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1 ABSTRACT 

In this article we show how phase noise and demodulator complexity define the potential 
performance of high data rate telemetry receivers for ARTM continuous phase modulation 
(ARTM CPM) signals.  Given a level of phase noise and demodulator complexity, we can 
predict the potential performance of a receiver.  We also provide the results of actual receiver 
performance measurements (obtained using RCB-4000 Telemetry Receiver). 

We develop a simplified analytical model for an ARTM CPM signal transmission and present 
the resulting equation for phase increment difference between close signal sequences.  The 
analysis of demodulator performance deterioration due to inter-symbol interference and due to 
receiver phase noise is then provided.  Actual receiver phase noise data is included and is used to 
analyze demodulator performance. 

 

2 SIGNAL 

In ARTM CPM, the data to transmit forms a sequence of symbols, or a data vector, 

 𝐴 = {𝑎�∞, … , 𝑎��, … ,𝑎�� , … ,𝑎�, … ,𝑎� , …  , 𝑎�, … ,𝑎∞},    (2.1) 
With the symbols mapped to a 4-element alphabet, 

𝐴� = {−𝑎��,−𝑎��, 𝑎��,   𝑎��}        (2.2) 

where  𝑎�� = 1,𝑎�� = 3,      

with 𝑎�∞ and 𝑎∞ being the symbols at the very beginning and end of the infinite transmission 
process, and, 𝑎��  and 𝑎�  are the symbols at beginning and end of the subsequence used for 
analysis (when it is not practical or possible to consider the entire infinite data sequence).   
Within the analysis subsequence, 𝑎�  is a current or central symbol, and, 𝑎��  and 𝑎�  are the 
leftmost and rightmost symbols of the subsequence.  For a single symbol demodulator both L = 0 
and R = 0, for a decision directed demodulator L = 0 and R>0, and for a multi-symbol 
demodulator L>0 and R>0, where L is the number of stored symbols received previously, and R 
is the number of symbols used for the decision making that are transmitted after central symbol. 
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We begin the subsequence analysis by introducing the following correspondence between time t, 
symbol period T, and symbol number n, 

𝑛 = ��
�
� ,−∞ < 𝑡 < ∞        (2.3) 

  
The symbols are initially independent, but require infinite bandwidth for undistorted 
transmission.  A Bessel filter of the 3rd order with a 3 dB cutoff frequency at 0.7 may be used for 
pulse shaping to limit the required bandwidth.  Raised cosine pulse shaping with a 3 symbol 
response time and 0.5 roll off factor (required by IRIG for CPM and other modulation types [1]) 
is also utilized.  Pulse shaping introduces correlation between symbols.  Even for a raised cosine 
response, the only inter-symbol correlation is in the neighborhood of the middle point of each 
symbol.  
 

Table 1  First 5 symbols after Bessel filter compared to leaky integrator. 

Bessel Leaky Integrator Difference Relative error 
for first 5 
symbols 

0.9324 0.9324 0 
0.06848 0.06303 0.00545 

-0.0009682 0.004261 -0.0052292  
-2.39E-05     

 
0.00006484 0.000288 -0.0002232 

-0.000002068 0.00001947 -2.154E-05 

 
Table 2  First 5 symbols after RC filter compared to leaky integrator. 

RC Leaky Integrator Difference Relative error 
for first 5 
symbols 

0.9292 0.9292 0 
0.1189 0.06579 0.05311 

-0.002625 0.004658 -0.007283  
0.040028 

 
-0.00472 0.0003298 -0.0050498 

-0.0007263 0.00002335 -7.497E-04 

 
After pulse shaping the inter-symbol correlation k equals 0.07, or 7%.   Table 1 and Table 2 
show the response coefficients for the first 5 symbol intervals of both filters and their 
approximations.  For our analysis, with accuracy within about 4%, both the Bessel and raised 
cosine pulse shaping can be replaced by a normalized leaky integrator with feedback gain equal 
to k. 
The modulation index alternates with each symbol.  For a lower modulation index at a central 
position, the phase increment for symbol 𝑎� is, 

𝑠� = 𝜋ℎ(1 − 𝑘)∑ (1 + ∆ℎ(���)����)𝑎�∞
���∞ 𝑘|���|    (2.4) 

 

For a higher modulation index at central position, the phase increment for symbol 𝑎� is, 
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𝑠�� = 𝜋ℎ(1 − 𝑘)∑ (1 + ∆ℎ(�����)����)𝑎�∞
���∞ 𝑘|���|,   (2.5) 

 

where ℎ is the lower modulation index, and, ∆ℎ, is the modulation index ratio. 
 
