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Abstract

A radiolocation problem using DS-CDMA waveforms with array-based receivers is considered. It is
assumed that M snapshots of Ns Nyquist sample long data are available, with a P element antenna
array. In the handshaking radiolocation protocol assumed here, data training sequences are available for
all K users. As a result, the received spatial-temporal matrix R ∈ CMNs×P is approximated by a sum
of deterministic signal matrices Sbk ∈ CMNs×Ns multiplied by unconstrained array response matrices
Ak ∈ CNs×P . The unknown delays are not estimated directly. Rather, the delays are implicitly
approximated as part of the symbol-length long channel, and solutions sparse in the rows of A are
thus sought. The resulting ML cost function is J = ||R−

∑K
k=1 SbkAk||F . The Generalized Successive

Interference Cancellation (GSIC) algorithm is employed to iteratively estimate and cancel multiuser
interference. Thus, at the k-th GSIC iteration, the index pk = arg minl 6=p1,...,pk−1

{minAl
||Rk−SblAl||F }

is computed, where Rk =
∑k−1

l=1 SbplÂpl . Matching pursuits is embedded in the GSIC iterations to
compute sparse channel/steering vector solutions Âl. Simulations are presented for DS-CDMA signals
received over channels computed using a ray-tracing propagation model.
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Introduction

A radiolocation system based on DS-CDMA is considered following [1]. In the handshaking protocol
for terrestrial radiolocation [2],[3], a master node which wishes to learn its position transmits a RTS
∗This work was supported in part by grants from DARPA No. MDA972-00-1-0036 and the International Foundation

for Telemetering.



waveform. Multiple reference nodes, with known or estimated positions, immediately respond with
ACK DS-CDMA packets, and ranges are estimated via round-trip travel times. However, the near-far
effect creates multiuser interference between the ACK packets, and power control is not an effective
option in the handshaking protocol.

Even in the single antenna case, the optimum maximum-likelihood solution to the Multiuser Chan-
nel Estimation (MCE) problem is intractable, requiring complexity of O(QK) where K is the number
of received signals and Q the number of discretized delay values [4]. The GSIC algorithm in [4] provides
an effective solution for the short multipath channel case (multipath spread Tm satisfying Tm << T ,
where T is the symbol duration), and has complexity of O(K(K + 1)Q/2). However, for sparse mul-
tipath channels, where 0 < TM < T , the ML solution complexity increases to O(QKNP ), where NP is
the number of paths for each user. A combination of GSIC and Matching Pursuits (MP) [5],[6] appears
to be the most effective approach to joint estimation of delays in the radiolocation DS-CDMA channel
[7].

Performance of the radiolocation algorithm can be improved using receiver antenna arrays. Here,
the GSIC/MP algorithm of [7] is extended to the array case, using the received signal model in [8].
In the sequel, the array-based signal model is derived in the Signal Models section and channel esti-
mation algorithms are developed in GSIC/MP Algorithm Derivation section. Simulation results and
conclusions follow in the last two sections.

Signal Models

The single-antenna received signal model [7] is extended to multiple antennas as follows. The received
signal at the array outputs due to K ACK reference packets is bandlimited to 1/Tc Hz., where Tc is
the chip duration. Thus

r(t) =
K∑
k=1

M−1∑
m=0

NP−1∑
p=0

bk(m)ak,psk(t− τk,p −mT ) + n(t), (1)

where {bk(m)} are the known preamble data sequences, τk,p ∈ [0, T ) is the delay of the p-th path for
reference k, and n(t) is bandlimited circular Gaussian noise with variance 4N0/Tc. The ACK signals
sk(t) are Gold codes with support [0, T ) sec. (See e.g. [9] for definitions of sk(t).)

For the purposes of GSIC/MP channel estimation, the array response vector ak,p will be modeled
as unstructured. However, in the generation of the simulated signals, a uniform linear array (ULA)
model for ak,p is assumed, with

ak,p = fk,p[1, ei2π
d
λ
sin(θk,p), ei2π2 d

λ
sin(θk,p), . . . , ei2π(P−1) d

λ
sin(θk,p)]T . (2)

In (2), d is the interelement spacing, λ is the wavelength, θk,p is the arrival angle of the p-th path from
reference k, and fk,p ∈ C represents the phase and attenuation of the p-th path from the k-th reference
node. Note that θk,p and fk,p are computed by a ray tracing algorithm in simulations.

