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ABSTRACT

In this paper, we consider multiple bit differential detection (MBDD) of differentially encoded shaped-
offset quadrature phase-shift keying (SOQPSK) over slow fading channels, especially Rayleigh fading
channels. SOQPSK is a highly bandwidth efficient and popular form of constant envelope continuous
phase modulation (CPM). We present two versions of the MBDD algorithm: the full-size version (F-
MBDD) which uses a detection window that spans the entire N -bit observation window, and an improved
version (I-MBDD) which maintains the original N -bit observation window but detects only N − 2 bits
within the window. The complexity of both algorithms is shown to increase linearly with the order of di-
versity reception, L, and exponentially with the size of the observation window, N ; the I-MBDD achieves
the best performance for given values of L and N . As expected, the performance in the case of diversity
reception shows a marked improvement over the single channel case.

INTRODUCTION

SOQPSK is a highly bandwidth efficient modulation scheme which is able to achieve higher bandwidth
efficiency compared to other modulation schemes as it involves continuous phase transitions (shaped)
rather than instantaneous phase shifts. It is similar to offset QPSK (OQPSK) in that data transmission on
in phase and quadrature channels can be viewed as being delayed by half a symbol time relative to each
other. In this paper we concentrate on “MIL-STD” SOQPSK, which is the most popular form of SOQPSK
and is incorporated in military satellite communication standards [1], although our approach is general
and can be applied to other versions of SOQPSK, e.g. [2].

We focus on the problem of multiple-bit differential detection of differentially encoded SOQPSK over
fading channels. This type of detection was considered recently in [3] for additive white Gaussian noise
(AWGN) channels, but has yet to receive any attention for more realistic wireless fading channels. Due to
the relationship between this problem and others, our approach is similar to [3] (MBDD of SOQPSK over
AWGN channels) and [4] (multi-symbol differential detection of linear phase modulations over fading
channels).

As with these previous results, we show that performance improves significantly as the length of the
multiple-bit observation interval, N , increases. We also show that the performance is greatly improved as
the number of receive channels, L, increases. The primary contribution of this paper is to develop these
MBDD diversity detection schemes and quantify their performance.

The algorithms are based on a recent continuous phase modulation (CPM) based receiver model for
SOQPSK [5]. Using the CPM-based approach, we develop two versions of the basic MBDD algorithm.
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Figure 1: Transmitter model for DSOQPSK

The first version uses a detection window that spans the full N -bit observation window (i.e. N bit inter-
vals are observed and N bits are detected); we refer to this algorithm as full-size MBDD, or F-MBDD.
Although the performance of F-MBDD improves with increasing N , the convergence to the performance
of coherent detection is quite slow due to dominant error events that affect the first and last bits in the
observation interval. The second version uses a shortened detection window of N − 2 bits (i.e. N bit
intervals are observed but only N − 2 bits are detected); by avoiding detection on the first and last bits
in the observation interval, this improved algorithm (I-MBDD) has already been shown to achieve high
performance with smaller values ofN [6, 3]. We demonstrate these same performance characteristics with
computer simulations for the present case of diversity reception.

The paper is organized as follows. In the next section we describe the signal model for SOQPSK.
In Section we discuss the diversity reception model. In Section we summarize the trellis models for
SOQPSK which greatly facilitates the development of the MBDD algorithms in Section . We present
simulation results in Section and give conclusions in Section .

Signal Model

The complex-baseband representation of SOQPSK as a form of CPM [7] is

s (t; α) ,

√
Eb
Tb

exp {jφ (t; α)} (1)

where Eb is the energy per bit and Tb is the bit duration. The phase is a pulse train of the form

φ (t; α) , 2πh
∑
i

αiq (t− iTb) (2)

where i ∈ Z is the discrete-time index, αi is a ternary symbol, and h is the modulation index. The symbols
αi have the same duration Tb as the bits. The phase pulse q(t) is defined as

q(t) ,


0 t < 0∫ t

0

f(τ) dτ 0 ≤ t < TbLCPM

1/2 t ≥ TbLCPM

(3)

where f(t) is the frequency pulse which has a duration of LCPM bit times and an area of 1/2.
We consider differentially encoded SOQPSK where the symbol sequence {αi} is related to the true

bit sequence {ai} by a series of operations as shown in Fig. 1. First, the bits are double differentially
encoded [8] using

ui = aiui−2, ai, ui ∈ {±1}. (4)
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A precoder then converts the differentially encoded bits into the transmitted symbols via the operation [9]

αi(a) , (−1)i+1(ai − 1)ui−1(ui−2) (5)

where αi(a) ∈ {−1, 0,+1}. The precoder imposes three important constraints on the ternary data [9]:

1. While αi is viewed as being ternary, in any given bit interval αi is drawn from one of two binary
alphabets, {0,+1} or {0,−1}.