The subsequent phase increments are accumulated into the instantaneous phase of the baseband 
signal.  The modulated signal is then frequency up-converted and sent to the receiver.  The phase 
increment sample corresponding to each symbol can be then be represented as, 
 

𝑆� = 𝑒� ∑ ���
���∞         (2.6) 

 

3 INTER-SYMBOL INTERFERENCE EFFECT 

Demodulators are characterized by their ability to distinguish between the two closest signals 
from all possible signals that can be transmitted.  Reception is impossible when these signals 
become indistinguishable from each other. 
We will define general expression for minimum phase increment difference between two 
adjacent central symbols of two signals affected by the inter-symbol interference with a 
correlation k between symbols. 
The closest sequences are the sequences that differ from each other by only one symbol.  Inter-
symbol interference makes this phase increment difference even closer.  The sequences can be 
defined as follows:  

𝐴 = {𝑎�∞, … , 𝑎��, … ,𝑎�� , … ,𝑎�, … ,𝑎� , …  , 𝑎�, … ,𝑎∞},   (3.1) 
and  

𝐵�⃗ = {𝑏�∞, … , 𝑏��, … , 𝑏�� , … , 𝑏�, … , 𝑏�, …  , 𝑏�, … , 𝑏∞}    (3.2) 
 
with the following relationship between their corresponding symbols: 

1) Tail symbols 𝑎�∞ to  𝑎���� , and  𝑎��� to 𝑎∞ are not seen by the demodulator and are as 
different as possible from 𝑏�∞ to  𝑏���� , and  𝑏��� to 𝑏∞.  Therefore we assign all ‘a’ = -
3, and all ‘b’ = 3. 

2) Central symbols must be different, but closest to each other, i.e. adjacent in the symbol 
alphabet, and as far as possible from their tail symbols.  Therefore 𝑎� = 1 and 𝑏� = −1. 

3) All symbols between and including symbols with indexes from –L to R, except central 
symbols, are seen by the demodulator and therefore can have any value, but, all a and b 
with the same indexes must be equal to each other to satisfy the requirement to minimize 
the distance between sequences. 

4) The modulation index is minimal at the central position, i.e. it is h for the symbol 𝑎�. 
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In this case normalized phase increments of each sequence at position n would be, 

𝑠�(𝐴) = 𝜋ℎ∑ �1 + ∆ℎ(�����)�����𝑎�∞
���∞ 𝑘|���|        (3.3)   

      

𝑠�(𝐵) = 𝜋ℎ∑ �1 + ∆ℎ(�����)�����𝑏�∞
���∞ 𝑘|���|        (3.4)  

 
While the phase increment difference between the sequences at position n would be, 

∆𝑠� = 𝑠�(𝐴) −  𝑠�(𝐵) = 2𝜋ℎ �𝑘|�| − 3 �( 𝑘|�����| +  𝑘|�����|)(1 + ∆ℎ �
(���)

)��        

          (3.5) 
 
Formula 3.5, above, demonstrates how inter-symbol interference decreases the phase increment 
difference.  If only elements of the compared sequences A and B in the [-N, … , N] interval are 
examined, the phase difference estimation is defined as, 
 

∆𝑠�([−𝑁,𝑁]) = 𝑠�(𝐴([−𝑁,𝑁])) −  𝑠�(𝐵([−𝑁,𝑁])) = 2𝜋ℎ �𝑘|�| − 3 �( 𝑘|�����| +

 𝑘|�����|)(1− 𝑘� + ∆ℎ �����

(���)
)��  (3.6) 

 
The relative phase increment error due to not using an infinite number of symbols is then, 

𝑟� = ∆��([��,�])� ∆��
∆��

= ����( �|�����|� �|�����|)(������∆�)

�|�|��|�|������ �|�����|� �|�����|�(��∆�)�
    (3.7) 

 
Assuming that symbol synchronization is working correctly, the phase difference between 
central symbols of the sequences A and B (at  𝑎�  and 𝑏� ) is equal to ∆𝑠� , and the phase 
differences between the positions away from n=0 will be equal to the difference between the sum 
of increments from 0 to the absolute number of the corresponding symbol position.  Therefore 
phase difference for the sequences A and B at position n becomes, 
 

