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ABSTRACT

We investigate the performance of reduced complexity receivers for aeronautical telemetry shaped-offset
quadrature phase shift-keying (SOQPSK-TG) in multiple-input multiple-output (MIMO) channels. We
use spatial multiplexing (SM) to achieve the highest throughput possible. Two types of channel equaliza-
tion methods are considered to separate the substreams sent by independent antennas. The first method
employs linear equalizers, including minimum mean-squared error (MMSE) and zero-forcing (ZF), to
nullify the intersymbol interference (ISI) introduced by the MIMO channel in a single step. The second
method, vertical Bell Labs layered space time (V-BLAST) architecture, removes the ISI iteratively by the
use of decision feedback (DE). The channel equalizer is followed by a suboptimal SOQPSK-TG detector.
The performance of various equalizer/detector pairs are presented. The results show that computation-
ally efficient MIMO SOQPSK-TG architectures achieve excellent bit error rate (BER) performance while
transmitting at high data rates.

INTRODUCTION

The demand for high data rates in wireless communication systems has been exponentially increasing
although the spectrum limitations persist. Considering this everlasting challenge, it comes as no surprise
that multiple-input multiple-output (MIMO) systems have recently received a great deal of attention due
to their ability to achieve high data rates through spatial multiplexing (SM) [1]. Considering the power and
bandwidth efficiency, and the constant envelope of aeronautical telemetry shaped-offset quadrature phase-
shift keying (SOQPSK-TG) [2], the combined advantages of MIMO and SOQPSK-TG are overwhelming.

On one hand, SOQPSK-TG is a type of continuous phase modulation (CPM) [3], and its optimal detection
requires a 512-state trellis. On the other hand, in a MIMO SOQPSK-TG system with SM data streams are
modulated and transmitted from separate antennas, and at the receiver each antenna receives some linear
combination of the transmitted data streams. Therefore, we face a joint MIMO SOQPSK-TG detection
problem whose optimal solution becomes computationally intractable. Recently there has been some
attention given to reduced complexity detection of MIMO CPM systems [4]; however, to the author’s
knowledge, the bit error rate (BER) performance of reduced complexity MIMO SOQPSK-TG systems
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Figure 1: Transmitter model for SOQPSK.

with SM have not been presented. Subsequently, we investigate the performance of reduced complexity
receivers for MIMO SOQPSK-TG systems with SM.

We split the MIMO SOQPSK-TG joint detection problem into two phases. We first use equalization meth-
ods to separate the transmitted substreams. There are various methods (e.g. zero-forcing (ZF), minimum
mean-squared error (MMSE), vertical Bell Labs layered Space time (V-BLAST)) to carry out this task.
Then a reduced complexity SOQPSK-TG detector operates on each of the separated substreams. To do
this, we consider a reduced complexity trellis based detector, and a symbol-by-symbol detector.

SOQPSK signal model and detection methods are first introduced. Then the MIMO SOQPSK-TG system
with SM is presented, and various MIMO detection methods are thoroughly explained. Finally, bit error
rate (BER) curves for all receiver architectures of various combinations of transmit and receive antennas
are presented.

SOQPSK SIGNAL MODEL

The complex baseband SOQPSK signal can be represented as a CPM signal [3] of the form

s(t;α) ,

√
Es
Ts

exp {jψ(t;α)} (1)

whereα , {αi} is the transmitted symbol sequence drawn from a ternary alphabet, i.e. αi ∈ {−1, 0,+1}.
Ts is the symbol interval and Es is the energy per symbol. The phase of the signal, ψ(t;α), is of the form

ψ(t;α) , 2πh
∑
i

αiq(t− iTs) (2)

where i ∈ Z is the discrete-time index and h = 1/2 is the modulation index. The phase response q(t) is
defined as the time integral of the frequency pulse f(t) which has a duration of L symbol times and an
area of 1/2. When L = 1, the signal is full-response and when L > 1 it is partial-response. Given that the
modulation index is rational, the phase in (2) may be expressed as

ψ(t;α) = 2πh
n∑

i=n−L+1

αiq(t− iTs)︸ ︷︷ ︸
θ(t)

+πh
n−L∑
i=0

αi︸ ︷︷ ︸
θn−L

(3)

where nTs ≤ t < (n+1)Ts. The phase state is drawn from an alphabet of 4 values, θn−L ∈ {0, π/2, π, 3π/2},
when taken modulo 2π.

With SOQPSK, unlike CPM, the symbol sequence transmitted over the channel α is not the underlying
bit sequence a , {ai}, ai ∈ {−1,+1}. The ternary symbol sequence α is derived from the original bit
sequence a by the precoding operation defined by the rule [5]
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Figure 2: Four-state time-varying trellis for the original precoder. The states are labeled with the state vector Sn and
the branches are labeled with the input-bit/output-symbol pair an/αn.