As discussed in [10], the difficult problem of jointly estimating the delays {τk,p} can be solved by
approximating (1) using a linear channel model based on an interpolator. The received signal is then
modeled as

r(t) ≈
K∑
k=1

M−1∑
m=0

Ns∑
p=0

bk(m)ak,psk(t− pTs −mT ) + n(t), (3)



where Ns = T/Ts is the number of Nyquist samples/symbol. However, the results for the single antenna
case in [6] suggest that the linear least-squares solution for ak,p in (3) would be non-sparse. Hence,
Matching Pursuits will be applied within the GSIC algorithm to obtain sparse solutions for the ak,p.

Following [8], the received signal vectors over M symbol durations are sampled with Nyquist interval
Ts sec. and stacked to form a matrix R ∈ CMNs×P . Thus, R is approximately given by

R =
K∑
k=1

SbkAk + n, (4)

where
R =

[
R(0)T ,R(1)T , . . . ,R(M − 1)T

]T
, (5)

with R(m) ∈ CNs×P equal to

R(m) = [r(mT ), r(mT + Ts), . . . , r(mT + (Ns − 1)Ts)]
T . (6)

The array output vectors r(t) ∈ CP are defined by r(t) = [r1(t), r2(t), . . . , rP (t)]T .
From the interpolator signal model in (1), the matrices Ak ∈ CNs×P and Sbk ∈ CMNs×Ns can be

shown to equal the following.

Ak = [ak,0,ak,1, . . . ,ak,Ns−1]T (7)
Sbk = [Sbk(0)T ,Sbk(1)T , . . . ,Sbk(M − 1)T ]T .

Each block of the signal matrix is given by

Sbk(m) = [bk(m)S+
k + bk(m− 1)S−k ], (8)

where

S+
k = [sk(0), sk(Ts), ..., sk((Ns − 1)Ts)] (9)

S−k = [sk(−T ), sk(Ts − T ), ..., sk((Ns − 1)Ts − T )] ,

The signal vectors sk(τ) ∈ RNs (low-pass filtered Gold sequences) are defined by

sk(τ) = [sk(−τ), sk(Ts − τ), . . . , sk((Ns − 1)− τ)]T . (10)

GSIC/MP Algorithm Derivation

The goals of GSIC/MP are twofold – (a) Reject multiuser interference via successive interference
cancellation and (b) Compute solutions to the unstructured matrices Ak that are sparse in the number
of rows, or equivalently, paths. A GSIC algorithm that exactly realizes the sparseness constraint
computes the following indices for k = 1, 2, . . . ,K.

pk = arg min
l 6=p1,...,pk−1

{
min

Al∈ANf

∣∣∣∣∣∣Rk − SblAl

∣∣∣∣∣∣
F
,

}
, (11)

where ANf represents the set of matrices Ak such that at most Nf ≤ Ns rows are nonzero. Thus, as
in [4], GSIC at the k-th stage tries to find the signal matrix that best fits Rk, where Rk equals R with
previously selected users canceled, i.e.

Rk = R−
k−1∑
l=1

SbplÂpl . (12)



Initialize R1 = R
For k = 1, 2, . . . ,K

Rk = R−
∑k−1

l=1 SbplÂpl

For l 6= p1, . . . , pk−1

For j = 1, 2, . . . , Nf

Matching Pursuits – cancel out previously detected paths
Rl,j = Rk −

∑j−1
i=1 Sbl (:, ql,i)Âl(ql,i, :)

ql,j = arg maxi6=ql,1,...,ql,j−1
tr
(
Rl,jHPl,iRl,j

)
where
Pl,i = Sbl (:, i)||Sbl (:, i)||−2Sbl (:, i)

H

Compute unstructured array response vector estimate
Âl(ql,j , :) = ||Sbl (:, ql,j)||−2Sbl (:, ql,j)

HRl,j

Next j
Next l
pk = arg minl 6=p1,...pk−1

||Rk − Sbl Âl||2
Next k

Table 1: Summary of GSIC/MP Algorithm.