∆𝜑�([−𝑁,𝑁]) = ∑ �∆𝑠�([−𝑁,𝑁])�|�|
��� =

2𝜋ℎ ���|�|��

���
− 6𝜋ℎ �1− 𝑘� + ∆ℎ �����

(���)
� �∑  𝑘|���|��|�|

��� +  ∑  𝑘|���|��|�|
��� �   

(3.8) 
 
For the infinite sequence (3.8) becomes, 
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∆𝜑� = ∑ (∆𝑠�)
|�|
��� = 2𝜋ℎ ���|�|��

���
− 6𝜋ℎ �1 + ∆ℎ �

(���)
� �∑  𝑘|���|��|�|

��� +  ∑  𝑘|���|��|�|
��� �  

(3.9) 
 
and, the relative phase difference error is then, 

𝑅� = ∆��([��,�])� ∆��
∆��

=
��� ���∆� ���

(���)�

���|�|��

(���)�∑  �|���|��|�|
��� � ∑  �|���|��|�|

��� �
����� ���∆����

��
(���) �

  (3.10) 

 
With N more than 20, the relative errors associated with equations 3.7 and 3.10 decrease rapidly 
and become negligibly small.  Therefore equation 3.5 can be used, instead of equation 3.8, to 
calculate phase difference. 

The demodulator distinguishes between symbol 𝑎� and 𝑏� = −𝑎� by comparing absolute values 
of the correlation between received signal samples and expected template samples generated by 
the symbol sequences, 

𝐴𝑡����⃗ = {𝑎�� , … ,𝑎��,𝑎�,  𝑎�, … , 𝑎�},      (3.11) 

and  

𝐵𝑡����⃗ = {𝑎�� , … ,𝑎��,−𝑎�,  𝑎�,, … , 𝑎�}       (3.12) 

 
The correlation is a normalized absolute value of the scalar product of complex signal samples to 
complex conjugate samples corresponding to the truncated sequences At and Bt. 
Since the maximum difference will be observed at the central position, it is fair to expect that the 
logarithm of the sum of exponents will be very close to the phase difference in the middle of the 
sequence which, according to equation 3.9 is, 
 

∆𝜑� = 2𝜋ℎ − 6𝜋ℎ𝑘 �1 + ∆ℎ �
(���)

� � 𝑘|�| +   𝑘|�|�      (3.13) 

 
The performance then depends on the length and position of the interval [-L; R].  The relative 
performance deterioration due to inter-symbol interference is, 
 

𝐷(𝐿,𝑅) = ����∆��
���

= 1 − 3𝑘 �1 + ∆ℎ �
(���)

� � 𝑘|�| +   𝑘|�|�    (3.14) 

 
In decibel scale equation 3.14 can be represented as, 

𝐷(𝐿,𝑅)�� = 10𝑙𝑜𝑔��(1 − 3𝑘 �1 + ∆ℎ �
(���)

� � 𝑘|�| +   𝑘|�|�)   (3.15) 
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Notice equation 3.15 is a powerful tool for characterizing any ARTM CPM demodulator 
architecture performance.  
 

4 PHASE NOISE EFFECT 

It is necessary to consider the contribution of phase noise to the performance deterioration.  The 
expression of the phase noise in phase jitter notation is provided in [2]: 

𝜑��� ≈ �2 ∙ 10
�������(��������������)

��      (4.1) 

 

where  𝐴� = 10
����
�� ∙ (10��� − 10�) + �

�
(10

����
�� − 10

��
��) ∙ (10��� − 10�) 

𝑆� is phase noise at frequency offset 10� Hz. 
 
 

 
Figure 1  Phase noise curves for Tier – I, Tier – II, and upgraded RCB-4000 receiver. 
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Figure 1 shows phase noise values, 𝑆�, required for Tier–I, Tier–II [1],  receivers as well as the 
measured values for an upgraded RCB-4000 receiver with the C-band (4400 – 5150 MHz) 
module as shown in Appendix A. 
 

