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ABSTRACT

Positioning systems tasked with performing geolocation of objects have grown in importance in
recent years as the demand for accurate position and spatial data has increased. Parameter estima-
tion of the angle of arrival is a common approach used in positioning systems that has had great
success. This paper presents the design and development of a computationally efficient angle of
arrival estimation technique that is reconfigurable for changing requirments that different applica-
tions may impose. The theory explaining the method is outlined, along with field experiments and
simulations to provide validation for the effectiveness and accuracy of the approach.

INTRODUCTION

One of the most crucial tasks for underwater acoustic geolocation is the system design and signal
processing, which directly governs the precision of the estimation process. In general, the system
consists of two components. One component contains a single transceiver and the other contains
multiple. Two versions of this approach can be implemented by utilizing one component as the
transmitter and the other as the receiver. Normally, the one with multiple transceivers is designed
for the base station due to the requirement of computation complexity and power consumption, and
the single transceiver unit is designed for the mobile station. By utilizing this system architecture,
the geolocation task can be solved using parameter estimation. The estimation parameter in this
case is the bearing angle, or angle of arrival, of the mobile relative to the base station. The two
versions share a high degree of symmetry, and the duality shows properties of great significance.

The system configurations and signal processing techniques for both verisions are presented here
with the focus being on the utilization of the concept of the orthogonality of the Hilbert-transform
pair for the extension of the design to the multiple-element array configurations. In addition, this
design could be applied to the active acoustic or microwave modalities for collision avoidance of
unmanned platforms underwater as well as in air.

The original motivations for designing the estimation procedure was locating an Unmanned Un-
derwater Vehicle during homing and docking excercises. This paper draws upon past work on the
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design of that system and proposed theortical improvements for future versions. A description of
the orignal system is first presented to provide the signal modelling framework used for the rest
of the analysis. The theoretical improvements focusing on circular and non-uniform arrays are
then explained with new simulation results confirming the theory. Lastly a brief noise analysis is
presented exploring how much noisy environments would degrade overall system performance.

DOUBLE INTEGRATION METHOD FOR TIME DELAY ESTIMATION

Time delay estimation is a popular approach for estimating the angle of arrival in many different
applications. However, classical methods for estimating time-delays involve cross-correlations and
peak finding algorithms that are computationally expensive. The double integration method is an
alternative approach that provides a flexible and efficient way of estimating time delays.

Let two transmit elements be separated by a distance D and a single receiver be placed in space
away from both. The angle θ is defined as the relative bearing angle between the receiver and the
center of the transmitter array. Assuming that the receiver is in the far-field of the transmitting
units and the two transmitters emit a signal simultaneously, the receiver will detect one signal first
followed by the other at a time ∆ seconds later, where ∆ can be shown to be

∆ =
D
vp

sin(θ) (1)

where vp is the speed of propagation of the signal.

Both transmitters emit the same pulse h(t) with opposite polarities. The baseband representation
of the signal detected at the receiver would be in the form

s(t) = c [δ (t−d +∆/2)−δ (t−d−∆/2)]∗h(t) (2)

where dr is the distance from the center of the transmitting array to the reciever and its respective
propagation delay is d = dr/vp.

Here h(t) is controlled by the system designer and c is the attenuation factor resultant from trans-
mission loss. Note that the baseband representation of the received signal has been employed,
although the actual received signal would be a pulse modulated passband signal. For the rest of
the analysis, all signals received and transmitted will be presented in baseband form for notational
simplicity with the assumption that all transmission is done at passband.

The receiver electronics first demodulate and matched filter s(t) to produce

r0(t) = s(t)∗h∗(−t)

= c [R0(t−d +∆/2)−R0(t−d−∆/2)] (3)

where R0(t) = h(t)∗h∗(−t) is the autocorrelation function of the transmission pulse.
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The first step of the double integration method is to perform two consecutive integrations on the
matched filtered output r0(t). The first integration yields

r1(t) =
t∫

−∞

r0(τ)dτ = c [u(t−d +∆/2)−u(t−d−∆/2)]∗R0(t)

= ± c I∆(t−d)∗R0(t) (4)

where I∆(t) is a rectangular pulse that equals one only between−∆/2 and ∆/2 and zero everywhere
else. The second integration produces

r2(t) =
t∫

−∞

r1(τ)dτ =±c I∆(t−d)∗
t∫

−∞

R0(τ)dτ

= ± c I∆(t−d)∗R1(t) (5)

where we have now defined R1(t) as

R1(t) =
t∫

−∞

R0(τ)dτ (6)

It can be seen that the signal r2(t) will asymptotically approach a final value proportional to the
width of the rectangular pulse I∆(t). This value is available at the receiver by sampling the signal
r2(t) at t = ∞ which would be equal to

η = r2(∞) = c ∆ ·R1(∞) = c ∆ |H(0)|2 (7)

where |H(0)|2 is the DC power of the original transmit pulse h(t). The final value η is proportional
to the product of |H(0)|2 and c. The first term is a design parameter and the second term can be
calculated using a normalization procedure.

