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ABSTRACT

OFDM is a preferred physical layer for an increasing number of telemetry and LAN appli-
cations. However, joint estimation of the multipath channel and frequency offset in OFDM
remains a challenging problem. The Unscented Kalman Filter (UKF) is presented to solve
the offset/channel tracking problem. The advantages of the UKF are that it is less suscep-
tible to divergence than the EKF, and does not require computation of a Jacobian matrix.
A hybrid analysis/simulation approach is developed to rapidly evaluate UKF performance
in terms of symbol-error rate and channel/offset error for the 802.11a OFDM format.
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INTRODUCTION

The problem of joint frequency offset and channel tracking in a single-input single-output
(SISO) OFDM system is addressed. We differentiate between the problems of initial channel
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acquisition based on a preamble, and tracking following acquisition in a mobile environ-
ment. A range of algorithms have been developed for channel/offset estimation treating
these quantities as fixed parameters. These algorithms for OFDM/MIMO-OFDM include
maximum-likelihood [1], ESPRIT [2] and correlation-based methods [3][4]. However, in
mobile applications the channel and offset are time-varying, and hence more sophisticated
nonlinear filtering algorithms may offer improved tracking and symbol-error rate (SER) per-
formance. Although correlation and ML channel/offset estimates are suitable for initial
acquisition, they may be inappropriate for long data packet lengths and time-varying chan-
nels. Previously, the Gauss-Hermite integration filter was applied to offset estimation with
known channels [5]. However, this latter technique is not straightforward to apply to joint
channel/offset tracking. The goal here is to develop a joint algorithm for time-varying off-
set/channel estimation based on the increasingly popular Unscented Kalman Filter (UKF)
[6][7].

The advantages of the UKF are that (a) it is less susceptible to divergence than the extended
Kalman filter [6] and (b) the UKF does not require explicit computation of the derivatives
in a Jacobian matrix. As shown here, application of the UKF is straightforward once an
appropriate signal model for OFDM is developed. The UKF is applied to an 802.11a format
OFDM signal with the channel and offset varying according to autoregressive (AR) processes.
To evaluate performance, we employ analytic bounds for uncoded and convolutional coded
symbol error rates conditioned on realizations of the channel/offset and their respective
estimates. Monte-Carlo averaging of the analytic bounds yields the unconditional SER.

OFDM Signal and Channel Models

The OFDM system considered here is based on 802.11a [8]. A QAM data vector b(n) ∈ A
Ns

is transmitted across Ns carriers, with frequency spacing 1/(NsTs) Hz. The constellation
A

Ns = {±1 ± i}Ns in the case of QPSK. In 802.11a, Ns = 52, with Np = 4 carriers assigned
to pilot symbols. The received waveform is sampled at the Nyquist rate 1/Ts, yielding
r(n) ∈ CNs for symbol n. Note that coarse time synchronization is assumed, so that the
interval [nNsTs(n + 1)NsTs) includes the contribution only from data b(n). A time-guard
interval exceeding the multipath spread is included along with a cyclic prefix. The received
sampled vector is then

r(n) = E(n, δω)F(n)Wb(n) + n(n), (1)

where W ∈ C
Ns×Ns is the FFT matrix, with Wn,m = 1√

Ns
ei2π(n−1)(m−1)/Ns , and b(n) ∈ C

Ns

is the data vector. The channel matrix F ∈ CNs×Ns is circulant assuming a cyclic prefix with
its first row defined by

F(n)1 = [f0(n)f1(n) . . . fNf−1(n)0 . . . 0], (2)
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Row F(n)k, k = 2, . . . , Ns then corresponds to the k − 1th circular shift. For convenience,
define a channel vector = {f0, f1, . . . fNf−1}. The frequency offset matrix is

E(n, δω) = eiδω(n−1)NsTs diag {eiδω(Ns−1)Tseiδω(Ns−2)Ts . . . 1}. (3)

