
RECONSTRUCTION OF ANALOG SIGNALS AND
CHOICE OF SAMPLING RATES IN TELEMETRY

Item Type text; Proceedings

Authors Evdokimov, V. P.; Kolesnikov, L. I.

Publisher International Foundation for Telemetering

Journal International Telemetering Conference Proceedings

Rights Copyright © International Foundation for Telemetering

Download date 19/05/2023 16:04:47

Link to Item http://hdl.handle.net/10150/605369

http://hdl.handle.net/10150/605369


RECONSTRUCTION OF ANALOG SIGNALS AND CHOICE OF SAMPLING RATES IN 
TELEMETRY 

By V . P. EVDOKIMOV, and L. I. KOLESNIKOV 

Summary. - The reconstruction of the form of analog 
signals by samples by means of linear filtration is consider
ed. Precision criterion - mean square reconstruction error 
and the maximum reconstruction error probability. Linear 
:filters (reconstructing functions) of iDCreasing difficulty 
are considered together with an optimal filter. A signal 
model is introduced by means of large set of correlation 
:functions. The calculations of reconstruction errors are 
carried out for different reconstructing functions. The 
tables and the :figures allow to determine reconstruction 
errors, to estimate the necessity of decreasing complexity 
of the filter and to choose the type of filter. The results 
of calculations and the recommendations of choosing the 
sampling rates of the sensors are made in the paper can be 
used by the experimenters and specialists in telemetry. 

Problem formulation. - In transmitting messages with 
the help of time-division multiplexed telemetric systems 
continuous signals of individual channels are affected by 
sampling. The obtained discrete sequeDCe of samples allows 
to reconstruct the transmitted signal form with some error 
dependent on a sampling rate, form and bandwidth of signal 
spectrum and on the reconstruction method. 

E (t) = ~. {t) - ~ f-t) , 

where :,: (t) is an original. signal and X,,. (t/ is a recon
structed signal. 

Below it is suggested that sensors and channel noises 
are absent. 

The authors are with the Institute for Space Research, USSR, Moscow, 1972 



The criteria for the estimation of difference in the 
original and reconstructed signals can be various. Tbis 
work deals with two most often used criteria of difference 
in the signal forms: 1) mean square of a reconstruction 
error- £ 2 and 2) the probability that a reconstruction 
error E doesn't exceed some given value - P(E~ A) • 

The following main problems have been formulated for 
this paper: 1) to calculate an error of the form reconstruc
tion for signals with the various correlation functions for 
different sampling rates, different types of the reconstruct
ing filter weight function; 2) to obtain recomendations on 
the choice of sampling rates for the given error (dependi:cg 
on the criterion); 3) to compare the results of calculations 
for receiving recomendationa on the choice of the signal re
construction technique, i.e. to estimate the expediency of 
the use reconstructing filter complication for decreasing 
errors. 

Signal models and reconstruction techniques. - Let us 
consider the signals being the normal stationary processes 
with the given correlation functions. For these signal it 
is expedient to select the unique signal parameter that 
provides the results comparison under the variation of sampl
ing rate. We apply as such a parameter the correlation in-
terval Tc = 2 ~e , where Fe is an effective bandwidth 
of the signal spectrum. The paper deals with the generalised 
signal sampling rate '& , equal to the ratio of sampling 
rate to the doubled spectrum effective bandwidth 

T. - ;=., = Tc 
- 2Fe 7; 

that shows how many sampling points the signal correlation 
interval contains. 

As signal models let us ana.lyse the random processes 
the following correlation functions: 

1) R (~) = 6"
2 

exp(-o<./r:/J) o1. = f Fe - white noise 
passed through RC-filter; 



white noise passed thxough two serial RC-filter; 

3) R r~J= ~ 2 (1+.,(/7:/-1- r~rL)exp(-c1.1r::I)) cL.::; 3j re 
white noise passed thxough three serial RC-filter; 

4) R(1:) = G"'2 exp(-ot'l:'2
) J ~ = L;1rFe - white 

noise passed thxough the filter with the gaussian frequency 
characteristic. This characteristic is the limiting one for 
the great number of serial RC-filters; 

5) R(-c) = ~ 2 sin 21r lit: c _ c 
2 'If f;'C , l.f - re - white 

noise passed through the filter with the rectangular fre-
quency characteristic. 

We consider that the reconstruction of signals with the 
help of a set of signal samples is carried out by the linear 
interpolating filter with the weight function \/V'(t). 

tv 

:xif: (E.) = L. X ( tn Ts} W ( In T;, E.} 
rn=-N1f 

Here m is interpolation nodes; ,Ta is a sampling inter-
val; S is a normalized time between samples; O ~ 6 ~ 1. 

, Let us consider the following techniques for the re-
cbnstruction of a signal between samples: 

1) step-by-step reconstruction; 
a) without shift: horizontal straight line of the 

estimation is drawn to the right from each sample 
for the time interval Ts ; 

b) with shift for the time interval 1"sj"2 
horizontal straight line is drawn to the right 
and left from each sample for the time interval 

Ts/2. 
2) linear reconstruction by straight line between 

samples; 

3) reconstruction by the final set of the Sinxj,x. func
tions; 

4) optimal reconstruction by a filter minimizing the 
reconstruction error for each given signal model. 



The mean square error signal form reconstruction 
criterion. - The mean square of the reconstruction error 
for every moment of time between samples can be calculated 
using the following equation [ 1 ] : 

/V 

E. 2 (E) = R(o) - 2 L. R[(tn-~}"TsJ W[(m-E)l;] + 
111=--llhf 

N Ill 

+ ~ L R [ (m-eJl;]W{rm-tJT;JW[(t-E.)Ts] 
1'11=-N~f ..(:0-#1( ., 

where mJ e are numbers of the interpolation nodes that are 
taken into account for reconstruction. 

t1=2N is the quantity of the interpolation nodes that 
are taken into account for reconstruction. 

