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ABSTRACT

Frequently, a need exists to compute the postdetection (recovered data) signal-to-noise
ratios (SNR) in a given frequency modulated (FM) or double frequency modulated
(FM/FM) transmission link; alternately certain postdetection SNR requirements are
established, and the link’s parameters must be correspondingly specified. In either case,
relationships that clearly relate postdetection SNR to link parameters, for either FM (or
FM/PM) or FM/FM links, are useful to the telemetr system designer. Although such
relationships have been stated1), 2), 3), 5) in varying degrees of applicability, and rigor of
derivation, it has been the author’s experience that the sources are scattered, and often
not sufficiently explicit. Further, the deviations from the mathematically ideal situation
are often overlooked. It is the purpose of this paper to present useful SNR improvement
formulae for the general FM and FM/FM case (both for IRIG1 and non-IRlG
multiplexes), and also present data that takes nonideal postdetection filtering into
account.

PRELIMINARY SYSTEM DESCRIPTION

The elements of a typical FM or FM/FM transmission link, as analyzed, are shown in
Figure 1. An FM link would begin at the modulator input, and terminate at the carrier
demodulator output (after postdetection filtering). The modulating data signals
considered will be assumed periodic; however, this is not a limitation, since the
postdetection SNR derived can be considered to apply to aperiodic signals during their
time of occurrence.

The FM/FM link in its most general sense will employ i subcarriers, of different center
frequencies and deviations, each frequency modulating the carrier. In addition, a more
specialized analysis to two basic subcarrier modulation schemes, described by IRIG



standards, will be carried out. These are the proportional and constant bandwidth
channels; both will be discussed.

TABULATION OF SNR IMPROVEMENT FORMULAE

The glossary of terms is given at the conclusion of this paper. Sinusoidal signal
modulation is presumed throughout the discussion.

Single FM (same as second detection in FM/FM link)

(1)

For ideal link elements, *, the degradation factor, is set at – 1.0.

Otherwise, a value of * can be selected from the appropriate Figures 2 through 4 (d).

A more general form of Equation (1), which can be used below threshold (defined as the
departure from linearity on the SNR transfer characteristic) is given below4)

(2)

For SNRif >> 1, i.e., the above-threshold case, Equation 2 simplifies to Equation 1.

Subcarrier Predetection SNR Relative to Carrier SNR, in FM/FM Link

(3)

This is the general form of the equation; for subcarrier peak deviations small in
comparison with subcarrier center frequency (i.e., the IRIG channels) Equation 3 can be
simplified to

(4)



Subcarrier Postdetection SNR, Relative to Carrier Predetection SNR, in a FM/ FM Link
(Overall SNR)

The general relationship, for sinusoidal modulation, using the approximation of
Equation 4.

(5)

The Tables 1 through 4 present special cases of these relationships, for both the
proportional and constant bandwidth IRIG channels.

TABLE 1.  IDEAL FM/FM LINK FORMULAE SUMMARY
(See Glossary for symbols)



TABLE 2.  IDEAL LINK FORMULAE SUMMARY
(See Glossary for symbols)



TABLE 3.  IDEAL LINK FORMULAE SUMMARY



TABLE 4.  IDEAL LINK FORMULAE SUMMARY
Modulation index = 5 for both formulae

Degradation Caused by Nonideal Postdetection Filtering

Only in an ideal link is the factor * unity (see Equation 1). Assuming that the
degradation of SNR from theoretical rests mainly in the nonideal nature of the FM
demodulator postdetection (output) filter, allows the use of Figures 2 through 4 (d) to
give * in logarithmic notation for the Butterworth, Bessel, and Chebyshev filter
functions. These figures clearly show the very significant degradation due to low order
postdetection filtering. For instance, a first order function would result in infinite output
noise power, for the mathematically ideal case, since the asymptotic slopes of the noise
andfilter functions cancel. Even a second order Butterworth results in a * – 5.2 db. There
are other link characteristics, such as nonzonal predetection filtering which tend to
minimize * due to nonzonal output filtering to some degree. These characteristics will be
discussed later in the paper.