The symbol energy is denoted by Es. The normalized OFDM carriers in continuous time
have energy Ts, hence the b(n)i satisfy E{|b(n)i|2} = 2Es/Ts. Note that the additive noise
n(n) is white circular Gaussian with covariance matrix (2N0/Ts)I

UKF for Channel/Offset Estimation

Assume that b(n) is given by a training sequence or decisions made using predicted chan-
nel/offset estimates. The estimation problem is based on the following real-valued state
vector x(n) ∈ R2Nf +1 for compatibility with the unscented Kalman filter [6].

x(n) = [δω Re{f(n)T} Im{f(n)T}]T (4)

= [x1(n)1 x2(n)T x3(n)T ]T .

An observation function is obtained by using the fact that W is an eigenmatrix of the
circulant channel F(n). That is,

F(n)W = WCf(n), (5)

where C is the truncated IFFT matrix with k-th row

Ck = [1 ei2π(k−1)/Ns . . . ei2π(k−1)(Nf−1)/Ns ] (6)

Then
r(n) = E(n, δω)WB(n)Cf(n) + n(n), (7)

where B(n) = diag{b(n)1b(n)2 . . .b(n)Ns
}.

The real-valued measurement function h(x) ∈ R2Ns , for known data B(n) is defined using
the partitioned state-vector in eq. (4) as

h(x(n)) =

[

Re{E(n, x1(n))WB(n)C(x2(n) + ix3(n))}
Im{E(n, x1(n))WB(n)C(x2(n) + ix3(n))}

]

, (8)

yielding the equivalent real-valued received signal

z(n) = [Re{r(n)}T Im{r(n)}T ]T = h(x(n)) + v(n). (9)
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A linear Gaussian process model is assumed for the coefficient fl(n), δω(n), so that

f(n) = αf f(n − 1) + wf (n) (10)

δω(n) = αωδω(n − 1) + wω(n).

where w(n) is a white circular Gaussian sequence with covariance σ2
w. The equivalent real-

valued process model is in terms of x(n)

x(n) = Φx(n − 1) + w(n), (11)

where Φ = diag{αωαf . . . αf}. The equivalent real-valued white Gaussian noise w(n) ∈
R2Nf +1 has covariance Q = diag{qωqf . . . qf}.

Given the definitions of real-valued state vector (4), measurement function (8) and measure-
ment sequence (9), implementation of the UKF using [6] follow directly. Assume that the
predicted covariance P(n|n − 1) and estimate x̂(n|n − 1) are given. The key step is the
measurement update, given by

x̂(n|n) = x̂(n|n − 1) + Px,z̃(n)Pz̃(n)−1[z(n) − ẑ(n|n − 1)]. (12)

The covariance matrices Px,z̃(n) and Pz̃(n)−1 are defined in terms of sigma-points and
weights which for the OFDM problem are x0(n) = x̂i(n|n − 1), and

xi(n) = x̂(n|n − 1) +
√

(2Nf + 1)P(n|n − 1)
1/2
i , i = 1, . . . , 2Nf + 1 (13)

xi(n) = x̂(n|n − 1) −
√

(2Nf + 1)P(n|n − 1)
1/2
i−2Nf−1, i = 2Nf + 2, . . . , 2(2Nf + 1)

W0 =
λ

(2Nf + 1 + λ)
Wi(n) =

1

2(2Nf + 1 + λ)
, i = 1, . . . , 2(2Nf + 1),

The vector P(n|n− 1)
1/2
i is the i-th column of the Cholesky decomposition of the predicted

covariance [6]. A predicted measurement is then formed by

ẑ(n|n − 1) =

2(2Nf +1)
∑

i=0

Wih(xi(n)), (14)

and the covariances are

Px,z̃(n) =

2(2Nf +1)
∑

i=0

Wi[xi(n) − x̂i(n|n − 1)][h(xi(n)) − ẑ(n|n − 1)]T , (15)

Pz̃(n) =

2(2Nf +1)
∑

i=0

Wi[h(xi(n)) − ẑ(n|n − 1)][h(xi(n)) − ẑ(n|n − 1)]T . (16)

For the linear process model (11), the one-step prediction and covariance update steps are

x̂(n + 1|n) = Φx̂(n|n) (17)

P(n|n) = P(n|n − 1) −Px,z̃(n)Pz̃(n)−1Px,z̃(n)T

P(n + 1|n) = ΦP(n|n)ΦT + Q.