Normalization is achieved by transmitting a second set of pulses both with positive polarities from
the transmitter array. At the receiver the detected signal would be in the form of

snorm(t) = c [δ (t−d +∆/2)+δ (t−d−∆/2)]∗h(t) (8)

The received signal then undergoes demodulation, matched filtering, and a single integration to
yield

r0(t) = c [R0(t−d +∆/2)+R0(t−d−∆/2)] (9)

and

r1(t) =
t∫

−∞

r0(τ)dτ = c [R1(t−d +∆/2)+R1(t−d−∆/2)] (10)

Again, the final value of this signal is sampled at time t = ∞ to produce the normalization factor

ηnorm = r1(∞) = 2 c ·R1(∞) = 2 c |H(0)|2 (11)
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The normalization value ηnorm is used to compute the ratio

ρ =
η

ηnorm
=

∆

2
=

D
2v

sin(θ) (12)

This ratio can then be related to the bearing angle through the inverse sin function

θ = sin−1(
2vρ

D
) (13)

which yields the parameter of interest.

Field tests were performed with an underwater acoustic prototype of the system descirbe here in
a testing pool at a local industry facility. The tracking results from the experiment are shown in
Figure 1. The system accuractely tracked the experimental bearing angle near boresight, however,
at greater angles the arcsine opertion tended to amplify small noise components and degrade the
final result.

Figure 1: Double Integration Field Test Results

If the roles of the transmitter and receiver are reversed, the multi-element unit acts as the receiver
and the single element acts as the transmitter. This reversal simplifies the overall transmitter design
as only a single pulse is emitted and provides other efficiency gains as well. To illustrate the duality
between the two versions, the receiver unit will be comprised of two linear receiver arrays that are
situated perpendicular to one another. The two receiving arrays both have elemental spacing D and
the same center forming a cross. The single transmitter emits a pulse and the receivers are assumed
to be in the far field. The time difference of arrivals ∆x between the two elements of the first, or
horizontal, array and ∆y between the two elements of the second, or vertical, array are

∆x =
Dsin(θx)

v
, and ∆y =

Dsin(θy)

v
(14)

where θx and θy are the vertical and horizontal bearing angles of the entire receiver array with
respect to the transmitter. Note that this is the same relationship for the dual transmitter case.
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The signals received and matched filtered at each receiver from the horizontal array are defined as
r+x(t) and r−x(t) respectively, and the corresponding signals for the veritcal array are r+y(t) and
r−y(t). The difference between the two signals from each set is used as the signal input for the
double integration method described earlier. The normalization signal can be found by taking the
respective average of the two signal sets. The final results from the estimation procedure provides
the bearing angle parameter [θx,θy].

A complete simulation environment was implemented in MATLAB to verify the functionality and
accuracy of the reversed system. The number and positions of the receivers were parameterized
to test the system with different array configurations. The program calculated the correct bearing
angle parameter and produced an estimate of it using the double integration procedure. The sig-
nal modeling followed the same assumptions outline here including far-field approximation of the
wavefront and baseband signals.

For all simulations the signal processing was done in the discrete domain with a sampling fre-
quency set to Fs = 10MHz. The transmit pulse h(t) was chosen to be a sinc function with peak
amplitude of 10 and a pulse width of 20 sampling periods. The attenuation factor c was set to
0.1 for all propagation channels. The receiving array was positioned downrange from the target
100m and offset in cross range to alter the bearing angle. This range offset is much greater than
any wavelength of propagation for any ultrasonic frequencies that would be used in an acoustic
system, thus validating the far-field approximation.

The four receiver case was simulated first with the bearing angle vector set to [θx,θy] = [30o,15o]
and the receiver spacing set to D = 10cm. This configuration yielded a time-delay of about
∆x = 0.147ms for the horizontal array. Figure 2 shows each step of the double integration pro-
cess. The plots illustrate the accurate tracking of the ∆x for each step and the final integration
result converges to the approriate time delay and the correct bearing angle accordinly. Similar re-
sults for the vertical array were also achieved.