The factor * is computed as follows

defining

No as the spectral density (usually presumed quadratic)
Gj as the postdetection filter amplitude transfer

The total noise power transmitted by a physically realizeable output filter can be
computed as follows:



(20)

The noise power transmitted by a zonal filter, i.e., a filter which has the amplitude
transfer characteristic

(21)

is given by

(22)

and the degradation factor, *, is computed as

(23)

Assumptions and Deviations from Ideal Modeling

The degradation * from ideal SNR improvement previously defined presumed quadratic
postdetection noise spectral density. In actuality, nonzonal predetection filtering will
tend to make the postdetection noise spectrum less than quadratic, thus reducing the
magnetic of *, as can be observed in Figure 5, if Bif/2 >> f si is the baseband. In any case,
a precise evaluation of * would require proper shaping of the output noise spectrum, to
account for nonzonal predetection filtering.

The assumptions used in deriving these SNR improvement formulae are identical to
those in the literature. These include ideal (zonal) filtering (the effects of realizeable
postdetection filtering are taken into account by a degradation factor, from this idealized
value); uniform predetection noise spectral density; modulator exhibiting perfect
linearity; demodulator of perfect linearity and limiting.

In addition, the classical approach implies that superposition applies, namely that the
predetection and postdetection signal and noise spectrums are not interdependent, Given
these assumptions, the link can be excited separately by signal and by noise.



In addition, the FM/FM equations implicitly assume that some average subcarrier
spectral density, 0sci, exists, i. e. , the actual quasi-quadratic slope of the carrier
postdetection noise spectrum is ignored. (See Figure 8 for details. )

CONCLUSION

A set of equations has been given, which will allow computation of postdetection SNR
for either FM or FM/FM links, relative to predetection SNR, for the above-threshold
case. In addition, a relationship which gives good results has been restated (Equation 2),
for the below-threshold case.
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1 Mischa Schwartz, “Information Transmission, Modulation and Noise, McGraw-Hill, 1959.

2 In an actual system, the baseband response is not uniform, i.e., Am is a function of Tm ; therefore
the MI varies with frequency.

APPENDIX I
ANALYSIS OF A FREQUENCY MODULATED TRANSMISSION LINK

A sinusoidal carrier waveform can be modulated so as to carry information by varying
the argument of the sine function. This type of angle modulation can be implemented
either as phase or frequency modulation. The general carrier sinusoid can be written in
complex notation as

(1)

The real art of this expression1 can more conveniently be written

Phase modulation consists of varying the angle, N, as a function of a modulating signal,
s(t). Alternately, the radian frequency, T , may be varied in accordance with s(t). This
latter scheme represents frequency modulation.

A sinusoidal modulating signal is assumed, of the form

(2)

The instaneous carrier frequency, T (defined for Tc >>Tm i. e. , the carrier frequency >>
rnodulating frequency) is

(3)
where Tc is the nominal carrier center frequency, and )T is the peak carrier deviation.

2B)fc , the peak carrier radian frequency deviation, is given by

(4)

and K1 is a system transfer constant, radians/volt.

Note that the peak carrier deviation is independent of the modulating frequency.2 The
instantaneous frequency varies about the unmodulated carrier frequency at the
modulating signal rate, Tm with a maximum deviation of ±2B)fc radians. The reference 



1  J. J. Downing “Modulation Systems and Noise”, Prentice-Hall, D. 87

2 The IEEE standards define “ modulation index” to be the ratio of carrier deviation to maximum
baseband frequency, i.e., a system constant, whereas “ deviation ratio” is the ratio of peak carrier
deviation to modulating frequency, a time-variable quantity.

phase angle, N , can be set equal to zero for convenience. The frequency modulated
sinusoidal carrier can now be expressed as

(5)

The instantaneous phase of this modulated carrier waveform1, with respect to the
unmodulated carrier is given by

(6)

Integrating, we find

(7)

The quantity )fc /fm is termed the deviation ratio, or modulation index2, and is by
definition the ratio of the peak carrier deviation to the modulating frequency. Care must
be exercised in using this quantity, since the modulated carrier spectrum will be shown
to be a function of the particular modulating frequency present, whereas the maximum,
or output filter baseband frequency is of interest in the SNR derivations. The ratio,
)fc/fm, represents the peak phase shift of the modulated carrier in radians.

Substituting Eq. (7) into the real part of Eq. (5) gives

(8)

This expression can be expanded by using the trigonometric identity cos (x-y) = cos x
cos y - sin x sin y, which results in

(9)



Further, using relations between trigonometric functions and Bessel functions
such as

(10)

(11)

where Jr(x) is a Bessel function of the first kind and order, r, with argument x.

