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ABSTRACT

This paper describes the use of scattering functions to characterize time-varying multipath radio
channels. Channel Impulse responses were measured at Edwards Air Force Base (EAFB) and a
process is outlined for generating scattering functions from the impulse response data . From the
scattering function we compute the corresponding Doppler power spectrum and multipath intensity
profile. These functions completely characterize the signal delay and the time varying nature of the
channel in question and are used by systems engineers to design reliable communications links. We
observe from our results that flight paths that had ample reflectors exhibited significant multipath
events.

INTRODUCTION

Wireless communications channels are usually characterized by multipath fading. This multipath
phenomenon is mostly attributed to objects that scatter or diffract propagating waves. Time vari-
ations occurring in the channel are usually caused by mobile transmitters and receivers coupled
with changes in the wireless medium itself (tropospheric and ionospheric effects).

Statistical models that take these effects into consideration are very useful to radio systems design-
ers. The scattering function, which is the Fourier transform of the autocorrelation function of the
representative channel, is perhaps the most widely used function for characterizing time varying
multipath channels. This function helps us understand 2 things:

• how fast the channel is changing,

• channel power as a function of multipath delay.
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This paper outlines a process for generating scattering functions for impulse response data. We
make two fundamental assumptions before proceeding with our process:

1. The multipath channel may be correctly modeled as a wide-sense stationary (WSS) random
process.

2. The scattering (multipath delays) are statistically uncorrelated.

In general, the first assumption is observably untrue. But perhaps over a sufficiently short temporal
window, this assumption is approximately true. The second assumption is also untrue. But we
will temporarily forget that we know this and see what the results give us. We will be cautious in
drawing any firm conclusions but in the final analysis, some general trends can be observed in our
results.

STATISTICAL BEHAVIOR OF LINEAR-TIME-VARIANT CHANNELS

The material from this section is adapted from Hashemi [1] and Chapter 13 of Proakis and Salehi[2].

A. Impulse Response

The linear-time-variant model, a model that characterizes the multipath wireless channel is repre-
sented by its complex-valued impulse response h(τ ; t). The two-dimensional impulse response is a
function of the delay and time variables τ and t respectively. One fixes the time variable t at t = t0
and observes the impulse response h(τ ; t0). In this model, the channel can be characterized as a
set of path arrival times τk(t) path amplitudes ak(t) and path phases θk(t) . The impulse response
of the channel is given by :

h(τ ; t) =
∞∑
k=0

ak(t)e
jθk(t)δ(τ − τk(t)). (1)

B. The Autocorrelation Function

With the channel impulse response h(τ ; t), we are ready to compute the autocorrelation function.
We define the autocorrelation function as :

Rh(τ1, τ2; t1, t2) = E{h(τ1; t1)h∗(τ2; t2)}. (2)

The autocorrelation function is the expected value of the product of the impulse response with its
conjugate at different times. Because h(τ ; t) is WSS, the autocorrelation can be written as :

Rh(τ1, τ2; ∆t) = E{h(τ1; t)h∗(τ2; t+ ∆t)}, (3)
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where ∆t = t1 − t2. Additionally, because h(τ1; t1) is uncorrelated with h(τ2; t2), the autocorrela-
tion function can assume the form:

Rh(τ1; ∆t) = Rh(τ1, τ2; ∆t)δ(τ1 − τ2). (4)

This is because if h(τ1; t1) and h(τ2; t2) are uncorrelated, then

E{h(τ1; t)h∗(τ2; t+ ∆t)} = 0 (5)

since τ1 6= τ2. We drop the subscript associated with τ and simply write

Rh(τ1, τ2; t1, t2) = Rh(τ ; ∆t). (6)

Channels with autocorrelations as defined above are called wide-sense stationary uncorrelated scat-
tering (WSSUS) channels in the open literature.

