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ABSTRACT 
 
This paper investigates the performance of a symbol synchronization technique when used for 
bandlimited modulation formats in multipath environments.  The performance was analyzed 
using Gaussian Frequency Shift Keying as the modulation format, and assume the receiver has 
no channel state information  The symbol synchronization algorithm calculates the minimum 
sample variance of eye diagrams over varying symbol rate estimates.  The system performance 
was measured through simulations run at various signal-to-noise ratios and over a range of 
single-reflection multipath channels. 
 
 

INTRODUCTION 
 
Symbol synchronization must be maintained in any digital communication system, and a wide 
variety of algorithms exist to perform this operation [1-3].  However this problem becomes more 
challenging when bandlimited waveforms are used.  The transmitters in these systems introduce 
a form of controlled inter-symbol interference (ISI), which smoothes the abrupt transitions 
present in the more fundamental modulation formats.  While this can substantially reduce the 
amount of bandwidth used, it also removes - or at least degrades - some of the features of the 
waveform that symbol synchronization devices exploited.  This makes symbol synchronization 
more challenging for these systems. 
 
Many telemetry systems must contend with significant multipath reflections.  The receiver will 
pick up multiple - but time-delayed - versions of the transmitted signal, in addition to noise and 
interference.  The effects of the multipath reflections can be removed if one has an accurate 
estimate of their time delay, phase shift, and gain relative to the line-of-sight component.  
However many receivers lack this channel state information (CSI).  This could be because of the 
receiver's limited complexity, because the channel has a large number of reflections to model, the 
signal-to-noise ratio (SNR) may be too low to allow accurate measurements, or the parameters 
may be changing too rapidly to allow accurate tracking.  Receivers that lack CSI cannot remove 
its effects prior to data demodulation, so they must use synchronization devices which can 
tolerate multipath. 
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This paper investigates a method for performing symbol synchronization which not only works 
for bandlimited signals, but can also tolerate some degree of multipath interference.  It can be 
applied to a variety of modulation formats, but for simplicity we chose to focus on one - namely 
Gaussian frequency shift keying (GFSK).  Some common symbol synchronization techniques 
calculate the slope, or estimate the location of the zero-crossings of baseband waveforms.   
 
In the technique discussed here, the receiver will generate sample eye diagrams, over a range of 
possible symbol rates.  The variance of the eye diagram at different time offsets is then 
calculated for each hypothesized data rate.  When the hypothesized data rate is incorrect, the 
variance is reasonably constant over all time offsets.  However when the correct data rate has 
been found, there is significant difference between the maximum and minimum variance at 
different time offsets.  This difference is captured in a performance index, which can be 
maximized to find the correct data rate. 
 
In the vicinity of the correct data rate, the performance index approximates a parabolic function, 
making it possible to generate an estimate even when the correct data rate was not one of those 
used in the hypothesis testing. 
 
The following section describes the GFSK transmitter, channel and receiver used for this work.  
Next, sample eye diagrams are presented for a variety of channels, and timing synchronization 
error situations.  Finally, the performance of the symbol synchronization algorithm, as measured 
by simulations, is presented for a few channels. 
 
 

GFSK TRANSMITTER, CHANNEL AND GFSK RECEIVER 
 
Transmitter 
 
Fig.1 shows a functional block diagram of a GFSK Modulator.   
 
 

 
Fig.1 GFSK Modulator 

 
 
The data stream ( )d t  into the GFSK Modulator is an NRZ stream ( +1).  The binary data is 
Gaussian filtered with the following impulse response: 
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where sT  is symbol time, and  
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π
=  (2) 

 
and B is the 3dB Bandwidth of the signal measured in Hz.  We choose the time-span of the 
impulse response of the Gaussian filter to be + 2 symbol times.  The Gaussian filter output, ( )g t , 
is scaled by df  to control the frequency deviation, and integrated to form the phase of the 
transmitted signal 

 ( ) ( )
t

dp t f g t dt
−∞

= ∫  (3) 

 
The phase can then be used in a I/Q modulator, or in our case, to form a complex envelope 
signal, ( )x t , written as 
 ( ) co s( ( )) sin ( ( ))x t p t j p t= +  (4) 
 
Channel 
 
The transmitted signal passes through a channel as shown in Fig.  2 that introduces attenuation, 
time-delay, multipath and Additive White Gaussian Noise (AWGN). 
 