Substituting Eqs. (10) and (11) into (9) yields

(12)

Expanding again, using the trigonometric identities cos x cos y = 1/2 [cos (x + y) + cos
(x - y)] and sin x sin y = 1/2 [cos (x - y) - cos (x + y)] results finally in

(13)

The frequency modulated carrier has a spectrum in which an infinite number of spectral
components exist. The Jo term is seen to be the carrier frequency component while the
(Tct + 2n Tm t) and (Tct - 2n Tmt) terms are the even order upper and lower sideband
terms, respectively. A similar comment can be made for the odd order terms. Each
spectral component is displaced by multiples of the modulating frequency. The spectrum
for simultaneous modulation of the carrier by more than one signal becomes quite
complex, since the FM process is inherently nonlinear, causing the generation of
crossproduct terms, as well as those spaced at multiples of the signal frequency about the
carrier.



1 When considering a realizeable system, the signal power loss due to rejection of some
modulated carrier sidebands should be taken into account, directly reducing the postdetection
SNR by this loss.

The power in a given spectral component is proportional to the square of the
corresponding Bessel coefficient. The sum of the spectral power components is equal to
the power in the unmodulated carrier, i.e., energy has been conserved. The process of
frequency modulation has simply transferred some power from the carrier frequency
component to the sideband components.

It is clear that a frequency modulated wave requires a transmission bandwidth which is
infinitely wide, since its spectrum is of infinite extent. In a real system of finite
bandwidth, some of the spectral components must necessarily be rejected. The removal
of these sidebands represents distortion of the modulating signal, s(t), and loss of
predetection signal power.

However, for r >)fc /fm, Jr()fc /fm ) decreases in amplitude very rapidly. This
characteristic allows small, if non-zero, distortions of the signal to be realized. in a band-
limited situation. In the following analysis, it will be assumed that essentially all of the
unmodulated carrier power is retained in the transmission bandwidth, and fully recovered
in the predetection bandwidth.1

The mean received carrier power (which has been indicated to be independent of
modulation) present at the input (or output by the previous assumption) of the
demodulator predetection filter, is given by

from which

(14)

The output signal voltage of the carrier demodulator is

(15)
where K2 is a system transfer constant, volts/radian.

The mean postdetection signal power is defined by

(16)



T, the modulating signal period. Substituting Eq. (15), Eq. (16) becomes

Note that the postdetection spectrum is double-sided, of both the signal and
noise. If s(t) is a sinusoidal modulating signal, then Eq. (17) becomes

(18)

This demodulated signal is uncorrupted by noise, which will be considered separately.

A simplifying assumption is made regarding the nature of the noise present in the carrier
demodulator predetection bandwidth, Bif. It is assumed that the continuous noise variable
can be represented by discrete spectral components spaced df cycles apart, of the same
amplitude as the continuous uniform spectrum. This approximation can be observed in
Figure 2.

The noise variable in the predetection bandwidth is given by

(19)

An FM phasor diagram can be drawn to represent the situation of carrier plus noise. It
can be seen from this diagram that the noise signal produces both amplitude and
frequency modulation of the carrier.

The limiter essentially removes the in-phase noise component, leaving only the
quadrature component, An sinù t. This graphical result can also be dernonstrated
analytically by combining the carrier and noise terms algebraically as

(20)



Figure 2.

Figure 3. Phasor  diagram of carrier plus noise for some time, t.

Using the trigonometric identity cos (x + y) = cos x cos y - sin x sin y, Eq. (20) can be
rewritten

(21)

whose amplitude and phase components are



For the case of small mean noise power compared with mean carrier powe (Ac >> An),
these components of Nfm(t) become

(22)

(23)

The condition Ac >> An is usually realized in practice. An FM system is designed so that
a minimum carrier-to-noise ratio (S/N)if is obtained (termed threshold), which satisfies
this condition.

The noise modulated carrier is given at demodulator limiter output by

(24)

The noise signal FM wave is identical in form to the information signal frequency
modulated wave, where

(25)

The SNR improvement mechanism is based on this last relationship. The noise
components in the carrier predetection bandwidth produce small phase angle modulation
of the carrier, whereas the data signal produces large variations of this angle. This makes
the two carrier modulations separable.

The frequency deviation of the noise-modulated carrier, in this region of operation, is
given by the time rate of change of the phase angle. Using Eq. (23), the postdetection
(output) noise voltage becomes

(26)

This expression indicates that the contribution of the predetection noise components to
the postdetection noise voltage will be proportional to their frequency spacing away
from the carrier, i.e., components at predetection filter bandedge will produce the
greatest output voltage.



