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Summary    Poisson particle flux is considered which intensity is a random process. The
equations are presented for the construction of the intensity realization estimate
corresponding to the minimum of a mean-square reconstruction error. The condition is
derived the filfulment of which assures the existence of the optimal accumulation time
minimising the reconstruction error. The calculation results are given to illustrate the
dependence of a mean-square reconstruction error on the accumulation time.

Introduction   The experiment on particle flux registration is a considerable part of the
scientific investigation program performed on-board the space vehicle. The registered
particles can represent electromagnetic radiation quanta, the charged particles of different
type, etc. Further we shall consider the analyzed flux to consist of one type particles.

In the majority of cases the registration of flux intensity which can vary in time is the main
aim of investigation. For this purpose the observed number of particles is counted for each
time interval (O.T), (T, 2T),..,((n-1)T,nT)....

Let these numbers be equal to

(1)
for each time interval respectively.

It is necessary to reconstruct the intensity function R(t) using the system of numbers (1).

All the subsequent considerations will be carried out for Poisson process with the random
intensity which is important for physical applications.

The conventional probability that x1, x2,...,xn particles to be occured in the intervals (O.T),
(T,2T)... ((n-1).T,nT) with given intensity realization R(t) is equal to [1]



(2)

Let us denote

then the absolute probability of k events is equal to

(3)

Our main purpose is to reproduce the variable intensity as accurate as possible. Let us
choose the mean-square error of reconstruction of the flux intensity realization as a
qualitative measure of accuracy. Clearly, the accuracy of the reproduction cannot be made
infinite. If the accumulation time T is chosen to be low, then the statistical fluctuations k
will be high, so that the registration of fast changes of the intensity R(t) will be hampered.
When the value of T is high, the reverse picture takes place, i.e. the changes of R(t) will be
smoothed while the fluctuations of accumulation will be relatively small. Later on the
conditions will be determined for the existence of the optimal time T of particles
accumulation in the counter that corresponds to a minimum error of the intensity
reproduction.

Optimal reconstruction of the intensity   Let us derive the intensity reconstruction
function as the linear combination of the accumulated numbers (1) over the interval
(O,nT):

(4)
According to the above-mentioned, let us determine the reconstruction error as follows:

(5)

where M is the operation of joint averaging over R(t) and k. A set of coefficients of linear
form (4) should be chosen so to provide the minimum value of              at each point over
the interval (O,nT).



Let us introduce the scalar product for random values ki (i = 1,2,..., n) and random process
R(t) by the equation

(6)

and define the Gramm determinant

(7)

It is known [2] that the minimum of a mean-square error is reached provided

(7)
and a mean-square error is equal to

(8)

Let us assume that R(t) is a stationary process with the mean value       , variance         and
the correlation function              . Under these assumptions we shall calculate the values
appearing in the relations (7) and (8). Having the distribution functions (2) and (3)
available and using the equations for the Poisson distribution moments, we obtain

(9)

where



Let us write the obtained equations, as an example, for the most simple case when n = 1,
i.e. only one number ki is used in each reconstruction interval ((i-1)T, iT). With no loss in
generality it may be assumed that i = 1; in addition, let us denote  k1 = k . Using the
relations (9) and designating Ri(t) = R(t), Rii = R ,the equation (7) can be rewritten as

(10)

Further we shall need the normalized mean-square error d2 which is calculated from the
equation

then the equation (8) can be rewritten as

(11)

Stepped reconstruction of the intensity

Optimal stepped reconstruction   The calculation of curve R(t) by the equations (7) or
(10) can be in some cases a rather difficult problem. In this section the characteristics of
the stepped reconstruction method will be considered. In this case an estimate of the
intensity in each interval                                                    will be constant and equal to

(12)

Let a1 = a . We shall introduce the normalized mean-square reconstruction error according
to the equation

(13)

Opening the brackets in Eq. (13), we shall obtain immediately that

(14)
Minimizing           by the parameter a and taking into account the relations (9) we obtain
that the unknown minimum is achieved with

(15)



Then the minimum value of the normalized mean-square error turned out to be equal to

(16)

Note 1.                          . This follows immediately from the inequality
                                                which is obtained immediately after making calculations in
Eqs. (11) and (16).

The simplest stepped reconstruction   In the practice of flux intensity measurements
processing a more simple estimate of the type

(17)

is generally used instead of the estimate (12).

This estimate is the best one at the constant intensity of a flux R(t) = const. We shall show
that, even with the variable intensity, the estimate (17) can be used if the statistical data on
the process R(t) are not complete.

Let the mean value of the process R(t) be a random value with the mean       and variance     
        . It can be easily shown that if the correlation between the mean value of the process
and the process itself does not exist, then the relation (15) can be rewritten as

(18)

If                      i.e. for the processes the mean value of intensity of which is completely
unknown, we obtain from Eq. (18)

It is worthwhile to present the equation for a mean-square error of the intensity
reconstruction with the use of the estimate (17). Assume, for simplicity, that                 .
Substituting the estimate (17) into Eq. (14), we obtain

(19)

Note 2.                       . This can be easily established by comparison of Eqs. (16) and
(19).



The minimum accumulation time. An example   Let us reveal the behaviour of                
                               as a function of argument T. For small values of T, expanding             
into Tailor series and making the required calculations, we obtain that

For large values of T, distinguishing the major terms in Eqs. (11), (16) and (19), we obtain

Because of                              and besides,                                  ,  the sufficient condition
of the existence of the optimal accumulation time for all three methods of reconstruction
consists in that with                           will increase and tend to the limited value.

Using this condition, we shall obtain the relation which the statistical characteristics of the
process mist satisfy, namely,

(20)
Notice that  

then the relation (20) can be rewritten as

(21)

It should-be apparent that when                               exists, it is equal to                               
(Tk is usually called the correlation time of the process ). If the integral in Eq. (21)
increases infinitely, as it takes place for some types of processes,then the condition (21) is
satisfied with the large margin. So, the final condition of the existence of the optimal
accumulation time can be written as

(21)

Note 3.  Generally speaking, the condition (21) is not necessary one; when it breaks the
optimal accumulation time can also exist. Such cases should be studied by applying the
equations, obtained above, to the concrete statistical characteristics of the process R(t)

To illustrate the obtained dependencies, Eqs. (11), (16), (19) were used for calculation of a
mean-square error of the flux intensity reconstruction. In calculations the following
statistical characteristics of the process R(t) were taken:                                                 ,
and the value characterizing the velocity of change of the flux intensity , was taken as a
parameter of the family.



The results of calculations are given in Figs. 1 and 2. Fig. 1 presents the dependence of       
         and           on bT (the results of numerical calculations for these two casespractically
coincide). Fig. 2 presents the dependence of           on bT. For the family parameter the
values of          = 0.5; 2; 5 were chosen. The values of the parameter are marked on the
corresponding curves.

The examination of the figures shows that the condition (22) for this type of statistical
characteristics of the process is also necessary one. In addition, the domain of the values
bT exists, which is determined by the relation                      where the reconstruction of the
process by the methods described above makes no sense. This notice completely refers to
the fluxes with rapidly changing intensity, for which                      
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Fig 1 - Optimal Stepped Reconstruction.

Fig.2 - Simplest Stepped Reconstruction.