 
Fig.  2  Multipath Channel 

 
Here, we assume that the receiver antenna receives one reflected path in addition to the Line of 
Sight (LoS) path.  The received signal is: 
 
 1 1 2 2( ) ( ) ( )r t k x t Rk x t nτ τ= − − − +  (5) 
 
where, 
 

1k  and 2k  are the power loss coefficients for both the paths, 
1τ  and 2τ  are the respective time delays of the two paths, 

R  is the Reflection coefficient of the reflecting surface, 
n  is the white Gaussian noise. 
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We assume that the delay spread introduced by the multipath is much smaller than the symbol 
time. 
 
 
Receiver 
 
Fig.  3 shows a functional block diagram of a GFSK receiver.   
 

 
Fig.  3  GFSK Receiver 

 
Both the I and Q channels of the received signal complex envelope are multiplied with the 
differentiated outputs of the other channel.  The received I-channel signal is 
 
 1 1 2 2( ) cos( ( )) cos( ( ))ir t k p t Rk p tτ τ= − − −  (6) 
 
and the received Q-channel signal is 
 
 1 1 2 2( ) sin( ( )) s ( ( ))qr t k p t Rk in p tτ τ= − − − . (7) 
 
This makes the derivative of the I-channel signal 
 

 1 1 1 2 2 2( ) ( ) s ( ( )) ( ) s ( ( ))i
d d dr t p t k in p t p t Rk in p t
dt dt dt

τ τ τ τ = − − − − − − 
 

 (8) 

 
and from eq.(3) 
 

 ( )1 1 1 2 2 2( ) ( ) s ( ( )) ( ) s ( ( ))i
d r t f t k in p t f t Rk in p t
dt

τ τ τ τ= − − − − − − . (9) 

 
Similarly, the derivative of the Q-channel signal is 
 

 ( )1 1 1 2 2 2( ) ( ) cos( ( )) ( ) cos( ( ))q
d r t f t k p t f t Rk p t
dt

τ τ τ τ= − − − − − . (10) 

 
The output of the summer is 
 
 { }1 2 1 2 1 2

2 2( ) 2 co s( ( ) ( )) ( )s t k Rk Rk k p t p t f tτ τ= + − − − −  
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and from eq.  (3), 
 

 1 2 1 2

1

2
2 2( ) 2 co s ( ) ( )s t k Rk Rk k f t dt f t

τ

τ

   = + −  
   

∫ . (11) 

 
In the absence of multipath ( )0R = , the output is 
 
 ( )1 1 1

2 2 2( ) ( ) ( ) ( )* ( )d ds t k f t k f g t k f h t d t= = =  
 
i.e.  ( )( ) ( )* ( )s t K h t d t= , where K  is a constant.  However, due to multipath ( )0R ≠ , the 
summer output is a function of the difference between the time delays, the reflection coefficient 
of the reflecting surface and the attenuation of the respective paths. 
 
 

SYMBOL SYNCHORNIZATION ERRORS WITH NOISE, MULTIPATH AND 
INCORRECT DATA RATE AT THE RECIEVER 

 
In an eye-diagram, given no multi-path and no noise, all overlapping samples of the signal over a 
few symbol times converge to the same path.  This assumes the receiver uses precisely the same 
data rate as the transmitter.  Figure 4 shows the eye-diagram when there is no multipath and no 
noise, while Fig.  5 shows a typical eye diagram when multipath and noise are present. 
 

  
 Fig.  4  Correct Data Rate Fig.  5  Correct Data Rate 
 No Multipath or Noise Multipath and Noise Present 
 
If the receiver uses a data rate that is 5% different from the transmitter's data rate, the noise-free 
eye diagram over a few symbol times resembles Fig.  6 while the eye-diagram when multipath 
and noise are present resemble Fig.  7. 
 
As seen from Fig.  5, in presence of multipath, synchronization methods like zero-crossing 
detection or calculation of slope of eye-diagram are not applicable as the region of zero-crossings 



6 

 

and zero-slope is fairly spread out over the length of the eye-diagram owing to multipath.  This 
problem is further exacerbated in case the receiver has an incorrect estimate of the transmitted 
data rate as is shown in Fig.  7. 
 