The equations (17) complete the UKF recursion.
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Hybrid Analysis/Simulation of SER

To avoid the excessive computation time of pure Monte-Carlo simulations, the error rate
Pe is computed using a hybrid analysis/simulation technique. That is, the analytic SER is
evaluated conditioned on a given realization {δω(n), f(n), x̂(n)} of cumulative offsets, channel
coefficients, and their respective UKF estimates. Note that exact computation of Pe requires
explicit summation over all ICI hypotheses or use of a series method [9]. Although these
former methods are shown in [9] to be more accurate than a Gaussian ICI approximation,
we retain the Gaussian approximation to reduce simulation time.

We first consider the ML receiver with channel/offset estimates replacing the true quantities.
For symbol n, the joint symbol decision is

b̂(n) = argmin
{b}

||r(n) − Ê(n, δω)WĤ(n)b||2, (18)

where Ĥ(n) = diag{Cf̂(n|n − 1)} is the diagonal matrix formed by the UKF predicted
channel conjugate frequency responses. However, even in the presence of offset estimation
errors, note that the matrix WHÊ(n, δω)HÊ(n, δω)W = I is orthonormal. Then it is well
known that the subcarrier symbol decisions in (18) are separable, and

b̂(n)i = argmax
bi∈A

Re{bi(Ĥ(n)HWHÊHr(n))i} −
1

2
|bi|2|Ĥi,i|2. (19)

The ML receiver (19) implicitly corrects for phase and offset errors via premultiplication
by Ĥ(n)HÊ(n, δω). Thus the UKF estimator coupled with the ML detector (19) per-
forms all required OFDM receiver functions, except for initial coarse timing, including
phase/offset/channel estimation and correction. Fine timing is implicitly estimated as part
of the channel vector f(n).

Consider QPSK modulation, in which the decision (19) reduces to separable BPSK decisions.
Thus Re{b̂i(n)} = sgn(Ĥ(n)HWHÊHr(n)), and similarly for the quadrature stream. Then
the true SER for iteration n of the UKF, conditioned on realization {δω(n)f(n)x̂(n)} is
readily shown to equal [9]

Pe(n) =
∑

bl=
√

2Eb/Ts(±1±i),d=±1:l 6=i

1

2
erfc





Re{
√

2Eb/TsAi,i(n)(1 + id) +
∑

l 6=i Ai,lbl}
√

(2N0/Ts)|Ĥi,i|2



 ,

(20)
where

A(n) = ĤH(n)WHÊH(n, δω)E(n, δω)WH(n). (21)

The series method [eq. (12) in [9]] can also be used to evaluate (20) for QPSK.

The ICI variance for the Gaussian SER approximation is

σI(n)2 =
1

2
E
{

|
∑

l 6=i

Ai,lbl|2
}

= (2Eb/Ts)
∑

l 6=i

|Ai,l(n)|2, (22)
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where for i.i.d. QPSK symbols E{blb
∗
l′} = 4Eb/Tsδl,l′. Then the approximate uncoded BER

on subcarrier i is

Pb(n) ≈
∑

bq=±1

1

2
erfc





√

2Eb/TsRe{Ai,i(n)(1 + ibq)}
√

(2N0/Ts)|Ĥi,i|2 + (4Eb/Ts)
∑

l 6=i |Ai,l(n)|2



 . (23)