Since a sinusoidal form was assumed for each of the discrete predetection noise
components, the incremental mean postdetection noise power for each component is
given by

(27)

Figure 4. Noise voltage and power spectrum at output of carrier demodulator.

Note that the carrier postdetection noise spectrum is viewed by the predetection filters of
each of subcarrier discriminators. Returning to Figure 4, we observe the limits of the ith
subcarrier predetection bandwidth on the carrier output noise spectrum, namely

fsci = the center frequency of the ith subcarrier, Hz

f1bei = the lower ith subcarrier bandedge frequency, Hz

fubei = the upper ith subcarrier bandedge frequency, Hz

Bsci = the equivalent noise bandwidth, Hz; equal to (fubei - f1bei) for the zonal case
f – 1.05 [fubei - f1bei] for realizable filters

Note that physically realizable predetection filters exhibit attenuation at bandedges,
tending to reduct this effect.

The noise power present in each of the subcarrier predetection bandwidths will next be
computed.



If the assumption is made that superposition holds (because An/Ac << 1), and that no
intermodulation of noise components occurs, then the total noise power present in the ith

subcarrier predetection bandwidth is given by

(28)

where the limits of the integration correspond to the bandedges of the ith subcarrier
predetection bandwidth, Bsci.

Carrying through this integration results in

(29)

Recognizing that Sc = Ac
2/2, Eq. (29) can be rewritten as

(30)

In order to relate this expression to the carrier predetection SNR, (S/N)if, Eq. (30) can be
multiplied by Bif/Bif, the carrier noise bandwidth, to give

(31)

. . . since 0cBif = Nif, the total noise power in the carrier predetection bandwidth.

The frequency modulated subcarrier can be considered to be a simple sinusoidal
modulating signal, of frequency, fsci, with respect to the carrier. The mean signal power
present in the subcarrier predetection bandwidth is then given by Eq. (17) where

(32)



1 True for IRIG proportional bandwidth and constant bandwidth channels.

where Afci is the peak carrier deviation due to the ith subcarrier.

Combining Eq. (32) with Eq. (31), we find the SNR in the ith subcarrier predetection
bandwidth, Bsci, to be

(33)

Equation (33) can be put into somewhat more tractable form by substituting for the
subcarrier bandedge frequencies, f1bei and fubei as follows:

(34)

where )fsci is the peak subcarrier deviation, Hz.

Expanding this identity gives

(35)

Since the peak subcarrier deviation is usually a small fraction1 of the sub-
carrier center frequency, Eq. (35) can be simplified using

(36)

which can be substituted into Eq. (33) to give

(37)

This computation can be performed for each of the i subcarrier channels, by substitution
of the proper values of peak carrier deviation due to a particular subcarrier, and its
corresponding upper and lower predetection bandedge fre quencies. Figure 5, below,
shows a typical carrier postdetection situation for i subcarriers.



Figure 5. Carrier postdetection spectrum with i modulating subcarriers

Let )fsci = 0.075 fsc, the condition for the IRIG proportional bandwidth number channels.

Substituting in Eq. (37)

(37A)



1 The double-sided spectrum accounts for the 2 factor.

2 Note this is assumed uniform over the range of subcarrier predetection bandwidth, even though
the actual spectrum is quadratic. A detailed analysis of this assumption will follow.

COMPUTATION OF SECOND (SUBCARRIER)
DETECTION SNR IMPROVEMENT

Again, the demodulator output noise spectral density is presumed quadratic with
frequency, modified by a zonal lowpass filter of bandwidth, fsi Hz.

The output noise power in the ith subcarrier channel is obtained by integrating1

(38)

where K3 is the subcarrier demodulator transfer constant, volts/radian (assumed identical
for all channels), 0sci, the ith subcarrier predetection spectral density2,watts/Hz, Asci, the
peak ith subcarrier amplitude.

Recognizing that the mean predetection subcarrier (unmodulated) power, Ssci is related to
Asci as

(39)

and substituting Eq. (39) into Eq. (38), an integration of Eq. (38) will result in

(40)

In order to express Noi in terms of a subcarrier predetection SNR, we utilize the
relationship

(41)

where Bsci is the subcarrier predetection equivalent noise bandwidth, Hz.