With phase noise, the minimum phase difference between symbol sequences - ∆𝜑� (eq. 3.13) 
becomes smaller by the phase jitter term 𝜑��� (eq. 4.1), so that the phase difference (eq. 3.13) 
and the relative phase difference in decibels (eq. 3.15) becomes, 
 
Phase difference: 

 ∆𝜑� ≈ 2𝜋ℎ − 6𝜋ℎ𝑘 �1 + ∆ℎ �
(���)

� � 𝑘|�| +   𝑘|�|� − 𝜑���     (4.2) 

Relative error (dB): 

 𝐷(𝐿,𝑅)�� ≈ 10𝑙𝑜𝑔��(1 − 3𝑘 �1 + ∆ℎ �
(���)

� � 𝑘|�| +   𝑘|�|� − ����
��

)    

(4.3) 
 
Figure 2 illustrates how the ideal performance differs from the achieved performance under 
varying conditions at a C/N ratio that maximizes the difference between curves.  (The receiver 
performance will not depend on h, k, L, or R for no noise and likewise for infinite noise.)  
Beginning with Figure 2 (a), the upper left chart shows that, at the expected inter-symbol 
interference level of 7 %, the single symbol demodulator performance is 3.2 dB below ideal. 
Demodulators using past decisions perform better, but even using an infinite number of 
previously received symbols this demodulator type will still be 1.3 dB below ideal.  Multi-
symbol demodulators show nearly optimal performance when the number of symbols is equal to 
or greater than 5, and, even the 3-symbol demodulator can be just 0.2 to 0.3 dB below optimal. 
The upper right chart, Figure 2(b), shows the same data taken for a heavier inter-symbol 
interference of 15 %.  In this case the significance of using multi-symbol demodulators is much 
higher, since the decision-directed demodulator performs 3.7 dB below optimal while a single-
symbol demodulator is at 10dB below optimal. 
Figure 2 (d) below illustrates that the performance deterioration for single-symbol vs. multi-
symbol demodulator is directly proportional to the ratio between low and high modulation index. 
Finally, Figure 2 (c) demonstrates the effect of phase noise.  The bottom curve, of Figure 2(c) 
(which actually shows two overlapped curves for Tier-I and Tier-II) illustrates how the 
performance deteriorates when the phase noise curve satisfies the minimum ARTM Tier-II [2] 
requirements.  It is obvious that even with an ideal demodulator of arbitrary complexity, 
performance will be at least 0.5 dB below ideal.  The top curve, Figure 2 (c) represents the 
performance of an RCB-4000 receiver with C-band upgrade module.  
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Figure 2  Clockwise from top left: (a) dependence of demodulator performance on 

demodulator complexity, (b) inter-symbol interference level, (c) receiver phase noise, and 
(d) high to low modulation index ratio. 

 

5 CONCLUSION 

In this work it was shown that phase noise and demodulator architecture put significant 
constraints on ARTM CPM signal receiver performance.  As expected the best results are 
achieved for receivers with phase noise curve significantly below the ARTM Tier-II 
requirements for small frequency offsets and a multi-symbol demodulator performs better than a 
single symbol demodulator.  One way to view this is in terms of receiver complexity.  Others 
have shown [3] that a large reduction in receiver complexity can be traded for a small 
performance degradation.  A receiver with the phase noise performance of the RCB-4000 can be 
combined with a reduced complexity receiver baseband design and have better performance than 
one merely meeting the ARTM Tier-II phase noise requirement combined with an ideal receiver.   
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APPENDIX A: C-BAND (4400 – 5150 MHz) TELEMETRY RECEIVER 

Measurements from a typical RCB-4000 receiver are shown in Table 3  C Band Telemetry 
Receiver Typical Test Results for all Frequency Bands and in Figure 3  Typical C Band L-3 
Communication Telemetry Receiver Phase Noise. 

Table 3  C Band Telemetry Receiver Typical Test Results for all Frequency Bands 

Parameter Measured Data Specification Remarks 
Receiver Sensitivity -100 dBm -92 dBm BER of 1e-6 , C/N of 

15 dB 
Dynamic Range 105 dB 92 At 1.5 MHz 

bandwidth 
Phase Noise -98 dBc/Hz @10KH 

offset 
Tier II -90 dBc/Hz @10KH 

offset 
VSWR < 2:1  2:1 Return loss of 9.5 dB 
Noise Figure 5 – 8 dB 8 dB  
 

 

Figure 3  Typical C Band L-3 Communication Telemetry Receiver Phase Noise 