In 802.11a, nominal rate 1/2 convolutional coding (177,133 generator [8]) is employed on
the subcarriers. The transfer function upper bound [[10] Chap. 5] is employed to yield an
analytic BER upper bound conditioned on the channel/offset/estimator realization. Random
interleaving across the subcarriers is assumed. Assume that for the error event with weight
d ≥ dfree, the errors correspond to a specific realization of subcarriers 1 ≤ i1 < i2 . . . , id ≤ Ns.
For OFDM with exact channel/offset estimates, the bound is readily modified from [10] to
yield

Pb(n) <

∞
∑

d=dfree

βderfc





√

√

√

√

Eb

N0
Rc

d
∑

k=1

|Hik,ik(n)|2


 , (24)

where Rc = 1/2 is the code rate and dfree = 10 is the free distance for 802.11a. Note that
on each iteration of the simulation, a random set of subcarriers {i1, . . . , id} is chosen, and
Hi,i is approximated as constant over the duration of the error event. The parameter βd is
the number of bit errors times number of error sequences with Hamming distance d from the
all-zero path, and is given in [11] for the (177,133) code.

For channel/offset errors, the pairwise error probability used to compute the bound (24)
is modified as follows. Assuming random interleaving, the pairwise error rate for QPSK
including the effect of channel errors is

P2 = (25)

P

(

∑

n

Re{(b̂in(n) − 1)[Ain,in(n)

√

2EbRc

Ts
(1 + i) + vin(n)]} > 0

)

,

where vin(n) is zero-mean circular independent Gaussian with variance 2N0/Ts + σI(n)2.
Note that b̂in(n) = ±1 is the normalized coded symbol sequence on the incorrect path. The
effective gain Ain,in(n) corresponds to the subcarrier in chosen at random for coded symbol
bin(n).

If Ain,in(n) is approximated as constant over an error event of weight d, then P2 yields the
following upper bound on coded BER.

Pb(n) <

∞
∑

d=dfree

βd
1

2
erfc





√

2EbRc/Ts

∑d
k=1 Re{Aik,ik(n)(1 + i)}

√

∑d
k=1((2N0/Ts)|Ĥik,ik(n)|2 + (4Eb/Ts)

∑

l 6=ik
|Aik,l(n)|2)



 .

(26)
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Results and Conclusions

The UKF was simulated using 802.11a format signals and AR channel/offset processes. The
first-order AR coefficients were set to αf = .996, αω = .9996 in the process model in eq.
(10). Decision-directed adaptation was employed, in which the data b(n) was replaced by
b̂(n) computed using (19). Note that in (19), Ĥ(n) is the UKF one-step prediction of the
channel. The analytic SER was computed using eqs. (24) for coded OFDM with known
channel/offset and (26) for the coded system using UKF estimates. Figure 1 shows the time-
averaged analytic SERs for varying Eb/N0. There is a less than 1 dB gap between SER for
the coded system in the case of known channel/offset and UKF estimated quantities. Note
that the offset/channel estimates in the UKF were initialized using a conventional maximum-
likelihood/training-sequence based estimator over an initial preamble. Fig. 2 compares the
time average of the channel error norm, ||f(n)− f̂(n|n)||2 with the trace of the corresponding
elements of the UKF predicted covariance P(n|n). At lower SNRs, the UKF prediction of
the error covariance is optimistic, indicating divergence of the estimator. However, above
Eb/N0 = 4 dB, the UKF predicted covariance is greater than the channel error norm, which
is a desirable condition for stability of the nonlinear estimator [6].

To conclude, the UKF is potentially a robust estimator for carrier offset and multipath
channel coefficients in the OFDM application. It does not require computation of the Ja-
cobian derivative matrix, and allows for a natural joint estimation of nonlinear and linear
states. Future work will consider extensions to MIMO-OFDM and comparisons with EKF
performance to determine superiority of the UKF.
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Figure 1: Hybrid analysis/simulation of symbol-error rate for the UKF in the 802.11a OFDM
system.
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Figure 2: Simulated channel error covariance and UKF prediction.
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