2. When αi = 0, the binary alphabet for αi+1 switches from the one used for αi, when αi 6= 0 the
binary alphabet for αi+1 does not change.

3. A value of αi = +1 cannot be followed by αi+1 = −1, and vice versa (implied by the previous
constraint).

Since the underlying information sequence is a, we refer to the left-hand side of (1) as s(t; a) and do so
for the remainder of the paper (for instance, this notation is used in Figure 1). For convenience, however,
we refer to the precoder output as αi instead of the more cumbersome αi(a).

Different versions of SOQPSK can be obtained by using different shapes for the phase pulse q(t).
When LCPM = 1 the signal is full-response and when LCPM > 1 it is partial-response. Given LCPM, and the
fact that the modulation index is a rational number, the phase may be expressed as [5]

φ(t; a) = 2πh
n∑

i=n−LCPM+1

αiq(t− iTb)︸ ︷︷ ︸
θ(t;a)

+πh

n−LCPM∑
i=0

αi︸ ︷︷ ︸
θn−LCPM

(6)

where nTb ≤ t ≤ (n + 1)Tb. The phase state θn−LCPM ∈ {0, π/2, π, 3π/2} can assume only four distinct
values, which gives ejθn−LCPM ∈ {±1,±j} [3].

We focus on the full-response case (LCPM = 1), although our results can be applied to the partial
response case as well. We devote particular attention to the full-response rectangular pulse shape 1REC
which is used in MIL-STD SOQPSK

fMIL(t) ,


1

2Tb
, 0 ≤ t < Tb

0, otherwise.
(7)

Diversity Reception Model

During the bit period kTb ≤ t ≤ (k + 1)Tb the transmitter sends the signal defined in (1). The signal
is transmitted over a multipath channel which is characterized by L independent paths each of which
attenuate and phase shift the signal while also adding an additive white Gaussian noise (AWGN) source.
Thus the received signal consists of a set of noisy replicas of the originally transmitted signal [4] i.e.

rl(t) = βls (t; a) ejψl + nl(t), 1 ≤ l ≤ L (8)

where {nl(t)}Ll=1 is a set of statistically independent complex additive white Gaussian noise processes with
power spectral density (PSD) N0. The sets {βl}Ll=1 and {ψl}Ll=1 represent channel fading amplitudes and
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Figure 2: 4-state time varying trellis representation for SOQPSK.

phases respectively which are assumed to be constant over the interval Tb i.e. slow fading. We consider
the Rayleigh fading channel, where the fading amplitude βl is the magnitude of a normally distributed
complex number and the phase ψl is uniformly distributed over the interval [0, 2π). Further information
on Rayleigh fading can be found in [10].

Trellis Description of Full-Response SOQPSK

Though MBDD is different from coherent detection [5] and does not involve trellis decoding, a trellis
diagram is useful in formulating the MBDD algorithms.

It has been shown in [3] that the cascade of the differential encoder and precoder in Fig. 1 can be de-
scribed by the time varying trellis shown in Fig. 2, which has different sections for n-odd and n-even. The
state variables in Fig. 2 are taken from the precoder (5): un−1 and un−2. These are ordered (un−2, un−1)
for n-even and (un−1, un−2) for n-odd, so that the inphase bit is always in the first position [9]. The state
values are Sn ∈ ((−1,−1), (−1,+1), (+1,−1), (+1,+1)).

One would expect that the CPM modulator in Fig. 1 would require its own trellis diagram, in addition
to the precoder trellis in Fig. 2. For full-response SOQPSK, this turns out not to be the case. The state
variable for a full-response CPM modulator is the phase state θn−1. It has already been shown in [11] that
there is a one-to-one correspondence between the CPM state variable θn−1 and the precoder state variable
Sn, given by the mapping

(−1,−1) ↔ 3π

2
, (−1,+1) ↔ π,

(+1,−1) ↔ 0, (+1,+1) ↔ π

2

(9)

Thus, the 4-state trellis in Fig. 2 describes the entire DSOQPSK system in Fig. 1
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Multiple Bit Differential Detection of SOQPSK

Next we develop MBDD schemes for DSOQPSK with diversity reception. In the following discussion,
we refer to estimated and hypothesized values of a quantity w as ŵ and w̃ respectively. Also, ŵ and w̃ can
assume the same values as w itself.

