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BIT SYNCHRONIZATION

D. D. McRAE and E. F. SMITH
Advanced Systems Operation

Radiation Incorporated
Melbourne, Florida

Summary   In this paper the trade off between acquisition and noise performance for
several bit synchronizer techniques are examined. Results are presented for random NRZ
input data with an initial frequency offset between the incoming bit rate and the a priori
estimate of this rate.

1.0   Introduction   The major objective of the paper is to relate bit synchronizer design
parameters to the primary user performance parameters associated with operation in the
tracking mode and in the acquisition mode for a class of bit synchronizers. The major
tracking mode parameters are timing jitter and bit slippage. This paper considers only
timing jitter. Bit slippage will be covered in a subsequent paper. The major acquisition
parameters are the allowable frequency offset and the time to acquire. These parameters
are to be evaluated when the incoming bit rate is not known precisely and when the
incoming data is random NRZ in the presence of noise.

The motivation for the study was simply that very little useable information has been
located which enables one to determine the trade between the acquisition and tracking
performance of bit synchronizers and how this trade depends upon the design of the
synchronizer. This is particularly true when the input is random data rather than a
periodic waveform. When allowable loop jitter is specified for a given signal-to-noise
ratio, it is desirable to determine the maximum frequency offset that can be tolerated for
a given design and still provide acceptable acquisition. Or conversely, if the bit-rate
uncertainties are known and the allowable acquisition time specified, the system designer
needs to know how to predict the resulting noise performance of the bit synchronizer so
that the other elements of the system can be appropriately chosen. In most applications
the design should be determined from the acquisition properties at “minimum signal-to-
noise ratio” rather than from noiseless acquisition since the device must generally be
able to acquire when the minimum signal-to-noise ratio exists at the beginning of a
transmission or following a fade.

The bit synchronizers to be evaluated are in a class of time sampled phase-locked
devices illustrated in Fig. 1. The primary distinction of this class of synchronizers is that



the phase measurement is made by operating upon the voltage out of an integrate and
dump device. Of less importance is the assumption that the operations in the loop filter
are also clocked from the VCO and hence can be represented with difference equations
rather than differential equations. The “phase detector operation” converts the integrate-
and-dump output to a suitable measure of phase error for the loop.

The motivation for considering this class of phase-locked loop is the ease of
implementation when performance must be maintained over a wide variety of input bit
rates. The use of integrators at the front end of the device limits the noise bandwidth
prior to the non-linear operations of the phase-locked loop. The time sampled nature of
the remainder of the loop allows the use of digital filters which can be driven from the
VCO clock and hence automatically adjust their effective time constants with bit rate.

The acquisition time considered here is the “pull-in time”, defined as the time to the last
bit-slip or cycle skip. The acquisition data has been obtained for the various loop
configurations from a computer simulation of the synchronizer. Three decision-directed
approaches and one early-gate late-gate (or “absolute-magnitude”) approach have been
evaluated. The differences in the decision-directed approaches lie in the strategy for
handling the circumstances when no transition is detected. These loops are described in
more detail later. The approach that has been used to obtain data is to define a term
called the jitter bandwidth, Bj, which is related to the mean square timing jitter, F)t

2 and
Eb /No by:

(1)

The jitter bandwidth is analogous to the “noise bandwidth” of a continuous loop as
defined by many previous authors (see Gardner [3] for instance).

2.0    Fundamental Equations    A functional block diagram of the class of
synchronizers discussed in this report is shown in Fig. 2. The input is assumed to be
signal plus additive noise. The quadrature integrations shown in Fig. 1 can be
represented mathematically in a more precise manner by considering a single integrate-
and-durnp which operates at twice the bit rate. Thus each bit time (as defined by local
timing) two randornvariables, Zk-1 and Zk, are available representing the two outputs
from the integrate and dump during a bit interval. The index, k, designates the particular
half-bit time for the integration.

The phase detector operator produces a voltage, Pi, based upon some set of Z values that
it has received. The fact that several values of Z may be used to produce Pi. is designated
in Fig. 1 by making the operator argument a vector,      . The phase detector output, Pi, is
passed through the loop filter, which is assumed to be a lead-lag network, to produce the
voltage Vi. This, in turn, produces a period offset, bi+1, which exists during the next bit



period integrations. It is assumed that the lead-lag network is time sampled such that the
output voltage, Vi, is held constant during a bit time. Thus the capacitor voltage, (i, is
important only at the beginning and end of a bit period and may also be considered a
time discrete random variable.