C. The Scattering Function

With the computed autocorrelation function, we can now find the scattering function by taking the
Fourier transform of the autocorrelation function with respect to the ∆t variable. The scattering
function is

S(τ ;λ) =

∫ ∞
−∞

Rh(τ ; ∆t)e−j2πλ∆td∆t. (7)

The scattering function estimates the average output power of the channel as a function of the time
delay τ and the Doppler frequency λ. From this function, we obtain four other useful functions as
illustrated in Figure 1:

• Doppler power spectrum, a function obtained by integrating across the τ axis and expressed
as

S(λ) =

∫ ∞
−∞

S(τ ;λ)dτ ; (8)

• spaced-time correlation function, a function obtained by taking the inverse Fourier transform
of the Doppler power spectrum and expressed as

s(∆t) =
1

2π

∫ ∞
−∞

S(λ)ejλ∆tdλ; (9)

• multipath intensity profile, a function obtained by integrating across the Doppler frequency
axis and expressed as

ρ(τ) =

∫ ∞
−∞

S(τ ;λ)dλ; (10)

• spaced-frequency correlation function, a function obtained by taking the Fourier transform
of the multipath intensity profile and expressed as

R(∆f) =

∫ ∞
−∞

ρ(τ)e−j∆fτdτ. (11)

3



Fourier
transform

Fourier
transform

Doppler spread

Doppler
power 
spectrum

spaced-time 
correlation
function

coherence time

multipath
intensity
profile

multipath spread

coherence bandwidth

spaced-frequency 
correlation
function

scattering function

Figure 1: The scattering function “family tree”. Adapted from [3].

APPLICATION TO THE EAFB DATA SET

We analyze impulse responses corresponding to three flight paths at EAFB for L-band (1824 MHz)
and C-band (5124 MHz) transmissions :

• Black Mountain East-West run

• Cords Road East-West run

• Taxiway North-South run

The Black Mountain flight path is illustrated in Figure 2 .

For each of the 3 areas above, Nt consecutive channel impulse responses were extracted. In sum-
mary, the processed data gives Nt impulse responses from which we estimate the scattering func-
tion. We use the double index notation - the n-th sample of the k-th impulse response is represented
as h(n; k) - in our analysis. We illustrate this in terms of the matrix H.

H =


h(1; 1) h(2; 1) · · · h(Nt; 1)
h(1; 2) h(2; 2) · · · h(Nt; 2)
h(1; 3) h(2; 3) · · · h(Nt; 3)

...
... . . . ...

h(1;Lh) h(2;Lh) · · · h(Nt;Lh)

 . (12)
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The rows of this matrix represent the t axis. The interval between row elements is ∆T = 800 µs.
The columns represent the τ axis. The interval between column elements ∆τ = 5 ns.

The unbiased estimator for R(τ ; ∆t) is [4]

R̂(n∆τ ;m∆T ) =


1

Nt−m

Nt−m∑
l=1

h(n; l +m, l)h∗(n; l) m ≥ 0

1
Nt+m

Nt∑
l=−m+1

h(n; l +m, l)h∗(n; l) m < 0
(13)

for −Nt < m < Nt. The scattering function estimate is computed using the length-N DFT of
R̂(n∆τ ;m∆T ) with respect to the second index:

Ŝ(n∆τ ; ∆Tk/N) =
Nt−1∑

m=−Nt+1

R̂(n∆τ ;m∆T )e−j2πkm/N (14)

for 0 ≤ k < N . Close examination of (9) shows that for a given delay (i.e. fixed n), the scattering
function is an estimate of the power spectral density of the sequence

h(n; 1), h(n; 2), . . . , h(n;Nt). (15)

Consequently, well-known estimation techniques for the power spectral density, such as those
described in [3,4], may be used. The estimation technique requiring the fewest assumptions about
the structure of the power spectral density is the windowed periodogram approach. We however
opt for Welch’s method for averaging modified periodograms [4]. In our computations, we applied
a Blackman window and a length N = 512 FFT with 50% overlap.

