, to develop P(m) by assuming j and k to be dependent in this fashion.

For m < 0 we can write the same expression reversing the rolls of j and k and P1 and P2.
Hence we will consider m > 0 only at present.

The region of summation is shown in Figure 17. By introducing a new variable

we can sum along the lines shown in Figure 18 from 0 to 4 fir both n and j.

The inner summation can be rewritten as:

Substituting back into P(m):

Again reversing the order of summation so as to sum along the lines shown in Figure 17
and substituting R = j-n yields:



The last summation can be closed:

Finally Pe can be obtained by summing P(m)

If     = m + n

This expression amounts to evaluating a cumulative two dimensional Poisson
distribution with independent variables n and R with means of Y1 and Y2 respectively.
The area to be summed is shown in Figure 19. This completes the determination of P(m).

Q Modification of P(m)

Let us now consider some of the properties of P(m) as given in equation 24. The
expected value of m can be shown to be Y1 - Y2 which with appropriate substitution from
22, 21, and 16, reduces to fdTe-D which accounts for signal suppression. The variance can
be shown to be Y1 + Y2 which when plotted for Td = 0 (a = 0) provides a W(0) which
tracks very nicely with both previously calculated and measured results as was illustrated
in Figure 13. A difficulty arises, however, when D = 0 in that the variance of m, Y1 + Y2,
is a function of Td which obviously should not be.



To overcome this difficulty, the variance, Y1 +Y2, used for the calculations was reduced
to correspond to that of the suppressed deviation, d(1-e-D). The final expression used for
calculations was:

where:

The modification to mo is necessary to keep the number of pops required to make an
error the same difference from the mean value of m as it would have been by using D
rather than D' in the calculations for P1 and P2 .

For values of mo = 100 and greater the values for Pe were calculated by using the
gaussian approximation

For mo < 100 the values were calculated by computer. The computer calculated values
matched quite well with thosefromtheapproximation in (26) for mo = 100 but diverge
below this.

Since:



and:

equation 5 follows from 26. 
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