Multiplying Eq. (40) through by Bsci /Bsci, we obtain

(42)



Next, the mean subcarrier output signal power, Soi, will be calculated, for the simple case
of a modulating sinusoid.

(43)

from Eq. (38)

Thus,

(44)

Finally

(45)

Taking the ratio of Eq. (45) to Eq. (42), we can write the output SNR of the ith subcarrier
channel as

(46)

we can compute this SNR for square wave subcarrier modulation, by modifying Eq. (43),
as follows

(47)

This mean signal power is twice that of the sinusoidal case (given that the peak output
amplitudes of the two signals are identical), i.e.,



Similarly, the output SNR for any f(t) is simply that for a sinusoid, times the ratio of
mean power in the modulating signal, to that of a sinusoid of equal peak-to-peak
amplitude. Thus, the sinusoidal signal SNR improvement formula, Eq. (46) is a basic
relationship.

COMPOSITE CARRIER AND SUBCARRIER
SNR IMPROVEMENT FORMULAE

The formulae for computing SNR improvement in the first (carrier) demodulation
process, and in the second (subcarrier) demodulation process can be combined so as to
give an overall SNR ratio, from carrier SNR to subcarrier output SNR.

Combining Eq. (37) and Eq. (46), we find

(48)

For a sinusoidal signal modulating the subcarriers.

This general FM/ FM composite SNR relationship can be simplified for the special cases
of the IRIG proportional bandwidth and constant bandwidth channels.

1) IRIG number channels (1-21), proportional bandwidth case

Using )fsci = 0.075 fsci and Bsci . (1.05) 2)fsci

and substituting in Eq. (48)

(49)

Expressed in logarithmic notation, with all bandwidths referenced to one Hz,

(50)

2) IRIG letter channels (A-H), proportional bandwidth case

Here )fsci = 0.15ffsci,



Again Bsci  .(1.05) 2)fsci

We obtain

(51)

in logarithmic notation

(52)

3)  IRIG constant bandwidth (channels 1C-22C) case

Here )fsci = 2 x 103 Hz,

again Bsci . (1.05) 2)fsci

We obtain

(53)

4) IRIG constant bandwidth (channels 2CW - 22CW) case

Here )fsci = 4 x 103 Hz,

again Bsci . (1.05) 2)fsci

We obtain

(54)

 PRE-EMPHASIS

Figure 5 also indicates a commonly encountered link characteristic; that of pre-emphasis.
This pre-emphasis technique takes into account the quadratic output noise characteristic
of the ideal carrier demodulator. In order to assure nearly simultaneous thresholding of
each subcarrier channel, we require that



1 Inter-Range Instrumentation Group.

2 See Figure 6

(55)

Each subcarrier’s amplitude (subcarrier/carrier modulation index) is adjusted so as to
maintain the subcarrier predetection SNR in Eq. (55) constant. This indicates that
subcarriers of increasing frequency require increasing amplitude levels.

For subcarrier channels with differing bandwidths, and IRIG1 proportional bandwidth
format, the appropriate pre-emphasis characteristic can easily be computed as follows.

(56)

i.e., a constant for all subcarrier channels

Therefore

(57)

where

For the special case of the IRIG proportional number channels (1-21)

(58)

Taking the square root of both sides, we obtain

(59)

This is the classical “3/2” pre-emphasis characteristic.

It should be noted that this result assumes an ideal quadratic carrier demodulator output
noise spectral density, and zonal subcarrier filters. Physically realized spectrums will
usually be less than quadratic with frequency, due to non-ideal carrier predetection filter
shaping2. Therefore, Eq. (58) represents a worst case analysis, i.e., higher frequency
subcarriers may actually require less peak carrier deviation than computed by Eq. (58).



Similarly, for the IRIG proportional bandwidth letter channels (A - E).

(60)

Carrying out the operations of Eq. (57), we observe that the only effect is to modify M,
the system constant

(61)

However, the 3/2 power relationship describing relative peak carrier deviations,
described in Eq. (58) is unchanged.

The IRIG constant bandwidth channels (1C - 22C) are analyzed similarly.

(62)

thus

(63)

from which we develop, following Eq. (57) and Eq. (58)

(64)

where K is defined by Eq. (56), and m = 0.125 x 10-3Bif

For the remaining constant bandwidth channels where )fsci = 4 x 103 Hz, (2 CW -
 22 CW), Eq. (63) continues to hold, with an adjustment in the constant, M as follows

(65)




