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ABSTRACT

A reduced-complexity decision-directed timing recovery method for continuous phase modulation (CPM) is
presented. The timing recovery method is based on the pulse amplitude modulation (PAM) representation—or
Laurent representation—of CPM, and is applied to the family of three telemetry modulations: PCM/FM, SOQPSK-
TG, and ARTM CPM. This work is the next step in an ongoing effort to develop reduced-complexity PAM-based
receiver methods for aeronautical telemetry. We quantify the steady-state tracking accuracy of the proposed timing
recovery method and show that it performs very close to the theoretical limit given by the modified Cramer-Rao
bound (MCRB). We also demonstrate that the proposed method is free of false-lock points for all three modulations.

INTRODUCTION

The family of three Advanced Range Telemetry (ARTM) modulations are [1]: pulse code modu-
lation/frequency modulation (PCM/FM); shaped offset quadrature phase shift keying, telemetry group
version (SOQPSK-TG); and a variant of multi-h continuous phase modulation (CPM) known as “ARTM
CPM.” All three modulations have a constant signal envelope and can, in fact, be described as CPMs.

CPM comes with its advantages and disadvantage. The primary advantage of CPM is its ability to
deliver compact, high-power, power-efficient modulators, which is the primary motivation for its use in
aeronautical telemetry. The disadvantage of CPM are that its receivers can be very complex and very
difficult to synchronize; this is due in part to the fact that the signal is nonlinear with respect to the trans-
mitted data. In the case of PCM/FM and SOQPSK-TG, it is possible to use alternate, non-CPM receiver
models [2, 3], which greatly simplify the receiver and avoid some of the synchronization problems; these
simplifications come at the expense of detection efficiency. In the case of ARTM CPM, these non-CPM
alternative models are not available, and the unavoidable complexity and synchronization problems faced
by ARTM CPM have proved difficult to overcome [4].

In this paper, we present a method of symbol timing recovery based on the well-known pulse amplitude
modulation (PAM) representation of CPM [5, 6], which “linearizes” CPM in a certain sense. This present
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work is a continuation of previous PAM-based efforts to reduce receiver complexity and improve detection
efficiency [7, 8]. We quantify the steady-state tracking accuracy of the proposed timing recovery method
and show that it performs very close to the theoretical limit set forth by the modified Cramer-Rao bound
(MCRB). We also show that the proposed method is free of false-lock points for all three modulations.

The paper is organized as follows. We first establish the signal model for multi-h CPM. We then
describe PAM-based timing error detector (TED). We then give some some performance analysis and
present some numerical simulation results.

SIGNAL MODEL

A. Conventional CPM model
We consider the CPM signal with complex envelope [9]

s(t;α) ,

√
Es
Ts

exp {jφ(t;α)} (1)

where Es is the symbol energy and Ts is the symbol duration. The phase of the signal is given by

φ(t;α) , 2π
∑
i

αihiq(t− iTs) (2)

where α , {αi} is a sequence of M -ary data symbols and {hi}Nh−1
i=0 is a set of Nh modulation indexes.1

The phase response q(t) is defined as the time-integral of the frequency pulse f(t), which has a duration
of L symbol times and an area of 1/2. When L = 1 the signal is said to be full-response and when L > 1
the signal is said to be partial-response. Some common pulse shapes are length-LTs rectangular (LREC),
length-LTs raised-cosine (LRC), and Gaussian, which are all defined in [9].

The phase φ(t;α) in (2) can be expressed as

φ(t;α) = η(t; cn) + θn−L, nTs ≤ t < (n+ 1)Ts, (3)

where

η(t; cn) , 2π
n∑

i=n−L+1

αihiq(t− iTs),

and

cn , [αn−L+1, · · · , αn−1, αn], θn−L , π

n−L∑
i=0

αihi mod 2π. (4)

In the above equations, cn is the correlative state vector, θn−L is the phase state, and n is the current
symbol index.