αn(a) = (−1)n+1(2an−1 − 1)(an − an−2) (4)

as shown in Fig. 1 [6]. The precoder orients the phase of the CPM signal so that it behaves like the phase of
an offset-QPSK (OQPSK) signal driven by the symbol sequence a. As a result of precoding, in any given
symbol interval, αi is drawn from one of the two binary alphabets: {−1, 0} or {0,+1} [5]. Consequently,
SOQPSK is viewed as a constrained ternary CPM.

There are two standardized versions of SOQPSK namely military standard SOQPSK (SOQPSK-MIL) [7]
and SOQPSK-TG. SOQPSK-MIL uses a full-response (L = 1) rectangular frequency pulse while SOQPSK-
TG uses a longer (L = 8) and smoother frequency pulse (defined in [2]) that results in superior spectral
containment [8, Fig. 3], but also higher optimal detection complexity. In this paper, we will concentrate
on SOQPSK-TG.

SOQPSK TRELLIS

In (4) we see that αn is a function of three binary-valued state variables an−1, an−2 and n-even/n-odd
which leads to an 8-state trellis to describe the precoder in Fig. 1[9]. We follow the approach taken in
[8] that handles the state variable n-even/n-odd by a time-varying two-section trellis shown in Fig. 2.
The state variables an−1and an−2 are ordered in such a way that the in-phase (I) bit is always the most
significant and the quadrature (Q) bit is always the least significant. The labels above each branch are the
input-bit/output-symbol pair an/αn for the system in Fig. 1. The one-to-one mapping between the phase
states θn−1 of the CPM modulator and the precoder trellis states Sn ∈ {00, 01, 10, 11} [6, Fig. 4] allows
the four-state trellis in Fig. 2 to describe the entire system in Fig. 1.
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SOQPSK DETECTION

The optimal maximum likelihood sequence detection (MLSD) of SOQPSK requires a trellis. Trellis-
based SOQPSK detectors were first studied in [9]. Because SOQPSK-MIL is full-response, the trellis
described in the previous section can be used for its optimal detection. However, an optimal detector
for SOQPSK-TG requires a 512-state trellis which makes the optimal detection unfeasible, especially
considering the availability of suboptimal reduced complexity detectors that perform well compared to the
optimal detector. In this paper we consider two types of such reduced complexity detectors to be employed
in MIMO SOQPSK-TG receivers. The first detector [8], which is based on a pulse amplitude modulation
(PAM) approximation of CPM [10, 11] allows the four-state full response trellis in Fig. 2 to be used for
near-optimal detection of SOQPSK-TG. Below we briefly summarize this approach:

With the PAM decomposition approach, a CPM signal can be expressed as a sum of R amplitude modu-
lated pulses in the form

s(t;α) =

√
Es
Ts

R−1∑
k=0

∑
i

βk,igk(t− iTs). (5)

The full definitions that describe the pulses {gk(t)} and pseudo-symbols {βk,i} for SOQPSK can be found
in [11]. The energy of the signal s(t;α) is mostly concentrated in the first two pulses in the sum (5), called
the principal pulses in [12]. An approximation based on the principal pulses given as

s(t;α) ≈
√
Es
Ts

1∑
k=0

∑
i

βk,igk(t− iTs) (6)

results in a four-state SOQPSK-TG detector that performs within 0.1 dB of the optimal detector.

The second type of detector we consider in this paper is the symbol-by-symbol detector described in [13].
The specific orientation of the phase of the SOQPSK-TG waveforms due to the precoding operation makes
linear detection by integrate and dump type of detectors [14], [13] possible. We choose the detector
described in [13], due to its optimality in the sense that it minimizes the bit error rate in the case of
symbol-by-symbol detection of SOQPSK-TG. The optimal linear detection filter has a duration of 10
symbol times.

MIMO SOQPSK-TG SIGNAL MODEL

In a MIMO channel multiple antennas can be used to achieve either diversity or high data rates. Diversity
can be explained as transmitting multiple copies of the same signal from different antennas to lower the
probability of detection failure in a MIMO system where deep fades are possible [15]. However, increasing
diversity decreases the throughput of MIMO systems. In this paper, we intend to achieve the highest
possible throughput through the use of multiple transmit and receive antennas. Therefore we use spatial
multiplexing (SM) [1]. A block diagram of the MIMO SOQPSK-TG system with SM having NT transmit
and NR receive antennas is shown in Fig. 3. With SM the input data sequence a is demultiplexed into NT

separate data streams. Each data stream is individually modulated and the resulting set of signals s(t;ak),
where 1 ≤ k ≤ NT, are transmitted in a rich scattering environment. Please note that in the rest of the
paper modulated SOQPSK-TG signals will be written as functions of the information sequence a rather
than the ternary CPM symbol sequence α. The signal at the l-th antenna, where 1 ≤ l ≤ NR, is given as

rl(t) =

NT∑
k=1

hk,ls(t;ak) + ηl(t) (7)
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Figure 3: Block diagram of the MIMO SOQPSK-TG system.

where the fading coefficients, {hk,l}, are complex-valued Gaussian random variables with independent
real and imaginary parts having zero mean and variance of 1/2. The channel is assumed to be quasistatic
in which the fading coefficients are constant for K symbol times, where K >> 1. The signal ηl(t) is
a complex-valued Additive White Gaussian Noise (AWGN) with a two-sided power spectral density of
No/2. The input-output relationship descibed in (7) can be represented with the matrix-vector expression

r(t) = s(t;a)H+ η(t) (8)

where H is the channel matrix with elements (H)kl = hk,l, r(t) = [r1(t), r2(t), . . . , rNR(t)], s(t;a) =
[s(t;a1)s(t;a2), . . . , s(t;aNT)], and η(t) = [η1(t), η2(t), . . . , ηNR(t)].