A set of iterative (difference) equations for the loop can be obtained involving the
variables Pi, bi, (i, and )t, the difference between the incoming bit-transition-time and
the ith local bit-transition-time. In general, the phase detection output, Pi, is a function of
)ti:

(2)

Over a linear region of phase detector operation the output is proportional
to )ti:

(3)

The parameter of primary interest in the loop filter is the voltage on the storage element,
or (i as shown in Fig. 2. If the input voltage to the lead-lag network, Pi, is constant
during a bit period, the capacitor voltage at the end of the bit period is:

(4)

If we assume that:

and

then equation (4) may be rewritten as:

(5)

If the change in ( is small during a bit period the output voltage Vi is then
approximately:

(6)



This implies that the change in period of the VCO is:

(7)
The equation relating )ti and )ti+1, can be deduced to be:

for d-bit delays, and

(8)

for d + one half bit delays where d is an integer. Substituting 2 into 5, 6, and 7,
rearranging term, and defining:

and

We get:

(9)
For a half-bit delay:

(10)

For a full bit delay:

(11)

Figure 3 shows the relation between the X-terms of the preceeding equations and the
break frequencies of the Bode diagram for the open loop frequency characteristics of the
linearized phase-locked loop.



3.0   Timing Error    In this section functional descriptions are given for the absolute
magnitude phase detector and the decision-directed phase detector, and jitter
performance for these synchronizers is presented and discussed.

In the absolute magnitude synchronizer, the phase detector utilizes two adjacent half-bit
integrations for “early-gate-late gate,” detection. The integration intervals corresponding
to zk and zk-1 are indicated in Fig. 4(a) for an arbitrary phase error, )t. The expression for
the phase detector output for this phase detector is:

(12)
where Zk = Sk + Nk:

Sk = integral of signal over half bit-time
Nk = Integral of noise over half bit-time

Consider first the noiseless case. Then:

If the time, tc , when the first integration interval ends and the second one begins, is
coincident with an input transition time then *Sk *=*Sk-1 and Pi = 0. If tc is slightly
displaced to one side of the transition time, as shown in Fig. 4(a), ()t positive) then
*Sk*<*Sk-1* and Pi is positive (assuming a transition occurs at the transition time, i. e. ,
E1 = -E2. Otherwise Pi = 0 if E1 = E2). But if the displacement, )t, is in the opposite
direction then *S k-1* < *k*and Pi is negative. Hence, the sense of )t as well as the
magnitude is detected by this phase detector (and decision direction is not necessary). It
is thus easily verified that Pi = *Sk*- *Sk-1* is proportional to phase error, )t, for small )t.
The range of )t over which this proportionality holds (i. e., the “linear range”) is in
general a function of input period offset, a, and local period offset, b. But for small
offsets the linear range is approximately *)t*#*Tb/4*,over which we have:

After )t exceeds this range, the rate of change of Pi reverses (with increasing *)t*). The
resulting phase detector characteristic (i. e., phase detector output versus phase error) is
shown in Fig. 4(b) for a=b=0. The linear range for this case is -Tb/4 # )t#Tb/4.

With additive gaussian input noise of spectral height No we have:

where Nk is a gaussian random variable with zero mean and variance NoTb/ 4.



Assuming high signal-to-noise ratio and operation in the linear range we get:

(14)

where Ni '=± *Ni*±*Nk-1* is a gaussian random variable with variance twice that of Nk.

The range of signal-to-noise ratio for which these assumptions are valid has been
investigated and is discussed in the following section.

Linear iterative equations resulting from assumption of high signal-to-noise ratio and
operation in the linear range of the phase detector characteristic are presented in Section
2 for zero delay, 1/2-bit delay, and 1-bit delay. These equations may be written in matrix
form:

(15)
where the elements of the variable vector, V, are )t, (, b and the elements of the constant
vector, C, involve “a” and Ni, and [A] is the matrix of coefficients of the )ti, (i and bi

terms.

A set of linear simultaneous equations can be derived involving the elements of the A-
matrix and C-vector, and the correlations, 8ij, of the variables )t, (, and b. In particular,
811 is the mean square timing error (or jitter)         , 822 is the mean square capacitor
charge,           , and 833 is the mean square (local) frequency offset,          . For any
specified A-matrix and C-vector these equations can be solved simultaneously for the
8’s.