For the important special case where the modulation indexes are rational numbers, i.e. hi = ki/p,
0 ≤ i ≤ Nh − 1, the phase states are drawn from a finite alphabet of 2p points evenly distributed around
the unit circle. Using the tilted phase representation, the phase state alphabet can be cut in half, i.e. a set

1In this paper, the underlined subscript notation in (2) is defined as modulo-Nh, i.e. i , i mod Nh. When Nh = 1 we have
single-h CPM, which is the most common case. When Nh ≥ 1 we have the less-common multi-h CPM case.
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of p points evenly distributed around the unit circle [7]. Therefore, the signal in (3) can be represented by
a phase trellis of NS = pML−1 states, where each branch is associated with a unique value of the branch
vector [θn−L, cn].
B. PAM-based CPM model

In the well-known paper by Laurent [5], it was shown that the right-hand side of (1) can be formulated
as a superposition of data-modulated pulses for the special case of binary (M = 2) single-hCPM with non-
integer modulation index. This pulse amplitude modulation (PAM) representation of CPM has since been
extended to M -ary multi-h CPM [6] and other more exotic cases. In order to expedite our development,
we restrict ourselves to the cases considered in [6] and note that the proposed PAM-based timing recovery
methods can be extended to other cases.

Using the PAM-based model for M -ary multi-h CPM, the right-hand side of (1) can be exactly repre-
sented as [6]

s(t;α) =

√
Es
Ts

N−1∑
k=0

∑
i

bk,igk,i(t− iTs) (5)

where the number of PAM components is N = 2P (L−1)(M − 1) when the alphabet size M is an integer
power of 2. The pseudo-symbols {bk,i}N−1

k=0 have a lengthy definition that is not summarized here but is
instead found in [6] for the general multi-h case; suffice it to say that the pseudo-symbols are a nonlinear
function of the symbol sequence α. Likewise, the PAM signal pulses {gk,i(t)}N−1

k=0 , which vary greatly
in amplitude and duration, are defined in [6] for the respective cases; the k-th pulse has a duration of Dk

symbol times, where Dk is an integer in the range 1 ≤ Dk ≤ L+ 1.
Based on the definition of the pseudo-symbols, the phase state θi−L can be factored out of bk,i, leaving

a term that is a function of the correlative state vector ci, i.e.

s(t;α) =

√
Es
Ts

∑
i

ejθi−L

N−1∑
k=0

bk(ci)gk,i(t− iTs). (6)

An important aspect of (6) which we summarize and emphasize here is the PAM complexity reduction
principle, which has been used to formulate reduced-complexity detectors [10]. The first step is to exploit
the fact that the pulses with the largest amplitudes also have the longest durations (i.e. the most energy),
and that there are only a few such pulses [5]. The indexes of these pulses are grouped in the subset K,
whereK ⊆ {0, 1, · · · , N−1} and has |K| elements. (A ⊆ B denotes thatA is a subset ofB.) The reduced
number of pulses has the net effect of reducing the number of matched filters (MFs) in the detector [10].

The second complexity-reduction step is to observe that with the pseudo-symbols that remain, i.e.
{bk(ci)}k∈K, it is possible to factor out additional data symbols, starting with αi−L+1, which has the
net effect of shortening the correlative state vector and thereby reducing the number of trellis states in
the detector [10]. The full correlative state vector cn in (4) contains L elements, whereas the shortened
correlative state vector c′n contains only L′ ≤ L elements; the elements that are removed from c′n, namely
{αi}n−L′i=n−L+1, are absorbed into the phase state θn−L′ . The value of L′ is determined by the choice of K,
and although the inner-workings of this relationship are intricate, it was shown in [11] that the duration of
the shortest PAM pulse is a readily-available means of identifying L′, via the relation

L′ =

{
L−Dmin + 1, Dmin < L+ 1

1, Dmin = L+ 1
, where Dmin , min

k∈K
Dk.

The concepts outlined above are used to formulate reduced-complexity PAM-based detectors.
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PAM-BASED TIMING ERROR DETECTOR

We derive the PAM-based timing error detector (TED) using maximum likelihood principles. The
signal observed at the receiver is modeled as

r(t) = s(t− τ ;α) + w(t) (7)

where w(t) is complex-valued additive white Gaussian noise (AWGN) with zero mean and power spectral
density N0. The variables α and τ represent the data symbols and the symbol timing, respectively. In
practice, both of these variables are unknown to the receiver and both must be recovered.