The system described requires only a single transmit signal and produces estimates of the bearing
angle parameter in the vertical and horizontal directions, however, it requires performing two sep-
arate estimation procedures. A significant improvemnt to this system can be achieved by using a
Hilbert Transform pair to demodulate each corresponding received signal. This type of technique
would require a quadrature receiver which yields a set of complex baseband signals. Summing up
the entire set of signals would produce

rd(t) = (r+x(t)− r−y(t)) + j(r+y(t)− r−y(t))

= [1, − j, 1, j] [r+x(t), r−y(t), r+y(t), r−y(t)]T (15)

The signal rd can be used as the input to a single double integration method and the average of
each received signal is used as the normalization signal. The normalized final value of rd(t) would
be a complex number with real part equal to ∆x and imaginary part equal to ∆y. This implies both
angles can be estimated simultaneously without any major additions to the processing system.
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Figure 2: Double Integration Simulation for 4 Receiver Array (a) Received Signal s(t) (b) Matched
Filtered Signal r0(t) (c) First Integration Results r1(t) (d) Normalized Final Output r2(t)

N-ELEMENT CIRCULAR RECEIVER ARRAY

The 4 receiver system described earlier can be expanded to include N uniformly spaced antennas
around a circle of radius D/2. The receivers locations about the center can be defined as

(xn,yn) =(
D
2

cos(
2πn
N

),
D
2

sin(
2πn
N

)) (16)

xn + jyn =
D
2

exp( j2πn/N) (17)

where n = 0,1, ...,N−1.

Analagous to Equation (16), the differential signal can be weighted by the complex number of its
position to form the inner product

rd(t) =
N

∑
n=1

rk(t)exp( j2πn/N) (18)

where rk(t) is the recieved and matched filtered signal at the kth receiver. Averaging over all rk(t)
will yield the normalization signal.

The normalized final value of rd(t) found through double integration can be expressed as the inner
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product between the receiver position vector uuu and the bearing angle vector www as,

Final value = ρ =
D
v
< www,uuu >

=
D
v

cos(ϕ) = ∆ (19)

www is defined as the 3-dimensional bearing angle vector and ϕ = π/2−θ .

www = [α, β , γ] (20)

The new parameters α , β , and γ are the directional cosines defined as α = cos(ϕx), β = cos(ϕy)
and γ = cos(ϕz) respectively. The weighting vectors corresponding to the direction of each receiver
are

uuunnn = [cos(2πn/N), sin(2πn/N), 0] (21)

The terms expressed in Equation (23) can be arranged such that

[
1
2
(

1
D/2

)v] ρ =< www,uuu >= cos(ϕ) (22)

where n = 0,1, . . .N−1. Thus the inner product of www and uuunnn becomes

< www,uuunnn >= α cos(2πn/N)+β sin(2πn/N) (23)

Next, by combining the received signal weighted by the receiver location vectors, the final value
produced from double integration is

< www,uuunnn > exp( j2πn/N) =
1
N

N−1

∑
n=0

(α cos(2πn/N)+β sin(2πn/N))exp( j2πn/N) (24)

Summing over the first term yields

1
N

N−1

∑
n=0

α cos(2πn/N)exp( j2πn/N) =
1
N

N−1

∑
n=0

α

2
(exp( j2πn/N)+ exp(− j2πn/N))exp( j2πn/N)

=
1
N

N−1

∑
n=0

α

2
(exp( j4πn/N)+1) =

α

2
(25)

and summing over the second term yields

1
N

N−1

∑
n=0

β sin(2πn/N)exp( j2πn/N) =
1
N

N−1

∑
n=0

β

2 j
(exp( j2πn/N)− exp(− j2πn/N))exp( j2πn/N)

=
1
N

N−1

∑
n=0

β

2 j
(exp( j2πn/(N/2))−1) = j

β

2
(26)
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Lastly, substituting Equations (29) and (30) into Equation (28), the final weighted average of the
inner-product terms accumulates to the value of

1
N

N−1

∑
n=0

[(
1

D/2
)ρnv]exp( j2πn/N) =

1
N

N−1

∑
n=0

< www,uuunnn > exp( j2πn/N)

=
1
2
(α + jβ ) (27)

The final value is a complex number that can be used to estimate the bearing angle vector defined
in the previous section through Equation (21). Both the θx anf θy can be estimated simultaneoulsy
through one double integration prodedure of rd(t), which allows a designer to increase the number
of receivers and accuracy without any significant increase in computatinal complexity.

