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EFFECT OF FLUTTER ON THEORETICAL BIT ERROR RATES
FOR DIGITAL RECORDING SYSTEMS

R. A. BYERS
Jet Propulsion Laboratory

Pasadena, California

Summary   Tape recorders employed to record and eventually reproduce digital data
introduce errors into the data. It is desirable to understand the sources of these errors so
that predictions may be made of the resultant error rate. While specific predictions are
difficult to apply to whole classes of machines and their respective electronic systems, it is
possible to make general predictons which give insight into the problems and processes
involved. The intent will not be to suggest improvements in recorders, but to supply a
heuristic viewpoint for understanding the problems involved in machines and systems that
now exist.

Introduction   Tape recording may, in general, be considered as the mapping of a function
of time, denoted s(t), into a function of distance along the tape, S(x), under some
transformation T. The tape signal reproduction process is then the inverse operation, i.e.,
the mapping from distance to time under the inverse transformation T '. Unfortunately,
both the transform and its inverse are, in the real world, random. Thus the output of a
recorder is a function of the input signal and the particular stochastic transform set (T, T ').

The output, s'(t) of a real tape recorder may be viewed as an estimate of the input. It is
often desired to design the system so that the estimate is in some sense optimal; or failing
this, to at least formulate some evaluation of the “goodness” of the estimate. For tape
recorders which handle digital (particularly binary) signals, the “goodness” criteria
employed is most often the bit error rate.

It is, from the systems viewpoint, desirable to predict the expected bit error rate -- based
on some minimal knowledge of the tape recorder characteristics. This is particularly true
where tapes are recorded on one machine and reproduced (played back) on a different
machine under different conditions.

In this paper we shall discuss the effect of time base uncertainties on the bit error rate for
digital tape recorders. The discussion will assume only a general knowledge of tape
recorders, and will attempt to develop a basis understanding of timing problems.



General   To gain the proper perspective on the problem it is helpful to approach the Tape
Channel Problem in its most basic form. Suppose we record a deterministic signal, Vr(t),
such that:

(1) Vr(t) = A Cos 2Bfrt

When this signal is played back, as Vp(t), it is expected to have the form:

(2) Vp(t) = a(t) cos (2Bfpt+2+N(t) ) + n(t)

n(t) is additive gaussian noise

2 is an arbitrary phase constant introduced by the delay between record and
reproduce processes

The record/reproduce process has transformed the amplitude constant, A, into a stochastic
process, denoted as a(t). In addition, the phase integrity of the received signal has been
contaminated by the addition of the term, 2 + N (t). The problem will be analysed
assuming independence between a(t), N (t), and n(t). Even though the degree to which this
assumption is valid is in doubt, it is hoped that this approach will provide meaningful
insight into the actual physical problems involved. The derivation of the statistics of the
amplitude and time base functions will be based on heuristic arguments.

The amplitude transformation, A; a(t), may be attributed, for the most part, to variations in
the head to tape spacing during both the record and reproduce processes. The amplitude is,
in addition, affected by flaws in the surface of the tape, as well as dirt and other
contaminants that become embedded in the tape surface, and by variations in the tape
speed.

The phase term, N(t), is introduced by variations of tape speed during both the record and
reproduce processes. In general, there are also phase shifts introduced by the amplitude
variations. Their effect on the system will not be discussed however.

Time Base Effects   Time base uncertainties are introduced into the reproduced signal by
the variation of tape velocity (flutter) during both the record and reproduce processes. The
nature of flutter and its effect on the time base are, unfortunately, not always obvious to
the casual observer.

Let us make the not unreasonable assumption that the playback frequency is equal to the
product of the recorded frequency and the ratio of the tape velocities during the record and
playback processes.



(3)

Strictly speaking, equation (3) is correct only if we deal in average incremental velocities.
That is:

(4)

In actual practice, the statistics of the velocity ratio are obtained by frequency
demodulation of the playback signal. In the demodulation process that is usually employed
only the zero crossing data is utilized. Consequently, the statistics actually obtained are
those of fpi , as described by equation (4). In addition, these are precisely the statistics we
are interested in (unless, of course, we are studying the tape speed problem).

In the remainder of this section, we will present a heuristic proof that the joint record
playback flutter is gaussian. This result is in agreement with experimental data. [1]

The average record velocity during the ith complete cycle of the record frequency fr is
denoted as V&ri . Similarly V&pi is the average playback velocity over the distance
represented by V&ri/fri . The incremental frequency fpi is the frequency of that ith cycle
during the reproduce process. In general:

(5)

The tape velocity, V (t), can be written in terms of its mean and a deviation about the
mean.

(6)

Where it has been assumed that the mean is time invariant. To determine the incremental
velocity we use:

(7)

The process, denoted )X(Tki), which is described by the integral in equation (7) is called a
Wiener-Levy process. [2]



We know that

(8)

Further, the process is known to have zero mean and its autocorrelation is given by:

(9)

If we assume )V(t) to be white gaussian noise, the ith sample of )X(Tki) has zero mean
and variance:

(10)

The density of )X (Tki) is given b

(11)

The average velocity over the time Tki i s )&V&ki . The density of )&V&ki is given by:

(12)

Clearly, )&V&ki is a gaussian random variable with zero mean and variance "Tki
3. This would

serve to indicate that the total velocity over the interval is, in turn, gaussian, with mean V
and variance "Tki

3. This is not an unreasonable result when one considers that flutter is the
result of a large number of independent forces acting on the tape.