In what follows, we refer to estimated and hypothesized values of a generic quantity x as x̂ and x̃,
respectively. Also, x̂ and x̃ can assume the same values as x itself.
A. Maximum likelihood PAM-based sequence detection

The symbol sequence α can be recovered using maximum likelihood sequence detection (MLSD).
In [9], it was shown that the log-likelihood function for the hypothesized symbol sequence α̃ over the
observation interval 0 ≤ t ≤ L0Ts is

Λ(r|α̃) = Re
{∫ L0Ts

0

r(t)s∗(t− τ ; α̃) dt

}
(8)

where we assume for the moment that τ is known and (·)∗ denotes the complex conjugate. Applying K
to (6) and inserting the resulting expression into (8) yields

Λ(r|α̃) ≈ Re

{∫ L0Ts

0

r(t)
∑
i

ejθ̃i−L′
∑
k∈K

b∗k(c̃
′
i)gk,i(t− τ − iTs)dt

}
.

Changing the order of integration and summation results in

Λ(r|α̃) ≈
L0−1∑
i=0

Re
{
yi(c̃

′
i, θ̃i−L′ , τ)

}
(9)

which is a function that can be maximized efficiently using the Viterbi algorithm (VA), e.g. [9, Ch. 7]. The
metric increment yi(c̃′i, θ̃i−L′ , τ) is defined as [11]

yi(c̃
′
i, θ̃i−L′ , τ) , e−jθ̃i−L′

∑
k∈K

b∗k(c̃
′
i)xk,i(τ). (10)

The time-reversed PAM pulses {gk,i(−t)}k∈K serve as the impulse responses of the MF bank [10, 11],
with outputs defined as

xk,i(τ) ,
∫ τ+(i+Dk)Ts

τ+iTs

r(t)gk,i(t− τ − iTs) dt (11)

where the sampling instant varies with the pulse durationDk. The implementation of the MF bank requires
a delay of LTs in order to make the longest impulse response causal.

At this point, we summarize key attributes of (10) and (11): 1) the interval of integration in (11)
is formulated to span multiple symbol intervals, and 2) for the current time step n within the VA, the
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metric increment yn(c̃′n, θ̃n−L′ , τ) is a function only of the current shortened branch vector [θ̃n−L′ , c̃′n]
and therefore requires a trellis of only pML′−1 states. The steps taken in the derivation of (10) and (11)
were motivated by state complexity reduction, which is not necessarily a concern in the timing recovery
problem.
B. Maximum likelihood PAM-based timing recovery

In order to recover τ , we temporarily assume that α is known. Using the above definitions, it can be
shown that the likelihood function for a hypothesized timing value τ̃ is

Λ(r|τ̃) = Re
{∫ L0Ts

0

r(t)s∗(t− τ̃ ;α) dt

}
. (12)

The maximum of Λ(r|τ̃) with respect to τ̃ is obtained by setting equal to zero the partial derivative of (12)
with respect to τ̃ . Thus, we obtain

Re
{
−
∫ L0Ts

0

r(t)ṡ∗(t− τ̃ ;α) dt

}
= 0 (13)

where ṡ(t) is the time-derivative of s(t).
In formulating the solution to (13), we make the salient observation that detecting α and estimating τ

are separate problems and do not necessarily require 1) the same effort to reduce state complexity since
α is assumed to be known, and 2) the same subset of PAM components in order to achieve satisfactory
performance. With respect to the latter issue, we allow the TED to be based on a possibly different subset
of PAM components, KTED, where KTED ⊆ K ⊆ {0, 1, · · · , N − 1}. This possibly reduces the number
filters needed to support the TED, because filter complexity is still a concern even though state complexity
is not. With respect to the relaxation of the state complexity issue, we have the freedom to develop two
slightly different formulations of the PAM-based TED.

The first TED formulation parallels (9)–(11) which yields

L0−1∑
i=0

Re {ẏi(ci, θi−L, τ̃)} = 0 (14)

where the TED increment ẏi(ci, θi−L, τ̃) is given by

ẏi(ci, θi−L, τ̃) =
∑
k∈KTED

b∗k,iẋk,i(τ̃) (15)

and ẋk,i(t) is the time derivative of xk,i(t). A discrete-time differentiator is used to implement ẋk,i(t), as
discussed momentarily.

We begin the formulation of the second TED by breaking the interval of integration in (13) into non-
overlapping length-Ts segments, i.e.