RESULTS

As mentioned earlier, the Doppler power spectrum S(λ) quantifies the channel output power as a
function of the Doppler frequency λ. The range of Doppler frequencies for which S(λ) is nonzero
is the Doppler spread Bd. A large Doppler spread results from rapid variations in the channel.
Likewise, a small Doppler spread results from slow variations in the channel. The inverse Fourier
transform of the Doppler power spectrum is the spaced-time correlation function s(∆t). This
function quantifies how correlated the channel at time t is to the channel at t + ∆t. The amount
of time for which |s(∆t)| is nonzero is called the coherence time (∆t)c. Because S(λ) and s(∆t)
constitute a Fourier transform pair, (∆t)c is approximately the reciprocal of Bd. Figures 4 and
5 are examples of typical plots for the Doppler power spectrum and the spaced-time correlation
function obtained during our simulations.

The multipath intensity profile ρ(τ) quantifies the average power output of the channel as a function
of delay. The maximum value of τ for which ρ(τ) is nonzero is called the multipath spread Tm.
A large multipath spread means there are long powerful delays in the channel. Figure 6 represents
a multipath intensity profile corresponding to one of the test runs in our simulations. The Fourier
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Figure 2: The 12 multipath events for the Black Mountain East-to-West run at EAFB using 1824 MHz. The
yellow thumb tack markers indicate the multipath event locations. Event 1 is the rightmost marker and Event
12 is the left-most marker.

Figure 3: The 3 multipath events for the Black Mountain East-to-West run at EAFB using 5124 MHz.
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Figure 4: Doppler power spectrum corresponding to a typical multipath event in the Taxiway area.
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Figure 5: An example of a spaced-time correlation function corresponding to a typical multipath event in
the Taxiway area.
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Figure 6: Significant multipath intensity profile corresponding to a Taxiway test run.
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transform of the multipath intensity profile is the spaced-frequency correlation function R(∆f).
The spaced-frequency correlation function is a measure of how correlated the channel transfer
function is at two frequencies separated by ∆f . This might be a useful guide in designing an
OFDM system such as the OFDM mode proposed for iNET [5]. The values of ∆f over which
|R(∆f)| is non-zero is the coherence bandwidth (∆f)c of the channel. Two OFDM subcarriers
separated by more than (∆f)c experience uncorrelated fading. Frequency-selective fading results
when (∆f)c is small in comparison to the signal bandwidth. Likewise, frequency-nonselective
fading results when (∆f)c is large in comparison to the signal bandwidth. Because ρ(τ) and
R(∆f) are Fourier transform pairs, (∆f)c and Tm are reciprocals of each other.

In analyzing the multipath intensity profile, we find it useful to look at three useful statistics that can
readily be computed from ρ(τ) [6] - the mean excess delay, the rms delay spread and the maximum
excess delay. The mean excess delay is the first moment (or mean delay) of the multipath intensity
profile. i.e. the mean excess delay is given by

τ̄ =

∑
k

ρ(τk)τk∑
k

ρ(τk)
, (16)

where τk represents the delay index and ρ(τk) is the multipath intensity value at τk. The rms delay
spread is the square root of the second central moment of ρ(τ). ie.

στ =

√
τ 2 − (τ̄)2 (17)

where

τ 2 =

∑
k

ρ(τk)τ
2
k∑

k

ρ(τk)
. (18)

The maximum excess delay (X dB) of ρ(τ) is defined to be the time delay during which the
multipath energy falls X dB below the maximum energy. The value of X used in our computations
is 30 dB.

