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APPLICATION OF WALSH FUNCTIONS TO DATA
ACQUISITION SYSTEMS

WALTER MORTON
Consulting Engineer
Laguna Beach, Calif.

Summary    The Walsh functions are considered with respect to the following system
functions:

1. Concise signal representation.
2. Arithmetic operations.
3. Convolution and filtering.
4. Transfer function analysis.
5. Special measurements and functions:

5.1 Phase.
5.2 Digitally controlled function generator (DCFG).
5.3 Power density spectrum.
5.4 Correlation functions.

The foregoing operations are required of equipment in the following areas of application:

1. Seismic data processing.
2. Hybrid data systems and simulation studies.
3. Special purpose Instrumentation.

Introduction    The representation of a function f(t), is accomplished by many
techniques in electronic systems, in accordance with performance objectives. The
following performance objectives have been considered necessary. These performance
characteristics lead into a justification of the Walsh functions.

1. Concise signal representation, as with the Fourier series, Laguerre polynominals,
etc.

2. Generation of arbitrary waveforms on a variable time base, economically. This
feature is unique to the proposed functions.

3. Inexpensive transfer across analog/hybrid boundaries.
4. Utility in executing arithmetic operations.
5. Convolution, correlation are allowable operations.



There are several areas that require some of the above features:

1. Low frequency spectral analysis.
2. Vibration analysis.
3. Hybrid simulation systems.
4. Seismic data acquisition/processing.

The Walsh functions are an orthonormal set of digital functions, that allow economic or
operational advantages in most of the listed functional requirements. An illustration of
these functions is given in Figure 1.

Central to the subsequent discussion, will be the representation of sine or cosine waves
as a minimal requirement. This representation is common to many applications. Consider
a digitally controlled function generator, DCFG.

Assume the DCFG is assigned the minimal task of representing a sine wave. The Walsh
functions will be used. The coefficients of the Walsh functions will be determined as
noted in Figure 1. The functions are then summed so that a comparison with the sine
wave may be achieved. Figure 2, Walsh Approximation to Sinusoid, illustrates the result.
When the Walsh functions N(n, k;t) are specified completely, for the chosen value of n,
the resultant waveform is the same as a zero-order hold waveform of 2n samples/cycle.
The theoretical error for sinTit amplitude representation is:                                 and the
side-band amplitudes are given by        

The error in the fundamental can be corrected by a gain constant and a lowpass filter will
remove the side-bands. Using Figure 1, , = 0.00275 and 0 is less than 3%.

There is no direct limitation of low frequency spectrum limit. Frequencies on the order of
0.00001 Hz can be easily achieved. To remove the sidebands economically, the
frequency may have to be limited to 0.01 Hz. Errors occasioned by less than perfect
waveforms limit the high end to some small multiple of 10 KHz, say 10KHz to 50KHz.

Thus, in summary, we need an oscillator, a count down register and logic to generate the
Walsh functions. The individual Walsh functions have digitally controlled amplitudes, so
that their sum does approximate the desired function.

Figure 3, on the page following, is a simplified representation of an arbitrary function
generator. The digital value determines the amplitude of the particular N(n, k;t) and the
N(n, k;t) are summed to form the desired waveform.



If the class of function is fixed, then the values of the amplitude coefficients, Knk for each
N(n, k;t) is also fixed. Amplitude may be varied at the output, after summation. Phase
may be varied by inserting a delay of J seconds in the countdown chain.

The coefficients, Knk, were determined mathematically by an assumed program. Of
distinct interest in many applications, is the ability to develop a measure of the
coefficients, or perform spectral analysis, nearly automatically.

Spectral Analysis    Conventional spectral analyzers employ either heterodyning with a
swept-frequency oscillator or employing band-pass filters tuned to the center
frequencies. A third alternative, phase-lock loop with frequency counter is seldom
employed.

For our purposes, we assume the generation of digital numbers in a form suitable for the
DCFG. These digital numbers will be the Walsh spectral coefficients.

Each                                                        The amplitude of the original set of functions is
defined to be unity. Hence, a bipolar switching operation accomplishes the function of
multiplication. This is a distinct advantage over other techniques when enhanced
accuracy is required. The spectral analyzer will develop the Knk in digital form after
solving the given equation.

The input waveform is fed into a series of simple switches, and the switches are driven
by the appropriate N(n, k;t). The output of the switching multiplier is then fed into an
integrator. Each integrator is reset at the beginning of the interval so that at time T the
integrator has the analog value of Knk which is digitized by the ADC.