Re

{
−

L0−1∑
i=0

∫ (i+1)Ts

iTs

r(t)ṡ∗(t− τ̃ ;α) dt

}
= 0. (16)

Then, inserting (5) into (16) and rearranging terms yields

L0−1∑
i=0

Re {żi(ci, θi−L, τ̃)} = 0 (17)
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Interpolator
MF Bank

{gk,n(−t)}k∈K
VA

TEDPLL

r[m] {xk,n,l}k∈K {α̂n}

ĉn−D

θ̂n−L−D
e[n−D]τ̂ [n−D]

Figure 1: Discrete-time implementation of the PAM-based decision-directed timing recovery system.

where the TED increment żi(ci, θi−L, τ̃) is

żi(ci, θi−L, τ̃) =
∑
k∈KTED

i∑
l=i−Dk+1

b∗k,lẋk,i,l(τ̃) (18)

and ẋk,i,l(t) is the time derivative of

xk,i,l(τ) ,
∫ τ+(i+1)Ts

τ+iTs

r(t)gk,l(t− τ − lTs) dt. (19)

C. TED implementation
Both implementations require the exact same amount of filtering (i.e. integration) and differ only in

the manner in which the filter outputs are sampled and combined. The solutions to (14) and (17) [i.e. the
value of τ̃ that causes the left-hand side of the equations to vanish] is obtained in an adaptive/iterative
manner. As they are formulated, (14) and (17) assume the true data sequence {· · · , αn−2, αn−1, αn} is
known, which is not the case in practice. A logical substitute for the true data sequence is the sequence of
tentative decisions within the VA, which become more reliable the further we trace back along the trellis.
Considering all these factors, we formulate the following PAM-based timing error signals

e[n−D] = Re
{
ẏn−D(ĉn−D, θ̂n−L−D, τ̂ [n−D])

}
(20a)

or
e[n−D] = Re

{
żn−D(ĉn−D, θ̂n−L−D, τ̂ [n−D])

}
(20b)

where D is the traceback depth (delay) for computing the error and ĉn−D and θ̂n−L−D are taken from the
path history of the best survivor in the VA. We recommend a value of D = 1, which is the value used in
our numerical results section. From this point on, we refer to (20a) as “TED-A” and (20b) as “TED-B.”

Figure 1 shows a discrete-time implementation of the sequence detection operation in (9) and either
TED operation in (20). The discrete-time received signal r[m] is sampled at a rate of N samples per
symbol. A sample interpolator is used to synchronize the received signal based on the most recent timing
estimate, τ̂ [n − D]. The synchronized samples are fed to the MF bank, the outputs of which form the
values in the set {xk,n,l}k∈K. The MF outputs are sampled at the symbol rate at the proper timing instant,
and these MF samples are used to update the branch metrics within the VA, i.e. (9). In addition to the
samples of {xk,n,l}k∈K that are used in the VA, an early sample of each {xk,n,l}k∈KTED is taken, as well as
a late sample. The difference between the early and late samples is used to approximate the derivative
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Figure 2: S-curves for ARTM CPM with (a) TED-A, and (b) TED-B. In each case, the data-aided (analytical) curve is computed
for |KTED| = 3× 1. Also, in each case the curve is also computed via simulation for the decision-directed case.

ẋk,n,l(t). This procedure is detailed further in [12]. Once the error signal e[n−D] is formed, it is fed to a
phase-locked loop (PLL),2 which in turn outputs the timing estimate τ̂ [n−D].

PERFORMANCE ANALYSIS

A. Modified Cramer-Rao bound for multi-h CPM
We use the modified Cramer-Rao bound (MCRB) [13] to establish a lower bound on the degree of

accuracy to which τ can be estimated. The MCRB formula (normalized to the symbol rate) is

1

T 2
s

×MCRB(τ) =
1

8π2h2CαCfL0

× 1

Es/N0

(21)

where L0 is the length of the observation interval (in symbol times), Cα , E{α2
n} = (M2 − 1)/3 for

uncorrelated M -ary data symbols, the mean-squared modulation index is h2 , 1
Nh

∑Nh−1
i=0 h2

i , and the

energy of the frequency pulse is Cf , Ts
∫ LTs

0
f 2(t) dt. For the special case of LREC we have Cf =

CLREC , 1/(4L), and for the special case of LRC we have Cf = CLRC , 3/(8L). For all other frequency
pulse shapes, Cf can be computed analytically or numerically as needed.

In the numerical results section, we use the MCRB to evaluate computer simulation results for the
normalized timing error variance, which is defined as 1

T 2
s
× σ2

τ , 1
T 2

s
× Var {τ̂ [n]− τ}.

