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OUTPUT SNR FOR A LIMITING RANDOM ACCESS REPEATER

M. NESENBERGS and R.G. PETERSON
Office of Telecommunications

Institute for Telecommunication Sciences,
Boulder, Colorado

Summary   The acquisition delectability parameter, also known as output signal-to-noise
ratio, has been computed for unrestricted random access through an ideal hard-limiter. The
method is straightforward but long—it involves multi-dimensional Fourier series and
numerical integration. The results depend on many parameters, such as the number of
active users, the total number of users, the input signal-to-noise ratio, the length of the
address code, the cross-correlation properties of this code, and so forth. The effects and
tradeoffs for these parameters are shown in a number of graphs. By and large, the
conclusions compare with those of other workers and, with minor exceptions, can be
deduced from the well-known linear repeater characteristics. The method given provides a
tool for synthesis of random access networks, be they satellite repeaters for land, sea, or
air-borne transmitters, or be they mobile radio relays concerned with accidental or
intentional interference.

Introduction   Within the last decade the topic of multiple access has received
considerable attention [1-3]. Technical aspects dealing with time (TDM) and frequency
(FDM) division multiplexing, as well as the spread spectrum methods using coded
wideband carriers, have been studied in depth. In this short note we make no attempt to
treat the whole topic or any major aspects thereof. Instead, we report the numerical results
on a minor part of the multiple access problem. We have computed the delectability,
parameter, also called the output signal-to-noise ratio (SNR), for the acquisition phase of a
certain, somewhat idealized, random access system. The distinguishing features of the
model are: the ideal hard-limiter (IHL), the noiseless uplink, the large number of users all
with equal power, and the assumption of a perfect phase lock on the desired channel. 0ur
main tool was the extensive use of the CDC-3800 computer.

Problem Statement   The model assumed is shown in Fig. 1. The receiver under scrutiny,
numbered as 0, has a task to receive any and all messages from transmitter 0. The situation
is confounded by the uncertainty that transmitter 0 could (hypothesis Ho) or could not
(hypothesis H1) be one of the m signals passing through the ideal hard-limiter. Actually the
value of m is neither fixed nor known to the receiver; a bound 2 # m # M is assumed here.
The received signal is assumed to be



(1)

where 0 # t # T, index< is either 0 (for Ho) or 1 (for H1), gain is g, and the additive noise is
white Gaussian with the familiar one-sided spectral density No. The “signum” function sgn
x denotes the amplitude characteristic of the ideal hard-limiter and is defined as x/*x*. The
modulation and/ or coding information of all n = 0,1,2,..., m signals is contained in

(2)

where T is the common carrier frequency, the individual delays are Jn , the carrier phases
are nn , and the binary access (viz. , address) modulations $n(t) are keyed to either 0 or B
values only. The correlating (i.e., reference) signal 2o(t) and its delay parameters Jo and no 
are assumed known to receiver 0. This depicts the most advantageous (i.e., full sync)
acquisition situation. We assume that n1, ..., nm are independent, uniform over (0, 2B), but
that delays J1, ..., Jm can be dependent or independent with an unspecified distribution over
(0, T).

The receiver correlates the stored waveform with the received limited noisy waveform (1),
and then chooses between the two hypotheses Ho and H1. The statistical situation is
therefore based on correlator outputs

(3)

corresponding to hypothesis H<. Because of the random phases, "< is far from a Gaussian
random variable. The distribution of "< is not known, nor does it appear easy to derive.
We will derive the first and second order moments, E "< and var "<, averaged over the
independent phases and noise. Finally, the delectability parameter (output SNR) will be
defined in terms of these moments.

In communication practice, the present simple model offers a degree of approximation, and
some adjustments will be needed in the following key areas.

(a)  Signal strengths: Our model assumes identical signal strength from all m transmitters,
as it arrives at the limiter input. When the m amplitudes differ, depending on the relative
magnitudes involved, individual signals may be enhanced or suppressed within a range
± 6.0 dB.

(b)  Noise: We assume no significant noise before the repeater. In practice this appears
reasonable, as uplinks tend to have higher SNR than downlinks. If reality departs from this



premise, the downlink noise must be, in effect, increased to accommodate the well-known
10 log (B/4) = -1.0 dB SNR degradation in the ideal hard-limiter.

(c)  Limiter characteristic: Instead of an ideal hard-limiter, a saturated traveling wave tube
may have more of a “soft” limiter characteristic. In this case, the unequal signal
suppression range can be reduced from ± 6.0 dB [see (a) above] to something near
± 4.5 dB, while the SNR degradation becomes a fraction of a decibel.

(d)  Carrier frequencies: In (2) we have assumed identical uplink carrier frequencies. In
practice this may be difficult to achieve, and distinct frequencies To, T1, ..., Tm may be
prevalent. The analytical complexity entailed by such an assumption is, however, hardly
worth the effort. Furthermore, there is some evidence [4] that frequency deviations )T
contribute terms of the type (sin )T T)2/()T T)2 to the overall variance. The worst case
then occurs when all carrier frequencies coincide as postulated.