We now analyze the results connected with the areas listed above. Because of the different power
levels and gains of our receivers, some engineering judgment was used in estimating the time dis-
persion parameters particularly for our C-Band results. We summarize our findings in the following
tables.
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Black Mountain East-West Test Run using 1824 MHz
Event Doppler Spread

(Hz)
Notes Mean Excess Delay

(ns)
RMS Delay Spread (στ )
(ns)

Notes

1 4.8828 0 252.3624
2 4.8828 1.7570 233.3433
3 4.8828 1713.1 5594.5 LPD
4 4.8828 0 241.6653
5 4.8828 0.9493 197.7197
6 4.8828 1.4116 214.1087
7 4.8828 2234.1 9573.1 LPD
8 7.3242 R 5757.3 22786 LPD
9 4.8828 10.8828 170.5217
10 4.8828 21.3571 230.5146
11 4.8828 1.3889 241.9988
12 4.8828 0 159.9216

Table 1: Key: R- rapidly changing channel, LPD - long powerful delays in the channel.

Black Mountain East-West Test Run using 5124 MHz
Event Doppler Spread

(Hz)
Notes Mean Excess Delay

(ns)
RMS Delay Spread (στ )
(ns)

Notes

1 4.8828 11.3168 137.7124
2 4.8828 0 79.0817
3 4.8828 11.3190 108.0595

Table 2: Key: R- rapidly changing channel, LPD - long powerful delays in the channel.

Cords Road Test Run using 1824 MHz
Event Doppler Spread

(Hz)
Notes Mean Excess Delay

(ns)
RMS Delay Spread (στ )
(ns)

Notes

1 4.8828 1.1788 231.4082
2 4.8828 3.4955 326.6298
3 4.8828 20.8736 395.9343
4 4.8828 3.8106 284.0733
5 4.8828 8.1251 266.5758

Table 3: Key: R- rapidly changing channel, D - long powerful delays in the channel.

Cords Road Test Run using 5124 MHz
Event Doppler Spread

(Hz)
Notes Mean Excess Delay

(ns)
RMS Delay Spread (στ )
(ns)

Notes

1 4.8828 11.3259 153.0260
2 4.8828 11.2822 157.9379

Table 4: Key: R- rapidly changing channel, LPD - long powerful delays in the channel.
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Taxiway Test Run using 1824 MHz
Event Doppler Spread

(Hz)
Notes Mean Excess Delay

(ns)
RMS Delay Spread (στ )
(ns)

Notes

1 9.7656 R 2055.4 7453.5 LPD
2 56.1523 R 2601.0 3560.9 LPD
3 4.8828 2218.5 4671.9 LPD
4 4.8828 10967 17521 LPD
5 68.3594 R 1682.4 5733.0 LPD
6 4.8828 43.2144 173.4
7 4.8828 2259.0 8173.8 LPD
8 4.8828 318.0603 1687.2

Table 5: Key: R- rapidly changing channel, LPD - long powerful delays in the channel.

Taxiway Test Run using 5124 MHz
Event Doppler Spread

(Hz)
Notes Mean Excess Delay

(ns)
RMS Delay Spread (στ )
(ns)

Notes

1 9.7656 7.3976 106.7365
Table 6: Key: R- rapidly changing channel, LPD - long powerful delays in the channel.

CONCLUSION

We have reviewed a method for generating scattering functions for the WSSUS mobile channel
by first structuring our data as described in (12) and using Welch’s periodogram to obtain the
scattering function. Applying this technique to analyzing impulse response data from EAFB, we
observe that because the choice of windowing function (Blackman window was used in our case)
and the number of FFT points used in our simulations, we were somewhat constrained in our
frequency resolution. As a result the Doppler spreads for the Black Mountain and Cords Road
runs show no variability. However, when we assess the Taxiway run using L-Band we notice a
rapidly changing channel for events 1,2 and 5 largely because of the nature of the reflectors in this
area: because the Taxiway area has a lot of buildings compared to the other areas in which we
conducted our channel sounding experiments. As a result we see significant multipath events for
the Taxiway flight path as illustrated in Figure 6. This accounts for why we see long powerful
delays for this test run as should be expected.
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