B. PLL considerations
The final MCRB expression in (21) is formulated in terms of L0. We use the conversion L0 = 1

2BTs
to

relate the normalized loop bandwidth BTs of a feedback-based scheme to the observation length L0 of a
feedforward-based scheme; this relationship is valid for a first-order PLL [12]. Using a standard first-order
PLL implementation, the raw TED output e[n] is refined into a more stable timing estimate τ̂ [n] via the
update τ̂ [n] , τ̂ [n−1] +γe[n] which is performed after each symbol time. The PLL step size is γ , 4BTs

kp

where the constant kp is obtained from the so-called S-curve characteristic of the TED.
C. S-Curve of the TED

2We have shown the TED in a feedback/PLL configuration; however, a feedforward configuration could also be used.
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Figure 3: MCRB vs. normalized timing error variance for ARTM CPM with BTs = 1 × 10−3; (a) cases where the bias for
TED-A is ignored and when it is taken into account; (b) various cases of TED-A and TED-B.

The S-curve is a useful tool for characterizing the behavior of the TED; it is defined as the expected
value of the TED output e[n] as a function of the timing offset δ , τ − τ̂ . The S-curve gives an easy
method of identifying the stable lock points for the TED (these are the zero-crossing points on the curve
where the slope is positive) and thus determining whether any false-lock points exist. The S-curve also
determines the value of kp, which is the slope of the S-curve evaluated at δ = 0.

Due to space constraints, we omit the analytical derivation of the S-curves for TED-A and -B; this
information can be supplied to the interested reader on request. In the numerical results section, we show
plots of the final result, which show that TED-A and TED-B have the same S-curve. However, there is a
subtle detail that is different between the two S-curves which is discussed next.

NUMERICAL RESULTS

A. ARTM CPM: M = 4, 3RC, h = {4/16, 5/16}
We first discuss the S-curves obtained for the multi-h ARTM CPM scheme, which has parameters

M = 4, 3RC, and h = {4/16, 5/16} [1]. The optimal PAM-based detector for this scheme requires a
256-state trellis and a bank of 48× 2 multi-h MFs/pulses. There are numerous reduced-complexity PAM-
based detector configurations that could be chosen, cf. [7]; of these, we select the 64-state detector with
L′ = 2 that uses a bank of |K| = |KTED| = 3×1 MFs/pulses that have been averaged into the equivalent of
single-h MFs/pulses, which is suboptimal by only 0.19 dB in terms of detection efficiency [7, Table IV].

Figure 2 (a) shows analytical (data-aided) S-curves for TED-A as dashed curves. We have shown the
final S-curve (heavier line weight) as well as the component S-curves for n-even and n-odd (lighter line
weights). The curves indicate that TED-A locks onto the correct timing instant at δ = 0 when averaged
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Figure 4: Data-aided (analytical) and decision-directed (simulated) S-curves for (a) PCM/FM with TED-A and |KTED| = 1; and
(b) SOQPSK-TG with TED-A, |KTED| = 2, and |KTED| = 1.

over all modulation index alignments, but shows a slight forward (or backward) bias for n-even (or n-odd).
This analytically-predicted behavior is confirmed with computer simulations for the decision-directed case
(solid curves), which is the intended implementation of the TED in practice. We note that the decision-
directed S-curves are periodic with period NhTs, and therefore have stable lock points when δ equals an
integer multiple of NhTs. The simulated S-curves show strong agreement with the analytical S-curves
for small values of |δ|, but the performance of the decision-directed TED breaks down as δ approaches
half-integer multiples of Ts due to unreliable tentative decisions within the VA.

The presence of an alternating timing bias—with zero bias on average—raises the question of whether
or not this should be taken into account during the operation of the algorithm. To answer this question,
in Figure 3 (a) we compare the normalized timing error variance of TED-A with and without taking the
bias into account using BTs = 1× 10−3. The results in the figure indicate that better tracking accuracy is
achieved by not taking the bias into account.

Figure 2 (b) shows analytical (data-aided) S-curves for TED-B with the 64-state 3 × 1 ARTM CPM
detector. Unlike the curves for TED-A in Figure 2 (a), TED-B does not exhibit a bias for different mod-
ulation index alignments; instead, there is only a slight variation in the slope and maximum amplitude of
the curves. We point out that the final S-curves in Figures 2 (a) and (b) (i.e. the curves with heavier line
weights) are identical, as predicted by our analysis.