Figure 4 is the block diagram for this sequence of operations. If the spectral the Walsh
functions must be generated by logical operations on the countdown chain. If the spectral
analyzer is used with the DCFG, the appropriate waveforms are available and a reduction
in hardware is possible.

In analysis of simple waveforms, e.g., sinusoids, relatively good accuracy is maintained
when n is limited to 4, rather than to 5 as indicated in Figure 2. In the general case of an
arbitrary waveform, with n=5, there are 31 Knk.

The interval defined in reproducing f(t) may be changed, so that f(t/") is reproduced.
Frequency scaling is easily accomplished, without requiring a change in oscillator
frequency. f(-t) may be generated through appropriately multiplying the Knk by +1 or -1.



The Walsh spectrum is not a familiar tool. For display and plotting purposes the Fourier
spectrum is more readily interpreted. An algorithm is easily constructed for transposing
the Walsh spectrum into the Fourier spectrum.

In summary, this square-wave approach has the advantage of flexibility, low frequency
accuracy, and a limitation on the number of frequency components that may be sought.
The swept-frequency approach may be employed in the low frequency and of the
spectrum at an4ncrease in processing time. In any case, the lowest frequency components
must be identified in amplitude and density if reliable operation is to be achieved with
the chosen technique.

System testing may be accomplished by using a DCFG and a Spectrum Analyzer as
indicated in Figure 5. The DCFG generates the required Walsh functions for use in
generation and detection. The DCFG Walsh functions can be economically, and
arbitrarily, delayed to match the system phase characteristics.

For single sinusoidal testing, only the low frequency ability and phase determination
offer significant advantages. For arbitrary waveforms and adaptive control, significant
advantages may be enjoyed.

Arithmetic Operations    The basic operations of addition, subtraction, multiplication
and division are to be considered as well as compound mathematical operations,
including integration. The compound operations are relevant to the discussion of
convolution, filtering and autocorrelation determination.

Normally, arithmetic operations with spectral components are not required. Addition and
subtraction of like functions can be performed in a conventional manner, analog or
digital.

Multiplication and division in the analog domain are no different in difficulty when
using the Walsh functions. When the spectra of f(t) is limited to a few Walsh functions,
digital multiplication can be accomplished rapidly, with a net advantage over other
orthonormal representations. This is especially true in mass data acquisition systems,
where high order accuracy is desired in the multiplication process. For instance, it is very
expensive to instrument 0.1 sec sampled digitizing of 100 channels carrying up to
10KHz bandwidth signals. Ablation and stability studies at high Mach numbers require
such instrumentation.

When multiplication is a precondition to an operation to be completed by integration,
spectral components may be handled easily. Consider multiplication of two spectral
components, Knk N(n, k;t)Kmj N(m, j;t). New spectral components are generated. If



identity of the spectral components must be maintained, the operation is most
economically carried out in the digital domain, where algorithms for identifying new
spectral components, may be most economically executed. If the products are to be
summed or integrated to form a single function, g(t), the operation is most conveniently
completed by conventional analog techniques.

Analog manipulation requires wider bandwidth, because the square-wave rise time and
phase shift must be maintained.

A multiplying DAC is indicated in Figure 6. The analog waveform E1 is multiplied by
the sampled waveform D, as expressed in the digital domain. When D, the digital value,
has a sign bit, this form of DAC may be used to multiply two Walsh functions. A more or
less conventional mechanization, such as in Figure 7, may also be used.

In computation of an autocorrelation function, flexibility and range are achieved, at a
price, by virtue of the ability to achieve a delay of J seconds. Figure 8 is a simple block
diagram of an autocorrelation computation. As a precondition, identification of the f(t)
spectral components is assumed. There are a set of amplitude and timing signals from the
spectral analyzer, required by the autocorrelation computer. If J is in the range of :sec,
there is little advantage in the technique. As J increases in value, this method becomes
more competitive.

The same general remarks apply to division. Digital division has a number of advantages
where accuracy and spectral identification are required. Figure 9 indicates a method of
division. If two Walsh functions with the same value of n and k are divided, and there is
no phase shift, the resultant quotient is a signed dc value. If these conditions are not met,
then Figure 9 is not generally applicable.

Power spectral density computation is a special case.