To determine the appropriate A-matrix and C-vector for the absolute value synchronizer,
note that the minimum delay possible for that synchronizer is 1/2-bit delay (as defined in
Section 2), because the result of the second integration, Zk , is not available for loop
correction until after 1/2-bit delay has elapsed. The corresponding iterative equations are
Eq. 2. Hence, the A-matrix is:

(16)



and the C-vector is:

(17)

These iterative equations (and hence this matrix), assume that a phase measurement is
made each bit time. Since this requires a transition each bit time these equations hold
only for square wave input to the bit synchronizer. With random data input, the
transitions and hence phase measurements occur randomly with probability 0.5 each bit
time. If the phase detector is non-decision directed (such as the “difference-of-absolute
value” phase detector for example) this has the effect of multiplying the phase
measurement terms in the iterative equations by a binary random variable, L, which is
either zero or unity with probability 0.5 for either. The resulting A-matrix, which must
now be indexed to i since L is indexed to i, is the same as that above except that each
X0 -factor is multiplied by Li . The C-vector is unchanged.

Using these forms for the A-matrix and C-vector, the rms jitter results for Eb /No = 0 dB
and Xi = 0 (i. e. , the loop filter is a perfect “integrate plus proportional” filter) have been
determined by computer and are presented in Fig. 5 for various combinations of loop
parameters X0 and X2.

The “loop damping ratio, “>, and “loop bandwidth” BL , for a continuous (unsampled)
linearized loop can be expressed in terms of X0, X1, and X2 as follows:

(18)

(19)

These are the loop parameters used in presenting the data of Fig. 5 since they are more
familiar loop parameters than are X0, X1, and X2 . The bandwidth is normalized to the
bit-rate and the jitter is in percentage of a nominal bit-time. Data is presented for
squarewave input signal to the synchronizer as well as for random binary (NRZ) input.

With the assumptions made for this linearized, high signal-to-noise model, the mean
square jitter is inversely proportional to Eb/No . Therefore, Fig. 5 can be used to predict
jitter for any Eb/No for which the assumptions are valid. To determine the range of Eb/No
for which the assumptions are valid, the Monte-Carlo simulation program(used primarily
to obtain acquisition data) was utilized to measure         for several values of E b/No for



comparison with predictions made with the linearized model. This comparison is
presented in Fig. 6 for various bandwidths (with Xi =0) and for critical damping. Critical
damping is used because that is found (see next sections) to be a good choice of damping
for loop bandwidths of interest. With the simulation program, bit- slippages are
observable with sufficiently low signal-to-noise ratio (depending upon the bandwidth). If
such slippages were observed (for 3, 000 bit samples) in the simulation data presented in
Fig. 6, the corresponding data point is labelled “BS”.

In the decision-directed synchronizer, the phase detector utilizes the sum of the results of
two half-bit integrations Zk+Zk-1 (Fig. 4(a)) to obtain a measure of the phase error. But
the polarity of the measurement Zk+ Zk-1 does not determine the sense of the phase error
even in the noisele ss case. The sense of the phase error is obtained by “decision
direction” which is determined as follows from the decisions made on the polarity of the
two adjacent bits on either side of tc . If the first bit is determined to be positive and the
second bit is determined to be negative (i. e. , a transition occurs from positive to
negative as in Fig. 4(a)) the polarity of the measurement Zk +Zk-1 is reversed, and if the
first bit is negative and the second positive (transition from negative to positive) the
measurement polarity is not reversed. This attaches the proper sense to the resulting
phase measurement, Pi . If both bits are determined to have the same polarity (indicating
no transition between them) the “measurement” Zk + Zk-1 has no relevance to phase error,
)t, and there is no “phase measuremen” available. There are many strategies which may
be utilized in the loop for this condition. Three reasonable strategies have been
investigated in this study and these will be discussed later. But for the present discussion
of the decision-directed phase-detector characteristics we assume that transitions occur
between bits (i. e. , squarewave input).

In the noiseless case it is easily seen (from Fig. 4 (a)) that *Pi*=*Zk+Zk-1*=*Sk+Sk-1*is
proportional to *)t* (for small *)t*). And the “decision-direction” attaches the
appropriate albegraic sign to the phase measurement, Pi , so that Pi = kp )t over the linear
range of )t. (The linear range, for small frequency off sets, is approximately *)t
*#Tb/2 .) The resulting phase detector characteristic is shown in Fig. 4(c) for a = b=0.
The linear range for this case is -Tb/2 # )t#Tb/2. The discontinuities in this
characteristic at the extremes of the linear range are due to the reversal, at these points,
of the algebraic sign resulting from the “decision direction.”

With additive gaussian input noise of spectral height No we have:

(20)
where Nk is a gaussin random variable with zero mean and variance No/Tb/4 .



Assuming high signal-to-noise ratio and operation in the linear range  we get:
(21)

where Ni '=Nk+Kk-1 is a gaussian random variable with variance twice that of Nk .