  
 Fig.  6 Incorrect Data Rate Fig.  7  Incorrect Data Rate 
 No Multipath or Noise Multipath and Noise Present 
 
We calculated the variance of the samples in the eye-diagram at each instant along the horizontal 
axis.  In regions where the paths all converge (correct data rate at receiver, and little noise), the 
variance will be lower, than where they spread out over a wider region.  Figures 8 and 9 show 
the variance curves when the assumed data rate is correct for a low noise, no multipath channel 
and for a channel with noise and multipath present, respectively.  Figures 10 and 11 show the 
variance curves for corresponding conditions when the assumed data rate is off by 5%. 
 
These figures illustrate that there is a substantial difference between the maximum and the 
minimum variance if the data rate is correct, even with multipath and noise present.  Thus, the 
variance curve of the eye-diagram can be considered as a measure of the accuracy of the 
estimated data rate at the receiver.  Also, for correct data rate, the point of maximum variance is 
typically the point where the eye is open the most, the ideal point for sampling the symbol. 
 

  
 Fig.  8 Correct Data Rate Fig.  9  Correct Data Rate 
 No Multipath or Noise Multipath and Noise Present 
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 Fig.  10  Incorrect Data Rate Fig.  11  Incorrect Data Rate 
 No Multipath or Noise Multipath and Noise Present 
 
We define the performance index, P , of the estimated data rate as the normalized difference 
between the maximum and the minimum variances of the eye-diagram: 
 

 ( ) ( )
( )

max var min var
max var

P
−

=  (12) 

 
Figures 12 through 15 show how this performance index varies with the estimated data rate, and 
the reflection coefficient of the multipath term, R. 
 

  
 Fig. 12  R=0.25 Fig. 13  R=0.5 
 
The performance index has a local maximum at the correct data rate, regardless of the reflection 
coefficient.  This property is exploited in the algorithm described in the following section.  At 
high reflection coefficients, there can be additional significant maxima at incorrect data rates.  If 
one transmits a preamble of alternating data, these extraneous peaks can be largely eliminated, as 
shown in Fig. 16. 
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 Fig. 14  R=0.75 Fig. 15  R=1 
 

 
Fig. 16  R=1, Toggling Data 

 
 

ALGORITHM AND PERFORMANCE 
 

The performance index curve can be modeled as a parabolic function when the estimated data 
rate is close to the actual data rate.  We begin the synchronization by searching over a range of 
possible data rates, calculating the performance index, P,  at each value.  If P is greater than 0.2 
for random data, or 0.4 for toggling data, we assume that the estimate is on the parabola. 
 
We now calculate P at two data rates which are very close to the first estimate.  Based on the 
data set of the three estimates, and their performance indices, we model the equation of the 
parabola- )(estf  such that it fits the data ))(( iestf  to )(iP  in the least squares sense. 
 
One of the roots of the equation 01)( =−estf will yield the estimate value for which 1=P . This 
root is the new estimate of the data rate. This estimate, along with its performance index, is now 
included in the existing data set, and a refined estimate can be calculated.  A very fine resolution 
is possible, limited only by the number of iterations and the number of samples per symbol.  
Figures 17 through 20 show the standard deviation of the estimated data rate as a function of the 
SNR and with different reflection coefficients. 
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 Fig. 17  R=0 Fig. 18  R=0.25 
 

  
 Fig. 19  R=0.5 Fig. 20  R=1 
 
The figures shown above were all generated using random transmitted data.  If a preamble of 
toggling data is used, the performance improves substantially, as shown in Fig. 21. 
 

 
Fig. 22  R=1, Toggling Data 
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Figures 22 and 23 show how the performance varies with the reflection coefficient, at a fixed 
SNR, with random and toggling data. 
 

  
 Fig. 23  Random Data Fig. 24  Toggling Data 
 

 
CONCLUSIONS 

 
Symbol synchronization of GFSK Modulated signals in a multipath environment with additive 
white Gaussian noise was carried out. The data rate was estimated using the performance indices 
derived by observing the variance curves for the eye-diagrams at different estimates. The 
algorithm based on these performance indices was analyzed by studying the standard deviation 
plots for different SNR, and different reflection coefficients. It was observed that the algorithm 
estimated the data rate efficiently for low to moderate degrees of multipath. The algorithm 
performance improved markedly when a preamble of toggling data is used. 
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