Moments   Our method amounts to extensive numerical computation. As such, it traces
closely some earlier work [3, 4] and depends crucially on the multi-dimensional Fourier
series representation of sgn 2 with a periodic 2. Let s = (s1, s2, ..., sm) be an m-tuple of
integers and consider the m-dimensional Fourier series

(4)

The Fourier coefficients C(m;s) are well defined. They have a number of convenient
properties, such as the Bessel equality and permutation symmetries. The cases m = 1 and
m = 2 [4] possess closed form expressions, while m $ 3 require numerical methods. We
have computed the coefficients C(m;s) for selected m values up to 107, and hundreds of s
vectors that contribute to the moments of our multiple access decision problem. A
sampling of the more significant weighted coefficients is shown in Fig. 2 where the
weights W(r) account for the permutations of the ordered m-tuples r.

The means of the correlation outputs under the two hypotheses are

(5)

The variances are far more involved. After a quite lengthy manipulation on and off the
computer, we have reduced them to the manageable form



(6)

where D2 is the effective cross -correlation coefficient between address codes {$k (t - Jk)}
and n is the code length. By using the maximum value for D2 we can obtain an upperbound
on the two variances. The constants Ao, A1, Bo, B1, Co are all functions of rn, the number
of active users. The are shown in Fig. 3 together with the residual or error term E’ that is
passed by the BPF. Note that the A<’s are a decade larger than B<’s. For m $ 10 they are
nearly constant in m, and the < = 0 and < = 1 cases tend to be indistinguishable for large
rn. A curious code -independent term Co = Co(m) falls off as m-2 and thus plays a role only
for small m.

Detectability Parameter   In this section we apply our computed data to communication
systems. We define the “detectability parameter” or output SNR as

(7)

This differs from d2 = (E "o)
2/var "o that is sometimes used. Whether one or the other is

preferred, the distinction should cause no alarm as d2 – 2D2 seems to hold. The results
given above provide all terms needed in (7). The residual term E’ (Fig. 3) contains an
infinite number of infinitesimal cross-modulations. The effective bandwidth of this
noiselike process is n/T, and the equivalent “noise” spectral density is E’T/2n. We can
approximate the delectability parameter as

(8)

where all cross -modulation terms are collected in one

(9)

and where the normalized input SNR per chip is

(10)



To illustrate the function (8) in graphical form one must select a code. There are a number
of good codes known [5-8]. One of the simplest reasonable good codes can be deduced
from familiar BCH and RM codes. An illustrative listing of simple possibilities is given in
Table I. One makes the BCH and RM codes suitable for random access by deleting all
distinct cyclic shifts of every codeword, as well as one of the two codewords that are
jointly inverses. The last step ensures that *D* is small for all delays between codewords.
The alphabet size of an (n, k) code is reduced from 2k to 2k-1/n, which defines the
maximum number of random access customers M.

In Fig. 4 parts (a) to (d), we show D2 (8) for four of the codes listed in Table I. A few
observations: For low input SNR, such as R # 10-2, the cross-modulation terms are
insignificant, the system is in the noise-limited region, and D2 is linear in R. For high input
SNR, such as R $ 10, the system is cross -modulation limited. The delectability parameter
D2 is a constant here, and noise reduction offers no system improvement. In between, there
is a threshold around R = 1. It seems that downlinks should be engineered to work at or
below this threshold; the region above threshold is clearly one of diminishing returns.
Finally, one expects that an increase in the number of active customers m should decrease
D2. Perplexing as it is, Figs. 4(c) and 4(d) show that for smaller m and longer codes this
allegation is simply not true. This puzzling phenomenon can be traced to the code-
independent term Co [see (6), (9) and Fig. 3] that drops off very fast with m, but at times
(such as when m = 3 and n = 65 536) can be dominant.

A slightly modified display is given in Fig. 5. The abscissa is m, the number of active
customers, while SNR R is shown as parameter. Each part (a) - (d) reflects a different
code length n. The previous analysis does not apply to the case m < 3 (Fig. 1), but
fortunately the additional required work is elementary [4].

The nature of the three customer catastrophe is quite apparent in Fig. 5. The sharp dip of
D2 would disappear if there was a way to dispose of the Co term. For ideal hard-limiting
with no uplink noise, the only way may well be to insert into the limiter m $ 4 signals or
something equivalent (such as noise). This insertion could be an inherent part of the
repeater, and therefore need not be sent up from a transmitter. In practice, when there is
uplink noise and the limiting is more gradual (viz. , soft instead of hard), the signal
degradation at m = 3 may be less drastic. In the extreme linear case this is substantiated by
the formula

(11)

There is no catastrophe at m = 3 in (11). Equation (8) can be compared to (11) to find the
effective SNR loss of the ideal hard-limiter with respect to the linear repeater. Without



going into detailed scrutiny of m, n, R, and D2 we can assert that in the noise-limiting
region the loss is                                . For R >> 1, when cross-modulation effects
dominate, we have an approximate loss of 10 log10 B(Ao + A1 + Co D-2 ) dB. For D = 0.01,
this loss amounts to 22.75 dB if m = 3; to 6.43 dB if m = 10; and to nearly 0 dB if m =
100.

