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HOW DO YOU DEFINE BANDWIDTH? 

By R. A. SCHOLTZ 

Summary. -All definitions of bandwidth have certain basic properties 
which make them true measures of "width". In this paper we show that 
different bandwidth measures are not interchangable, and note that band
width can be viewed as a measure of the number of dimensions added to 
the signal space per unit time. Methods of computing the transmitted 
power spectral density in a digital communication system are given and 
the dependence of the spectral density on the statistical structure of the 
information source is indicated by example. The paper closes with 
bandwidth comparison s for three common sets of binary telemetry signals. 

Many engineers probably have a favorite definition of bandwidth 
which they feel deserves the title of Bandwidth with a capital B. All are 
attempti ng to define a measure of the width B of a non-negative real 
valued spectral density S(f ) defined for all frequencies If I < 0>. Lets 
illustrate these definitions for a particularly well-behaved function S(f) 
with the property that it has unit area, is symmetric about f = 0, uni
modal and has its maximum value at f = O. 

O> 

I S(f)df = 1 ( 1) 
_ a, 

S(f) = S (- f) (2) 

0 s S(f
2

) S~(f
1
), for O sf s f 

1 2 
(3) 

max S(f) = S(O) (4) 

f 

Everybody's definition should "work" on such a well behaved function. 

Here are some definitions which are used quite often: 

A. The rms bandwidth B 
rms 

For those familiar with probability theory, we see that B 
is simply the standard deviation of the density S(f). rms 

B . The equivalent rectangular bandwidth B : 
er 
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"' I S(f)df 

1 -"' 1 
B = 2 --

er max S(f) 2S(O) 
f 

This definition simply matches the area under S(f) to the area of 
a rectangle with height max S(f) and width 2B • The second 

f n 

equality is the result of our special assumptions about the shape 
of 'S(f). If S(f) = J H(f) J 2 where H(f) is the system function of an 
amplifier or linear filter Ber is usually called noise-bandwidth of 
the de..;.ice. 

C. The 3db Bandwidth B
3
db : 

This bandwidth is described implicitly as any solution of the 
equation 

B 
3
db indicates a value off at which S(f) is half its peak value. 

D . The x Fractional Power Bandwidth BxF: 

This bandwidth is also described implicitly as any solution to the 
equation 

B J xF S (f )df = x 
-B 

xF 

where x is a specified number in the range O < x ~ 1. 

All of these measures Brms• Ber• B 3db • and BxF are measures B of the 
"half width" of the function S(f), with the nominal width of the function 
being 2B, indicating that S (f) has most of its area in the region (-B, B) . 
(Do you believe in negative frequencies?) 

Problems a r ise when an equation calls for a bandwidth and either the 
particular bandwidth measure is unspecified or you wish to substitute one 
measure for another . To illustrate the problem, let B (S) denote the 
bandwidth of the function S(f), and let,,/ b e the collection of all functions 
satisfying (1)-(4) . We can get an idea of how well the substitution of 
bandwidth measure Bz(S) for measure By(S) by determining 
max B (S)/B (S) and max B (S)/By(S) . A table of these maximum values 
Se,,/ Y z Seal z 

is given here for the four measures defined above, and the reader is left 
with the task of finding which function S yields the tabulated value. It is 
worth noting that for each choice of By and Bz, the maximum of either 
By/Bz or Bz/By can be infinite! 



By(S) 
By 

B B B3db B max 
B (S ) xF 
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rms er 

z 
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N• 
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The large v ariety of measures comes from the fact that the notion of 
width about f = 0 , requires very few axioms to describe . Suppose that 
we now assume only that S(f) is non-negative valu ed and has finite area. 
Then the foll?wing axioms correspond to the notion of width: 

(a) Bandwidth is non- negative. 

B(S) ~ 0 

(b) Bandwidth is not a function of "height" . 

B(kS) = B(S) for any positive numb e r k 

(c) Stretching S(f) by a fac tor of c stretches t he bandwidth of S(f) by 
a fac t o r c. If 

then 

S' (i_) = S(f) 
C 

B (S') 

, 

= .!.B(S) 
CI 

Note that (b ) allows one to normalize S(f) by choice of k, so that kS ha s 
unit area, whence the condition (1) may be assumed to be satisfied w hen
ever S(f) i s integrable . 