The question of which TED formulation yields better tracking accuracy is addressed in Figure 3 (b). In
this figure, we consider the 256-state 48×2 optimal detector and the 64-state 3×1 reduced-complexity de-
tector, both withBTs = 1×10−3. In the latter case, we include an additional scenario where |KTED| = 2×1,
where the smallest-amplitude MF/pulse is not used for the purposes of the TED. The best overall perfor-
mance is obtained by TED-B using the optimal bank of |KTED| = 48× 2 MFs/pulses. The performance of
all the reduced-complexity configurations is quite good for small values of Es/N0 but the TED-B config-
urations perform better for large values of Es/N0. In the examples considered next, the relative ranking
between the two TED formulations often fluctuates depending on the operating range of Es/N0.
B. PCM/FM: M = 2, 2RC, h = 7/10

We next discuss PCM/FM, which has parameters M = 2, 2RC, and h = 7/10 [1]. The optimal PAM-
based detector for this scheme requires a 20-state trellis and a bank of 2 MFs/pulses. We use a 10-state
detector with L′ = 1 that uses only |K| = |KTED| = 1 MF/pulse, which is essentially optimum in terms of
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Figure 5: MCRB vs. normalized timing error variance for (a) PCM/FM with BTs = 5 × 10−3; and (b) SOQPSK-TG with
BTs = 1× 10−3.

detection efficiency. The S-curves for this CPM scheme are shown in Figure 4 (a) for TED-A.
Figure 5 (a) shows the normalized timing error variance results for PCM/FM, which are very close

to the MCRB for most values of Es/N0. The most interesting finding for PCM/FM is that the relative
ranking between the two TEDs varies with Es/N0. TED-A is more effective than TED-B for smaller
values of Es/N0. As Es/N0 increases, the normalized timing error variance of TED-A becomes worse
than that of TED-B. However, this performance deviation occurs at values of Es/N0 that are too large to
have any practical impact on the bit error rate (BER), which is the most important figure of merit. In BER
simulations (not shown here due to space constraints) over the range of Es/N0 shown in Figure 5 (a), there
was no observable BER degradation for either TED at this loop bandwidth (BTs = 5 × 10−3); however,
some degradation would be expected for TED-B for small Es/N0 and wider loop bandwidths.
C. SOQPSK-TG

SOQPSK-TG is a special type of CPM that uses a constrained ternary data alphabet. Background
material on SOQPSK-TG can be found in, e.g. [1, 8]. The optimal PAM-based detector for SOQPSK-TG
requires a 512-state trellis and a bank of 4374 MFs/pulses [8]. We use a 4-state detector with L′ = 1
that uses |K| = 2 MFs/pulses, which is suboptimum by 0.1 dB in terms of detection efficiency [8]. Due
to the extreme shortening of L′, the decision feedback implementation for TED-B is not practical. The
S-curves for TED-A for this CPM scheme are shown in Figure 4 (b) for |KTED| = 2 and |KTED| = 1; the
main difference between these two cases is the amplitude of the S-curve, which is consistent with the large
amplitude of the PAM pulse that is discarded in the |KTED| = 1 configuration (see [8, Fig. 6]). Although
SOQPSK-TG has Nh = 1 modulation index, there is an n-even/n-odd dependence in the SOQPSK signal
model [8] which gives rise to the period of 2Ts for the decision-directed S-curves in Figure 4 (b).

Figure 5 (b) shows the normalized timing error variance results for the two SOQPSK-TG configura-

10



tions, where we see that the |KTED| = 2 configuration is very close to the MCRB except for larger values
of Es/N0. The |KTED| = 1 case has the same basic shape but is inferior by around 1 dB.

CONCLUSION

We have shown how the PAM representation of M -ary multi-h CPM can be applied to the problem
of symbol timing recovery for CPMs in general and the ARTM modulations in particular. We have de-
veloped two slightly-different formulations of PAM-based TEDs, and have analyzed and compared their
performance. The relative ranking between the two formulations fluctuates depending on the particular
CPM scheme and the operating range of Es/N0. Therefore, there is no unanimous opinion in choosing
between the two formulations. In general, both formulations have low complexity and are able to perform
close to the MCRB. As such, the proposed TEDs provide an important synchronization component for
reduced-complexity PAM-based CPM receivers that has been missing up to this point.
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