GOES Example   The use of above concepts can be demonstrated with examples. In this
section we present one such example that has arisen in the planning of the Geophysical
Orbiting Experimental Satellite system [9]. As often tends to be the case in practice, the
example is neither simple nor does it fit our model well. Worse than that, the conclusions
indicate that unrestricted random access through a hard-limiter is not the best solution to
the problem at hand.

The GOES satellite has many features [9], one of which is to act as a multiple access
repeater for a total of M = 10,000 weather sensors. For simplicity, let each sensor transmit
its message once every 6 hrs. Let all messages be of identical length and consist of 1000
bits. The presently envisioned uplinks occupy a wide geographic area, extending to
elevation angles as low as 5E. The signal power to noise spectral density ratio is expected
to have the following rough spread:

(12)

The downlink can be assumed to have P/No – 200,000 sec-1 . It is better than the uplink, in
contradiction to the previously postulated model (Fig. 1). As planned, the multiple access
will be achieved via a TDM/FDM scheme using Manchester modulated PSK with bit
duration Tb = 1/70 sec. Each FDM channel has signal bandwidth of the order of 200 Hz.
There will be a hundred such channels with a 2 kHz channel spacing and a rough total
bandwidth of 200 kHz. The extensive guardband is designed to permit inexpensive,
relatively unstable frequency operation at the individual sensors.

The alternative spread spectrum system could occupy the entire 200 kHz band. For a
moment, suppose that the repeater is a wideband linear device. The delectability parameter
D2 is given by (11) and depends on quantities n, D, and m. Let the address codes be the
modified BCH and RM codes of Table I. This determines D as function of n. The value of
m, the number of active customers, is likely to vary with time. A little calculation shows
that, if the total message duration from each sensor is less than or equal to 30 sec, the
average value of m is of the order of 14. Moreover, with 95% probability, m can be
expected to occur in the range 7 # m # 21.



We have used values m = 7, 14, 21 to display D2 (11) as a function of codelength n in
Fig. 6. Parts (a) - (c) reflect the range of P/No ratios (12) due to propagation and geography
factors that are apt to occur 50% 95%, and 99% of the time. Since decoder complexity and
cost grow rapidly with codelength n, the above illustrates that spread spectrum, 200 kHz,
random access is not a cheap and easy way to improve on the TDM/FDM GOES
configuration. Fig. 6 also shows a gray band denoted as the IHL Region. This is derived
from equations (8) and (9) with the aid of numbers deduced from the GOES example.
Again, for m = 7, 14, and 21 active transmitters of identical P/No, the IHL curves fall 0 - 1
dB below the three linear curves shown. When the input SNR’s are permitted to differ, a
signal suppression or enhancement of ± 6 dB takes place [1-3]. Likewise, the transposition
of any “pre-limiter” noise into an effective “post-limiter” noise (see Fig. 1), introduces an
additional loss--say 1 dB. Each of the IHL curves thus carries an uncertainty of ± 7 dB.
Instead of plotting all the numerous possibilities, we have chosen to plot only the upper
and lower values. The upper value is defined as the D2 (8) maximized over m = 7, 14, and
21, plus 7 dB. The lower value is the corresponding minimum over m less 7 dB. The
region between the bounds is shown in gray in Fig. 6, and called the IHL Region.

The following two observations can be drawn for the hard-limiter option in the GOES
example: (1) When the uplink SNR is good, such as the 50% level in Fig. 6(a), the hard-
limiting approach to random access appears to be the worst mode of the multiple accesses
considered. (2) When the uplink SNR is bad, such as the 99%, level in Fig. 6(c), the hard-
limiting alternative can become competitive with the other alternatives only for sufficiently
long codewords, such as m > 16,834. The latter implies considerable data processing and
cost at the terminals.

Conclusions   As seen from the delectability parameter curves (Figs. 4-6) the presence of
the extremely nonlinear ideal hard-limiter entails a 0-1 dB performance loss with respect to
the linear repeater. This loss figure is valid for both noise and cross -modulation limited
regions. If one ventures to state general trends, one would note that by and large the loss
tends to be closer to 1 dB in the noise limited region, and closer to 0 dB in the cross -
modulation limited region.

An exception to the above rule seems to occur for three, or so, active customers. Thus, for
the assumed model and the number of users 2 # m # 5 (see Fig. 5), a rather drastic
performance deterioration is shown to occur. At its worst, the departure from the linear
repeater characteristic seems to be of the order of 5 log n dB, where n is the number of
chips per codeword. A real system cannot help but depart from our model, at least to the
extent that some uplink noise must always be present. In that case, one expects the “three-
user catastrophe” to be meliorated.



When the uplink signals are of unequal strength and contain additive noise, the output
SNR can be suppressed or enhanced. This effect is demonstrated through the example of
Fig. 6, where we have used a ± 7 dB smear factor. This factor is by no means a firm
number, and there may be practical reasons to vary it from a low ± 5 dB to a high ± 10 dB.
Nevertheless, the overall effect is unfortunate as it tends to weaken the already weaker
signals.
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