Again, special advantages accrue for small values of T . In the case of spectral analysis,
more than one sinusoid can be processed at one time. In Figure 10, only one value of T
is relevant at any given time. Thus, the counter must be sequentially varied to trace out
the values of N(jT).

To provide a basis of comparison, Figure 11 illustrates a commercially available method
of achieving this result. The Walsh method is more expensive for nominal frequency
ranges, unless, the spectral Walsh coefficients are desired for another reason.



Walsh Function Utility    The Walsh functions possess certain distinct advantages:

1. Easily realized by Boolean gates.
2. Large phase and time shifts are easily accomplished.
3. A general advantage in the low frequency area.

In certain, large data processing applications, these functions offer advantages over
conventional sampled data systems. In other system operations, costs may inveigh
against use. This will be treated lightly when dealing with applications.

Applications    The following four areas will be treated:

1. Seismic data processing.
2. Test Instruments.
3. Vibration data.
4. Hybrid Data Systems.

Seismic Data Processing    A general background of current techniques is given in the
December, 1965 issue of the Proceedings of the IEEE.

The basic objective is a representation of incident waveforms on local detection
apparatus. Accordingly, large arrays, LASA, are utilized for multiple signal gathering.
The multiple inputs are then processed to obtain reliable estimates of the input wave
parameters. In oil field seismology, further processing is required to identify local
geological formations. In the VELA program, bandwidths can be restricted to 0.2Hz to
5Hz.

This application has a number of unresolved problems. All of these data acquisition
systems employ analog-digital conversion, and subsequent waveform manipulation is
based on sampled data sequences. One of the current methods for performing these
mathematical operations lies in the algorithm of the “convolver”. Such a unit is
controlled by a conventional computer.

Consider two operations, correlation and velocity filtering. Correlation has been treated
in terms of the Walsh functions. Clearly, a similar result can be obtained through proper
use of the digital “convolver”. Within reasonable accuracy limits, the approach of Figure
8 should be cheaper by a factor of 4. In order to confirm this, mathematical manipulation
of some typical seismic waveforms would have to be carried out.

In velocity filtering, successive transducers, * km apart have outputs which are displaced
in time by */v where V is the velocity of the incident wave. Thus, velocity filtering is



accomplished by crosscorrelation of specific transducer outputs as function of specific
frequencies and time displacement. For a specific frequency, the value of time that
maximizes the autocorrelation of that frequency, or crosscorrelationbetween two
transducers, is J. Then J = */v, so that the velocity of the waveform may be determined.

The Walsh functions possess the property of time reversal when the amplitude
coefficient is multiplied by +1 or -1, appropriately.

Test Instrumentation    Specific instruments can be identified from earlier discussions.

1. Autocorrelation and crosscorrelation computation.
2. Digital function generator.
3. Spectrum analyzer.

Two other instruments are worthy of consideration, each involving phase determination.
The first measures the in-phase and quadrature component relative to a reference
waveform. In synchro and resolver tests, this identification is necessary at the operating
frequency, 60Hz, 40Hz or 1500Hz.

Figure 12 illustrates a basic mechanization. This instrument allows wide range and high
accuracy, but it is potentially much more expensive than conventional instruments.

Vibration Analysis    This application is fruitful:

1. Low frequency capability is required.
2. Arbitrary driving waveforms are required, with variable time base.
3. Spectral analysis is relatively simple.

Hybrid System    Previous discussions have established the relative ease of obtaining
time delays and the economy of representation. The allowable frequency range lies
between dc and 20KHz. The technique is compatible with single-shot or multiple cycle
solutions.

Multiplication/division has to be treated within the context of performance goals. The
Walsh functions can either be useless or quite advantageous. The Walsh functions do not
possess defined derivatives, therefore integration must precede differentiation.
Integration or other manipulations of a Walsh function, as with other orthonormal
functions, will not yield a single term of the series. A recurrence formula or algorithm is
needed, as previously noted.
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Figure 1 - Walsh Functions



Figure 2 - Walsh Approximation to Sinusoid

Figure 3 - Digitally Controlled Function Generator



Figure 4 - Spectral Analyzer

Figure 5 - General System Test Configuration



Figure 6 - Conventional DAC

Figure 7 - Walsh Function Multiplier

Figure 8 - Determination of Autocorrelation Function



Figure 9 - ADC Division

Figure 10 - Power Density Spectra Computation



Figure 11 - In-Phase and Quadrature Component Determination

Figure 12 - Time Delay Determination