Another prob lem which occu rs quite often involves defining the center 
frequency fc of S (f) and the bandwidth a bout that frequency whe n S(f) n o 
longer satisfies conditions (3) and (4). In this case one can define the 
bandwidth about a fr equency f' as ZB (Sf, ) where 

Sf1 (f) = U (f -f1)S (f-f' ) (5) 

Here U(f) denotes the unit step function, and the bandwidth is computed as 

twice the bandwidth about f = 0 of the positive f portion of S (f), t ranslated 
down in frequency by an amount f' . One suitable definition of c e nter 



frequency fc in this situation is the value off' which minimizes B(Sf1). 
Here again fc will depend on the bandwidth measure used when U(f-f')~f-f') 
is not symmetric in f for any value off'. The reader can construct a 
table similar to the above for variations in center frequency as a function 
of the choice of bandwidth measures if he so desires. 

One of the more intriguing relationships in communication theory is 
between time-duration, bandwidth, and dimensionality of signal sets. 
Suppose we w i sh to communicate using a set of M waveforms sm(t), m = 
1, ••• , M, each non-zero only in the time inverval (0, T) . A reasonable 
definition for the average energy spectral density of the signal set is 

S(f) (6) 

where lF denotes the operation of taking the Fourier transform. One 
definition of the bandwidth of the signal set is simply B(S). (Take your 
pick of the possible measures.) The dimensionality of the signal set 
( sm(t )} is the smallest number N of orthonormal functions gn(t), n = 1, 
.•• , N such that each signal can be represented by 

Let 

and 

s (t) 
m 

N I: s g (t) 
n=l mn n 

F(g (t)} = G (f) 
n n 

,,, = [s ] 
mn 

(7) 

(8) 

(9) 

where ,I is an M X N matrix of signal coefficients, The performance of 
this signal set against white noise with a memoryless source of equally 
likely messages, in a synchronized baseband communication system 
depends only on ,I, and not on the particular set of orthonormal basis 
functions used to generate the signals . So the question is: What set of 
basis functions yields an energy spectral density of minimum bandwidth? 

The answer to this question follows from rewriting (6): 

1 t * * t S(f) = M (G
1

(f), •.• ,GN(f))-'_.l(G
1

(f), ... ,GN(f)) (10) 

Now ,lt,I is a non-negative definite matrix, and hence has an expansion 

( 11) 

where R is an orthogonal matrix, and D is a diagonal matrix with non
negative elements. Now 

t 
R (G

1 
(f),,,., GN(f)) (G1 (f), • •. , G~(f)) ( 12) 



is a transformation which takes on set of orthonormal functions (gn(t), 
n = 1, . .. , N} and their transforms into another set of orthonormal func
tions (g~(t ), n = 1, . .. , N}. Hence (10) reduces further to 

1 N 2 
S(f) = ME dmlG~(f)I ( 13) 

where dmn is the nth diagonal entry of D. In the special cases of ortho
gonal, biorthogonal , and simplex signal set s , the diagonal entries dnm 
are all identically equal to Ma/N where a is the energy in a signal. For 
these cases of special interest 

a N 2 
S(f) = NL IG' (f)I 

n = l n 
(14) 

The following results are known with regard to choosing the functions 
(g~ (t) , n = 1, • • • , N} such that the bandwidth of S(f) in (14) is minimized: 

(a) B (S) is minimized by choosing 
rms 

, fI: (rrnt) gn (t) = J T sin T ,n = l, . •. ,N 

and for large time-bandwidth products 

2TB (S) ~ N + 3 / 4 
rms J! 

(b) B ll n 
2 

F(S) can be minimized using prolate spheroidal wave
functions as signals, with the result that 

N ~ 2TB 1 l/lZ F(S) + 1 . 

In either case results indicate that the dimension N of the signal set must 
be at best proportional asymptotically to the TB(S) product of the set, 
and can increase at best linearly wit h B(S) for fix ed T, or linearly with T 
for fixed B(S} . 

Several investigators have considered variations of a more general 
problem of counting the number of signals which are approximately time
limited, bandlimited and energy limited, but which are not required to be 
an orthogonal set. The constraint on any two signals in the set is merely 
that 

T 2 

J [ x.(t) - x . (t)] dt >O 
0 1 J 

( 15) 

Under this weaker condition, the logarithm of the number of signals in 
the set is usually asymptotically bounded by a multiple of the TB product . 