But since *Sk+Sk-1* is proportional to *)t *, and the “decision direction” attaches the
appropriate algebraic sign, we have:

(22)

When E1=E2 (i. e. , no transition occurs) that event is detected by the “decision-direction”
logic and many strategies are available for accomplishing loop correction for this
condition. Three strategies investigated in this study, which are quite feasible to
accomplish in a digital device, are:

Strategy 1 - Maintain the existing VCO frequency and maintain existing filter
capacitor charge until the next transition occurs.

Strategy 2 - Maintain the existing capacitor voltage and drive the VCO with the
capacitor voltage.

Strategy 3 - Use the phase measurement made at the last previous transition.

These strategies and the analytical techniques for analyzing them by introducing random
coefficients into the fundamental equations are discussed
later.

As discussed in Section 3, the linearized iterative equations presented in Section 2 may
be written in matrix form:

(23)

Again, a set of linear equations can be derived involving the elements of the A-matrix
and C-vector and the correlations of )t, a, and b. For any specified A-matrix and C-
vector the equations can be solved by computer to yield         ,          ,          ,            ,  etc.
For the decision-directed synchronizer, the minimum delay possible (as defined in
Section 2) is one bit-time. The corresponding iterative equations are Eq. 11 and the A-
matrix and C-vector are (for squarewave input):



(24)

(25)

For random data input, the equations are modified y appropriate random coefficients (as
discussed in 3) which depend upon the strategy used for handling the random transitions.
The A-matrices and C-vectors for the three strategies listed in Section 3 have been
determined. Using these matrices, jitter results for Eb/No = 0 dB and X1=0 have been
obtained by computer and are presented in Figs. 7, 8 and 9 for various combinations of
loop parameters. The results are valid for Xi /Bj < .1. Although the curves are for
Eb/No = 0 dB they may be used to predict jitter for any Eb/No for which the assumptions
of linearity and perfect “decision-direction” are valid (since mean square jitter is then
proportional to Eb/No). To determine the range of Eb/No for which these assumptions are
valid, the simulation program was used to obtain        versus Eb/No for critical damping,
and for several bandwidths. The results for Strategy 2 are presented in Fig. 10 together
with results predicted by the linearized high-signal-to-noise model. Critical damping is
used because it is found (see next section) to be a good choice for the loop bandwidths o
interest. Again, as for the absolute value synchronizer, if bit slippage was observed, the
corresponding simulation data points presented in Fig. 10 are labelled “BS”. And again,
comparison of the simulation results and the linearized model results indicate that the
linearized model result are acceptable for signal-to-noise ratios such that bit- slippages
are not problem, or for rms jitter less than 5%.

For the zero-delay case with the assumptions that X1 is much less than X0 or X2 (i. e. , the
loop filter is essentially a perfect “integral-plus-proportional” filter) and that both X0 and
X2 are much less than unity (i.e., loop bandwidth is very narrow relative to the bit rate),
the A-matrix is sufficiently simplified so that the equations can be solved analytically to
determine the 8’s in terms of X0 and X2 . The resulting expressions for mean square jitter 
           , are presented in Table 1 for the strategy investigated. ( “Strategy 4” is for the
absolute magnitude synchronizer with random data).

The straight line portions of the curves of Figs. 5, 7, 8, and 9 (i.e. , for BL < 2%) follow
the narrowband predictions of Table 1.



TABLE 1

4.0  Acquisition   The primary use made of the jitter data of Fig. 5 in this paper is to
determine the “effective jitter bandwidth, “Bj , used as the common denominator in
comparing acquisition performance Is discussed in the following sections.

Let us first consider acquisition data for the absolute-value loop when the loop is
adjusted to provide specified jitter bandwidths. In this section the input data is assumed
to be noise free and the loop filter is assumed to contain a perfect integrator (X1 = 0). The
effect of noise is discussed later. In all cases the initial capacitor voltage is assumed to be
zero, although for X1 equal to zero it is sufficient to consider the frequency offset as the
difference between the input bit rate and the local bit rate caused by the initial capacitor
charge. The acquisition data is presented in the form of curves of acquisition time,
normalized to the reciprocal of the jitter bandwidth, versus frequency offset of the input
bit rate normalized to jitter bandwidth.

The approach here is to determine the damping which minimizes the pull-in time for a
“worst case” initial phase, worst case polarity of de-tuning and random NRZ input data.
This determination is done for a jitter bandwidth of 2% of the bit rate. The performance
for that damping is then determined for different jitter bandwidths for “worst case”
starting phase and polarity of offset.

It can be reasoned that an initial starting phase difference of a half bit should be worst
case since the phase detector voltage must then go in the wrong direction first, hence
minimizing the amount the capacitor charges during the first cycle of the difference
frequency. From the same line of reasoning a zero initial phase should be best.