Now, assuming that the recorded frequency, fr, is a constant and that V&pi and V&ri are
samples from a gaussian random variable we will derive the statistics of the reproduce
frequency fpi . We now desire to compute the probability density function of the ratio V&pi/
V&ri. If as we have suggested, V&pi and V&ri are both gaussian, the resultant probability density
function for the ratio on a Cauchy random variable. Experimental measurements  made in
fp , suggest that actual density is approximately gaussian however. [1] We will assume that
the mean velocity of both V&pi and V&ri is large compared to their variances; i.e:

(13)



Expanding V&ki , we have:

(14)

Substituting into (4)

(15)

Now, we let

(16)

(17)

and
(18)

The probability density function of the sum is given by the convolution of the individual
densities. The density of the product ariapi approaches a delta function as its variance
approaches zero.

(19)

(20)

Hence, it appears reasonable to assume that the product term has a negligible effect on the
overall density function. Consequently, we shall neglect the product term based on the
above justification.

The remaining sum is gaussian since it is the sum of gaussians and a constant.



(21)

(22)

Now let

(23)

Therefore, under the above assumptions

(24)

Where (i is a gaussian random variable with unit mean, and variance:

(25)

Clearly, since fpi is the result of multiplying a gaussian random variable by a constant,
fr<Vp> / < Vr > , it is itself gaussian.

Time Line Errors   Time line errors are those errors where a bit is added to or deleted
from the playback data stream. This condition occurs whenever the time base of the
detection process is sufficiently different from the time base of the reproduce system
estimate of the time base. In the preceeding section it was shown that the incremental
frequency of the playback signal, fpi was described by a gaussian random variable. The
playback time of a recorded digital bit, TBpi is described by these same statistics.

(26)

(27)

 Now, we denote the estimate of , as TBp as T̂Bp . T̂Bp is the value the detection process will
use as a standard of comparison. A timing error will be made whenever the following
inequality is exceeded.



(28)

where N = No of bit times since the last transition.
K is a arbitrary constant which relates the size of the timing window to
a bit time.

The probability of a timing error is simply the product of the probability of the magnitude
of the sum exceeding threshold, given N, and the probability of N bits since the last
transition. The best a priori estimate of a playback bit time is the expected value of TBpi.

(29)

Then:

(30)

And:

(31)

(32_

(33)

If, as we have assumed, the $i are independent samples of a gaussian random variable, the
probability that the sum of $i exceeds the threshold, k, is shown in Table I, as a function of
the normalized variable                      where Ff 

2 is the variance of the playback frequency.

As an example, consider the conditional probability of timing error for a machine
employing Miller coding (a self clocking code) with a timing window of 1/2 a bit cell
(k = 1/4) and 2F flutter of 3% peak to peak. The estimated timing error rate is 10i37. This 



incredible result follows from the fact that the Miller Code has a maximum of 2TB between
data transitions, so that exceeding threshold is a 25F event.

TABLE I 



On the other hand, there is no such guarantee for non-self clocking codes. The same
machine as above, employing an NRZ coding system would have a much better
conditional probability for (N=2) since the timing threshold can be made twice as large.
However, there is no two bit-cell constraint on the number of bits between data transitions.
Therefore, the conditional probability will vary as 1/N for all NRZ codes. Consequently, as
the number of consecutive “zeros” or “ones” increases, the probability that a timing error
will occur becomes very nearly a certain event.

Other Timing Error Problems   In the preceeding sections it has been implied that errors
due to flutter are, in fact, “impossible” events. This is not necessarily true. There have
been many cases where flutter and a high error rate were correlated. This condition has,
for example, occurred on flight tape recorders at JPL.

In this case, it is not the bit to bit timing that is a problem, but the integral of the bit timing
over some extended portion of time. For example, the playback data off tape may be
routed into a buffer register of size Y bits. The data is clocked out of the register at the
expected bit rate, 1/TB. The equation (30) still applies, except that the threshold, k,
becomes Y/2. The number of bits involved, N, now becomes quite large, and it is readily
apparent that there is a real error rate which is related to flutter through its cummulative
integral, Time Base Error. In this event, the numbers listed in Table I are marginal, not
conditional probabilities.

In addition, it has been assumed throughout the discussion that the spectrum of flutter was
white, gaussian noise. It is often the case, when flutter correlates with an excessive error
rate, that the record or the reproduce flutter contains one or more spectral components. In
this case, the appropriate probability density to represent flutter is Rice’s distribution.[3]

Effect on the Bit Error Rate   Each time that a timing error is made, bit errors occur with
probabilities ranging from 1/2 to 1, depending on the data encoding technique. Time line
errors (clock errors) results in the addition or deletion of bits to the data stream. This
condition results in half the bits following the timing error to be in error until a
complementary error occurs. The effect of these errors may be minimized by the periodic
insertion of sync words in the digital data stream.

Cumulative timing errors which cause the overflow or underflow of a buffer result in errors
in at least half of the bits occuring during the period the buffer is exceeded. The error rate
is than given by the average number of errors per under/overflow times the probability of
under/overflow.
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