In an actual communication situation, the power spectral density of 
the transmitted signal 

s(t) L s (t-iT) 
. m. 
1 1 

( 16) 



composed of signals from the set {sm(t), m = l, ..• ,M}, is defined as 

. 1 2 
S (f) = hm -

2 
:m:{l:er {s(t)} I } 

tr T T 
T-+a> 

( 17) 

where 11! T denotes the Fourier transform of the signal s(t) truncated to the 
time interval (-T, T), and JH: denotes the expected value operator, which 
is averaging ove r the random sequence of symbols { mi}. The question 
now is: How is the power spectral density Str(f) of the transmitted signal 
related to the energy spectral density S(f) o f the s i gnal set, as defined 
in (6)? 

W e s hall compute Str(f) in (17) under the assumption that the se
quence {mi} of random variables is wide-sense stationary. Then the 
average value r(t) of s(t) is periodic: 

r (t) = :m: { s(t)} = JH:{s(t+T)} r(t+T) ( 18) 

Now 

:m: {IF {s(t)-r(t)} 1
2

} + IF {r(t)}l
2 

S ( f) = lim T T ( 1 9) 
tr 2T 

T-+a> 

Lets define a new set of signals corresponding to the original set with 
the mean signal r(t) removed. 

SI (t) 
m 

s (t) -r(t), te (0, T) 
m 

0 e lsewhere 
(20) 

Then , assuming that the symbols in the sequence {mJ are independent, 
it is possible to reduce (19) to 

M 
Str(f) = ; I: P r (m ) IF{s• (t)}l

2 

m=l m 
co 

+ I: (21) 

n= -= 

where 

1 JT -j21Tn(t/T) 
r = - r(t)e dt 

n T O 
(22) 

N ot ice that the line spectral density indicates the distribution of power in 
the lE{ s(t)} and hence indicates power which does not contribute to the 
communicati on of information. In the further special case when all 
messages are equally likely and the signal set { sm(t)} is the simplex set 
or the biorthogonal set, then r(t) is identically zero and S(f) is related to 
Str (f) by the conversion factor T. 

To indicate that independence of successive symbols was crucial in 
arriving at (2 1), w e state the spectral density for a two-symbol first-order 



Markov source when Pr(mi+l = milmi} = p. Then 

s (f) = 
tr 

l - ~2 
2 

1 - 2~ cos(2TTfT) + ~ 

0:, 

+ I: 
n= - "' 

(23) 

where~ = 2p-l and rn is defined through (18) and (22). Note that (23) is 
equivalent to (21) with M = 2 if and only if~ = 0 and the source is in fact 
memoryless. (This follows because s 1 (t) = (s1 (t) - s2(t))/2 = -s~(t) in 
this special case. ) 

Let us close with some bandwidth computations for typical PCM 
telemetry. 
Example l (NRZ): Binary data from an equally-likely memoryless 

symbol source, 

s/tl = l , te:(O,T) 

s
2

(t) = -1, te:(0, T) 

In this special case of equally likely signals, the average signal r(t) 
is zero . Using the fact that 

gives 

S (f) = T (sin TTfT) 
2 

tr TTfT 

The following bandwidths result: 

B B3db 
• 44 

= 0:,; 

rms T 
. 50 B 1 

B = -- . = 
er T • 9f T 

The Gabor bandwidth is = whenever there are jumps in the waveform. 
The . 9 fractional power bandwidth is in effect the width to the first 
null in the spectral density Str(f) given above. 

Example 2 (Manchester Coding): Lets repeat Example 1 with a new set of 
waveforms: 

= 11 ' 
-1 te: (T /2, T) 

te: (0, TI 2) 

Since 

2
. -jTTfT [sin(TTfT/2}]

2 

= Je TTf 

it follows from (21) that 



r . 4 
S (f) = T sm(TTfT /2)] 

tr (TTfT/ 

The resultant bandwidth measures are: 

B 
rms 

= CID• , B3db 
1. 16 

= T 
3.8 2 

B = B = -er T • 25f T 

If we compare these results with those in example 1, we see that a 
bandwidth expansion by more than a factor of two seems to have 
occurred, even though the maximum switching rate has only doubled. 

Example 3 (Modified NRZ): As a final example, we repeat example 1 with 
a waveform containing no jumps, to bring the rms bandwidth in for a 
comparison. 

Using 

whence 

s (f) = 
tr 

-jTTfT 
e 

2j 
TTT • 
2 

2 2 
TT T (cos TTfT) 

4 [(TTfT )z -(¥)2
] 

2 

cos TTfT 

The bandwidth computations here given the following results: 

B 
• 50 

B3db 
• 5 

= -- = rms T T 

B 
.62 

B 
• 75 

= • 89f = T er T 

The particular waveform used here yields the minimum possible 
value of Brms· 
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