However, the minimization in (11) restricted to the set ANf is intractable, and matching pursuits is
thus employed to approximate the sparse solution.

The MP algorithm is defined as follows. Consider the k-th stage of GSIC. Given the canceled matrix
Rk, and the trial index l, the first iteration of MP finds the outer product Sbl (:, i)Al(i, :) (MATLAB
notation) that best matches Rk. That is,

ql,1 = arg min
i

{
min

Al(i,:)

∣∣∣∣∣∣Rk − Sbl (:, i)Al(i, :)
∣∣∣∣∣∣
F

}
(13)

= arg max
i

tr
(
RkHPl,iRk

)
.

The projection matrix in (13) is defined by Pl,i = Sbl (:, i)||Sbl (:, i)||−2Sbl (:, i)
H . A canceled signal is then

formed by
Rl,1 = Rk − Sbl (:, ql,1)Âl(ql,1, :), (14)

where
Âk(ql,1, :) = ||Sbk(:, ql,1)||−2Sbl (:, ql,1)HRk. (15)

The MP step in (13) is then repeated using the canceled signal Rl,1 to find the index ql,2. The
overall GSIC/MP algorithm is summarized in Table .

Simulation Results

A radiolocation scenario was considered in which a master node simultaneously received DS-CDMA
waveforms from four reference nodes. Scenarios in which the master node is equipped with a single



antenna or P element array were considered. Gold sequences with length N = 63 chips were used for
reference node transmissions. Each reference node transmits a sequence of M = 10 data symbols in
the ACK packet, comprising a total signal duration of 630 chips.

A ray-tracing simulation program calculated the attenuations {fk,p}, time delays {τk,p}, and angles
of arrival {θk,p} for each path between the K = 4 reference nodes and master. Nodes 1 and 3 are
located behind buildings such that their line-of-sight paths are severely attenuated. A uniform linear
array with interelement spacing of λ/2 is used at the master node. The maximum number of candidate
paths was set to Nf = 4 and the nominal SNR was Eb/N0 = 10 dB for a master node 200 m away
from the reference transmitter. From Âl, the multipath intensity profile (MIP) is estimated as follows.
First, the estimate of the vector multipath channel hk(t) ∈ CP for node k is

ĥk(t) =
Ns−1∑
i=0

Âk(i, :)T g(t− iTs), (16)

where it is emphasized that only Nf rows of Ak are nonzero from the Matching Pursuits procedure.
The interpolation function g(t) is typically given by g(t) = sinc(t/Ts) corresponding to the bandwidth
1/Tc = 2/Ts Hz. Hence, the MIP is given by ||ĥ(t)||2 using equation (16). In Fig. 1 the estimated MIP
||ĥ(t)||2 at a nominal SNR of 13 dB with a P = 4 element array is compared to the true MIPs. It is
seen that the direct path for nodes 1 and 3 is accurately estimated, despite the presence of stronger
delayed paths.

The probability of acquisition (Pacq) is defined as the event that |τ − τ̂ | ≤ Tc/2 for the direct-path
delay. Pacqs for node 1 (weak signal) and node 2 (strong signal) are computed over 30 ensemble runs
and shown in Fig 2 and 3. The channel estimation error (Ef ) is also computed using a generalized
sine squared function and averaged over the K = 4 reference nodes. In Fig 2-4, it is clearly seen that
increasing the number of antenna elements results in more accurate channel estimates.

Conclusions

A GSIC-based channel estimation algorithm for array-equipped receivers was developed. By integrating
Matching Pursuits with GSIC, long, sparse multipath channels can be efficiently estimated. Further-
more, the direct path delay was shown to be accurately estimated, even when the delayed path signal
strengths were significantly stronger than that of the direct path. GSIC/MP estimates the unstruc-
tured array response, and hence does not require array calibration, and is effective in severe angular
spreading. Thus, GSIC/MP may prove to be a practical channel estimation technique for radiolocation
applications and more general wireless network synchronization/channel estimation problems.
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Figure 3: Probability of Acquisition for node 2.
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Figure 4: Channel Estimation Error.