The received signal is observed for duration N ≥ 1 bit intervals and a decision metric is evaluated for
all possible hypothesis values

x̃N−1
0 , [ãn ãn−1 · · · ãn−N+1 m̃n−N ] (10)

= [ãN−1
0 m̃n−N ]

where m̃n−N = ũn−N ũn−N−1. The hypothesis x̃N−1
0 spans the entire length-NTb interval and can assume

2N+1 distinct values. The decision metric for DSOQPSK is similar to that for other modulations and can
be computed from the set of matched filter (correlator) outputs which are given by [3]

zl(n, [ãn, S̃n]) , e−jθ̃n−1

×
∫ (n+1)Tb

nTb

rl(t)e
−j2πhα̃nq(t−nTb) dt

(11)

To compute the correlation we require the values of S̃n, θ̃n−1, and α̃n. The manner in which ãn, ũn−1, and
ũn−2 determine the values of S̃n, α̃n, and θ̃n has been discussed earlier. Therefore, x̃N−1

0 constitutes the
underlying hypothesis from which we obtain the derived hypotheses [3]

S̃
N−1

0 , [S̃n S̃n−1 · · · S̃n−N+1]

θ̃
N

1 , [θ̃n−1 θ̃n−2 · · · θ̃n−N ]

α̃N−1
0 , [α̃n α̃n−1 · · · α̃n−N+1]

all of which have N entries.
In the single channel case, i.e. L = 1, the decision metric is given by

η(x̃N−1
0 ) ,

∣∣∣∣∣
N−1∑
k=0

z1(n− k, [an−k, Sn−k])

∣∣∣∣∣
2

The above decision metric is a function of the matched filter outputs for a single channel and was developed
in [3]. In this paper, we are interested in the multiple channel case where L > 1. Using maximum
likelihood arguments for the multiple channel case, the decision metric generalizes into a sum of individual
decision metrics from each of the channels, i.e.

η(x̃N−1
0 ) ,

L∑
l=1

∣∣∣∣∣
N−1∑
k=0

zl(n− k, [an−k, Sn−k])

∣∣∣∣∣
2

(12)

This decision metric is a manifestation of the principle of diversity reception [4].
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Using the decision metric defined above, the decision rule for full-size MBDD (or F-MBDD) of DSO-
QPSK with diversity reception is

âN−1
0 = arg max

x̃N−1
0

{
η(x̃N−1

0 )
}
. (13)

Since x̃N−1
0 has N + 1 binary-valued entries, we must compute 2N+1 metrics to make N bit decisions.

Although (13) shows that it is possible with DSOQPSK to detect all N bits in the observation interval, the
numerical results in the next section will show that the performance improves significantly if the I-MBDD
decision rule is applied, i.e.

âN−2
1 = arg max

x̃N−1
0

{
η(x̃N−1

0 )
}
, N ≥ 3. (14)

In this improved version, only N −2 bits are detected in each observation interval and successive observa-
tions overlap by two bit intervals. The computational complexity is slightly higher since 2N+1 metrics are
required to make N − 2 bit decisions. However, this slight increase in complexity results in a significant
performance improvement over F-MBDD.

Simulation Results and Performance
Fig. 3 shows the bit error rate (BER) of the F-MBDD scheme in both the single channel i.e. L = 1

case and multiple channel L = 3 case. As can be seen from the curves, the performance is much better
with diversity combining than in the case of a single channel. The bit error performance also improves
with increase in the size of the detection window i.e N . The error rate is lowest for N = 7 and the highest
for N = 3.

BER curves are shown for the I-MBDD scheme in Fig. 4 for both single and multiple channel cases.
The performance of multiple channels is seen to be better than the single channel in the I-MBDD case
as well. There is also the expected improvement in performance when the detection window size is in-
creased. In comparing Figs. 3 and 4, I-MBDD enjoys a performance advantage of 2–4 dB over F-MBDD,
depending on the particular values of N and L. In general, this gain increases with N . This underscores
the value of the I-MBDD scheme.

Conclusion

We have derived two versions of a multiple-bit differential detection scheme for SOQPSK with diver-
sity reception over fading channels. The I-MBDD version of the algorithm has the better performance
of the two, but has a slightly higher cost in terms of complexity. In general, the algorithms are flexible
in terms of trading complexity and performance, and are an attractive solution to the problem of detect-
ing SOQPSK without coherent detection over fading channels. Also, the algorithms are compatible with
low-complexity modifications such as decision feedback differential detection; this is an area of future
study.
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