Figure 11 shows the pull-in time for a damping of one and various jitter bandwidths with
random input. The curve for 1% and 2% jitter bandwidth is essentially the same.
Therefore this curve can be used for bandwidths less than 2%

Figure 12 shows the pull-in time for a jitter bandwidth of 1% for a range of values of
Eb/No . The values of Eb/No include the minimum values tested for jitter calibration which
did not have cycle skipping, and several higher values. The input was random NRZ.

The acquisition data for the decision-directed loops were obtained in the same manner as
that for the absolute magnitude loops. It was first established that the pull-in times were
essentially independent of direction of frequency offset and relatively insensitive to
starting phase. As in the case of the absolute magnitude loop, the exact acquisition curve
for square wave input exhibits a sawtooth characteristic as before due to the cycle
slipped phenomenon. A plot was made which showed the smoothed curve for Stretegy 2
with squarewave input, positive frequency offset and half-bit starting phase error. Points
for negative offset and half-bit starting phase error and for positive offset and no initial
phase error were also shown. All of the pull-in time curves are for positive frequency
offset and half-bit initial phase error.

As before, the best damping for each of the three strategies was established by
investigating the pull-in time with random input as a function of initial frequency offset
for several damping factors where the loop bandwidth has been adjusted to provide a 2%
jitter bandwidth. Critical clamping is best for Strategies 2 and 3 but a damping of .707
appears to be best for Strategy 1. The pull-in times for the three strategies with random
input for various jitter bandwidths are shown in Figs. 13, 14, and 15. In all cases the best
damping for the particular strategy was selected. As can be seen, Strategy 2 appears to be
best for all bandwidths. The normalized pull-in time for jitter bandwidths less than 1% of
the bit rate should be approximately the same as that for the 1% bandwidth.

Curves for pull-in time versus frequency offset for the decision-directed loop with
random input and noise are shown in Fig. 16 for a 1% jitter bandwidth. These curves are
for Strategy 2.

5. 0  Conclusions   We have compared the acquisition performance of two types of
phase-locked bit synchronizers when the phase-locked loop bandwidths are adjusted to
provide the same timing jitter for the same noise level at the input (the same jitter
bandwidth). The acquisition time was determined as a function of the initial frequency
offset between the incoming bit rate and the local VCO frequency. The time to acquire is
defined as the time to stop slipping cycles, (pull-in time). If the acquisition time and
frequency offset are normalized to the jitter bandwidth, the normalized acquisition
performance for narrow loops (jitter bandwidths of 1% of the bit rate or less) is
essentially independent of bandwidth. Figure 17 plots the acquisition performance of the



two configurations under consideration for three different input conditions. These are
with a noise-free squarewave input, with a noise-free random NRZ input and with noisy
random NRZ with an Eb/No of 2.5 dB. In addition, the acquisition performance of a
sinusoidal input as predicted by Gardner is shown. In all cases (except for the sinusoidal
loop) the curves are terminated at the value corresponding to the maximum settling time
of the loop following a bit slippage (time for loop to settle to 5% bit error).

Several conclusions can be drawn from Fig. 17. These are:

(1)  The amount of frequency offset that can be tolerated for bit synchronizer loops such
as those investigated is much less than that which one would predict using standard
sinusoidal loop equations when the loops are arranged to provide the same high S/N
timing jitter.

(2)  The amount of frequency offset that can be tolerated by either bit synchronizer
depends strongly upon whether the input data is periodic or random and whether it is
noise-free or noisy.

(3)  The decision directed loop is superior to the early-gate late-gate absolute magnitude
loop under all input conditions. With random NRZ input, the decision directed loop can
tolerate nearly four times the frequency uncertainty that can be tolerated by the absolute
magnitude loop.

Several other conclusions have been drawn in the course of the study. One is that the
strategy of returning the VCO frequency to that corresponding to the frequency called
for by capacitor voltage when no transition is detected was found to be better than the
other two strategies investigated. A second conclusion reached is that the use of a non-
perfect integrator in the loop appears to be of questionable merit when the capacitor
voltage in the loop filter can be limited to correspond to the maximum system detuning.
This implies that the system operation is such that the synchronizer is required to acquire
with maximum detuning conditions.

A final point is worth noting. Several authors have considered the use of different phase
detector transfer function (volts versus phase offset) and noted that the phase loop
performance depended upon this transfer function. It should also be emphasized that the
manner in which this transfer functior is synthesized also has an impact on the
performance since it determines the manner in which the input noise is converted to
equivalent input jitter as well as the manner in which the transfer characteristics
breakdown when the input is noisy.
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