We consider that the dispersion of all processes are 
the same and equal to 6 2 

• The error is calculated in per 
cents of the signal variation scale + 3 @" • 

E (E) = jffi)-,/ 6 

The interpolation error E 2 (E,) is assumed to have 
the maximum value for all kinds of interpolation, except 
step-by-step one without shift, at the middle of the sampl
ing interval for c = 0.5 (for step-by-step interpolation 
without shift - for 8 = 1). 

The weight functions of interpolating filters for the 
considered reconstruction techniques. have the following form: 

II 

1 ) step-by-step interpolation: f1 = 1 ; m = o ; 
W(S} = 1; 

2) linear interpolation:"1 

W(EJ = L~c 
~) siirx/ .x interpolation: 

= 2; tn 
m=O 

m=1 

= 0, 1; 

(reconstruction is carried out by a filter matched 
with the sampling rate rs = 2 F'1 ) 

s itnr r 111-EJ 
'lf(/17-E,) 

4) error ~etermination for the optimal linear inter-



polation (averaged over all values of G ) is carried out 
using the following equation[ 2] obtained by means of the 
error dispersion minimization: 

~ 1Jc:,,os [ 3(w} ]d E = ~ o (w) 1- Ts'P(w) w 
where ~(uJ) is a power spectrum of the reconstructed pro-
cesses. _ 

({>(w) = is~ S ( W - i {A)s) is power spectrum of the 
discrete random process of sequence of samples with frequen
cy Ws. 

It was suggested that the infinite number of samples 
at each side of the interpolation interval takes part in 
the optimal reconstruction process. 

The maximum error probability criterion. - As we apply 
linear filters for the signal reconstruction it is not dif
ficult to make sure that the reconstruction error at every 
moment of time ~ is the random value with the normal pro
bability distribution and dispersion defined by mes.na of 
the above used equation for E2 (E) • 

In this connection the probability that the error 
doesn't exceed the given value P [ E (£,) :::S" A] at each 
point of the interpolation interval can be easily calculat
ed using the tables for the normal probability distribution. 

Results and conclusions. - The results of calculations 
of the maximum mean-square normalized reconstruction errors 
of signals with different correlation functions are summa
rised in Tables and illustrated in Figures. 

Tables I and TI present the step-by-step reconstruc
tion errors for sampling rates changing from one to hundred 
sampling points within the correlation interval. The errors 
are of the great value for any sign.al model even for the 
large sampling rates. In this connection the use of this 
reconstruction technique is thought to be unexpedient. 

Figure 2 and Table .ill give the errors for the 
straight-line interpolation technique. These resulting er-



rors are much smaller than previous ones, the gain in re
gard of the step-by-step interpolation technique increas
ing with the sampling rate growth. 

When the form of the reconstructed signal spectrum 
changes from the first model to the fifth one the high-fre
quency "tails" in the spectrum become more and more suppress
ed. The complication of the signal spectrum forming filter 
leads to the decrease of errors for a.ny sampling rates. 

The reconstruction by sin~/X functions allows to use 
various number of nodes in the interpolation process with
out changing the filter weight function form. The results 
of the error calculations for various number of interpola
tion nodes changing from 20 to 200 are given in Tables IV, 

V , VI , VII , VIII• 

It is interesting to note that for the first three 
signal models with the considered sampling rates the notice
able decrease of errors is not observed when the quantity 
of nodes is increased. As for M - oo the limiting non
zero reconstruction error exists we can come to the conclu
sion on the sufficiently fast coIIV"ergence of a series with 
sin'X/X functions. 

It means that for the reconstruction by S/11~/X func
tions it is practically unexpedient to apply more than 10-
-20 interpolation nodes. 

The dependence of errors on tJ is shown in Fig. 6 . 
The change of errors at M = 40 with increasing sampling 
rate is given in Fig. 3 . These curves show that the growth 
of the degree of input signal filtration leads to the sig
nificant decrease of errors. For each signal model the sa
turation is achieved from some value of Z when the error 
no longer changes (at the given value of /VI ) • 

It should be noted that the great errors, characterist
ic of the first signal model for e.ny sampling rate, lead to 
the conclusion on the necessity, where it is admitted, of 
the preliminary filtration for signals before sampling. 



The comparison of etraight-line interpolation, inter
polation by si11!Kjx :functions and optimal interpolation 
(the error at the middle of the sampling interval) can be 
carried out using Fig. 4 and 5 • This comparison shows 
that up to the signal spectrum form. defined by the forming 

3" RC-filter it is unexpedient to complicate reconstruct
ing filters as the straight-line interpolation use within 
the large range of sampling frequencies provides practically 
the same values of errors as the optimal interpolation. 

Only for Gaussian form of signal spectrum the use of 
interpolation by sin :K /rr functions and optimal interpo
lation as well leads to the decrease of errors in compari
son with the straight-line interpolation, especially for 
high sampling rates. 

It is interesting to note that for any signal model 
the reconstruction by Sil1 ~ / X functions provides errors 
that practically coincide with the optimal interpolation 
errors. Hence, the practical use of optimal filters for the 
signal form reconstruction can be only of the theoretical 
interest. 

Practically the slight difference of errors obtained 
in straight-line reconstruction a.od errors obtained in using 
the more complicated reconstruction filters allows to come 
to the conclusion on the expediency of the primary use of 
the signal form reconstruction by connecting signal samples 
by the straight lines. 
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