NON-UNIFORM ARRAY

The analysis of the circular array can be expanded to a non-uniform array with receiver positions
(xn,yn) for n = 1,2, . . .N. The mean position of the array (x0,y0) can be found by taking the
average of all the individual receiver positions. The distance from receiver n to the mean position
is

σn = [(xn− x0)
2 +(yn− y0)

2]1/2 (28)

The unit direction vector of the relative position respect to the mean can be expressed in cartesian
and complex form as

uuunnn =(1/σn)[(xn− x0), (yn− y0), 0] (29)

exp( jΨn) =(1/σn)[(xn− x0)+ j(yn− y0)] (30)

The inner product of the receiver-position vector and the bearing-angle vector is

< www,uuunnn >= (1/σn)[α(xn− x0)+β (yn− y0)] (31)

Summing up the normalized final value of each receiver in this case yields

1
N

N

∑
n=1

[vexp( jΨn)/σn]ρn =
1
N

N

∑
n=1

< www,uuunnn > exp( jΨn) (32)

The double integration algorithm output in (32) can be rewritten as

1
N

N

∑
n=1

< www,uuunnn > exp( jΨn) =
1
N

N

∑
n=1

< www,uuunnn > (1/σn)[(xn− x0)+ j(yn− y0)]

=
α + jβ

2
+

α− jβ
2

(
1
N

N

∑
n=1

exp( j2Ψn))

=
α + jβ

2
+(

α− jβ
2

)Q = (
1+Q

2
)α + j(

1−Q
2

)β (33)
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where the Q factor is used as a metric to characterize the array and can be defined as

Q =
1
N

N

∑
n=1

exp( j2Ψn) (34)

The Q-factor provides another tool for the system designer to examine how to best fit the receiver
configuration to the needs of any specific application.

PERFORMANCE SIMULATIONS OVER AN AWGN CHANNEL

A simple noise-analysis is presented in this section to examine the performance of the system in
a more realistic environment. The same MATLAB simulation environment and parameters de-
scribed earlier were employed for this and an additive white gaussian noise (AWGN) channel was
added as the assumed as propagation channel for all computations. The program sampled values
from a Gaussian random number generator with parameterized variance and then added the values
to each received signal sample to simulate the AWGN channel.

For the circular receiver array,the signal detected at the kth receiver is

sk(t) = c h(t−d +∆/2)+n(t) = δ (t−d +∆/2)∗h(t)+n(t) (35)

where n(t) is a white noise signal.

The signal power Ps was measured at each receiver, and the noise power Np was defined in terms
of the noise variance and then adjusted to determine the total SNR of the system. The signal to
noise ratio was defined in this manner to be

SNRdB = 10 log(
Ps

Np
) (36)

The cost function used to measure the error perfromance for the was the mean square error (MSE)
of the estimated time delay ∆est compared to the calculated time delay ∆calc.

e = E{ |∆est−∆calc|2 } (37)

The expectation operator used in the MSE cost function is probablistic in nature and unable to be
simulated numerically. To approximate this a sequence of trials were simulated and the final error
results were averaged such that the MSE was approximately

e≈
NT

∑
n=1
|∆est(n)−∆theory(n)|2 (38)

For each simulation trial n, the bearing angle was kept constant at [θx,θy] = [30o,15o] and the SNR
was adjusted. A final sequence of error values for the time delay term ∆x with varying SNR was
produced and plotted in Figure 4. As shown, at high SNRs the method performs quite well yielding
an MSE close to 10−8seconds, much lower than the actaul time delay value of 0.417ms. At lower
SNRs the estimation procedure becomes inaccurate very quickly close to 20dB. The estimated
angle vs. calculated angle is also plotted for an SNR = 45 dB. The method closely tracks the true
bearing angle θx from −30o to 30o with small only deviations.
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Figure 3: (a) Estimation Resutls at SNR = 45dB and (b) Estimation Performance vs. SNR

CONCLUSIONS

Estimation of the bearing angle is a problem that is present in a variety of technical fields from
aeronautics, communications, and acoustics. This paper presents a novel estimation proceudre
that can be used for low power and low complexity applications thanks to its simple design and
implementation. The procedure can be implemented with simple signal processing hardware such
as first order op-amp circuits or other Digital Signal Processing (DSP) tools. Field tests and sim-
ulation results have been shown to demonstrate the viability of this approach. Some problems
persist for the estimation in the presence of amplitude nosie, however, future work is aimed at
optimizing the system design for lower SNR environments. The system presented here is a flex-
ible and practical alternative solution for bearing angle estimation for many important applications.
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