The signal-to-noise ratio (SNR) per symbol for the MIMO SOQPSK-TG system is given as Es/No. For
the total transmission power of the MIMO system to be constant and independent of the number of transmit
antennas, we distribute the transmission power evenly among NT transmit antennas. In other words,
every NT-bit binary data vector, [a1(n),a2(n), . . . ,aNT(n)] transmitted during the n-th symbol time is
considered as a MIMO SOQPSK-TG symbol. Consequently the signal transmitted by the k-th transmit
antenna is of the form

s(t;ak) =

√
Es
NTTs

exp {jψ(t;ak)} . (9)

The scaling of the transmitted streams by
√

1/NT in (9) guarantees that the average receive SNR isEs/No.

MIMO SOQPSK-TG DETECTION

First of all, we assume perfect knowledge of the channel matrix H on the receiver side. The MLSD solu-
tion to the MIMO SOQPSK-TG detection problem is the input data sequence a that minimizes the norm
||r(t)− s(t;a)H||. An optimal MLSD detector ( e.g. Viterbi Algorithm (VA)) for a MIMO SOQPSK-TG
system would operate on a 512NT state trellis with 2NT branches leaving each state. Even if we use a PAM-
based MLSD detector, with 4 transmit and 4 receive antennas we would end up with a 256-state trellis.
Because of the very high complexity associated with the optimal detection of MIMO SOQPSK-TG we
focus on reduced complexity detectors that use equalization techniques. Equalization methods try to find
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the best signals that represent the individual data streams transmitted by independent antennas. In the de-
tection of the best representation of each signal, the effects of other signals are considered as intersymbol
interference (ISI) introduced by the channel matrix H [15].

There are two types of equalization techniques. The first type of equalizers, including zero-forcing (ZF)
and minimum mean-squared error (MMSE), attempt to remove the ISI introduced by the channel in a
single step by inverse filtering the received signal vector r(t) by a nulling matrix, G as seen in

ŝ(t;a) = r(t)G. (10)

In the case of ZF, the nulling matrix is the pseudo-inverse of the channel matrix, GZF = H+, which when
plugged into the equation (10) gives

ŝ(t;a) = s(t;a) + η(t)H+. (11)

In the case of MMSE the nulling matrix is given as

GMMSE = HH

(
INT

SNR
+H ·HH

)−1

(12)

where (·)H is the Hermitian transpose and INT is anNT dimensional identity matrix. Unlike the ZF method
the MMSE method requires an estimation of the SNR value at the receiver to minimize the effective
noise after the equalization. After the equalization each data stream ŝ(t;ak) is demodulated by either VA
applied to the PAM approximation of SOQPSK-TG (ZF-PAM, MMSE-PAM) or the symbol-by-symbol
detector (ZF-SxS, MMSE-SxS) mentioned previously. The main advantage of ZF and MMSE equalization
techniques is that they can be used even if the fading coefficients are constant for only a single symbol
time, K = 1.

The second equalization method called vertical Bell Labs layered Space time (V-BLAST) [1] employs
decision feedback (DE) to implement a type of ”divide-and-conquer”’ strategy. In this approach the signal
stream ŝ(t;ak) with the highest SNR is decoded first. Then the effects of the decoded sequence âk are
cancelled from the received signal vector r(t), and the algorithm continues with the data stream with
the next highest SNR. The algorithm includes three steps: ordering, interference nulling and interference
cancellation. The interference nulling can be carried out with either the ZF nulling matrix GZF (ZF-
BLAST) or the MMSE nulling matrix GMMSE (MMSE-BLAST). A PAM based detector (ZF-BLAST
PAM, MMSE-BLAST PAM) or a symbol-by-symbol detector (ZF-BLAST SxS, MMSE-BLAST SxS)
operates on the separated signal stream at each step of the algorithm.The step-by-step V-BLAST algorithm
is given in the Appendix.

The V-BLAST algorithm has two major drawbacks when applied to modulation schemes with memory
such as SOQPSK-TG. First, the number of symbol times for which the MIMO channel is constant, K,
must be large enough for VA to output reliable results for the data stream being detected. In the case
of a symbol-by-symbol detector K must be at least 10, which is the length of the detection filter. In
addition, because of the ISI in each transmitted signal stream s(t;ak) due the partial response nature of
SOQPSK-TG, it is not clear when to switch to a new ordering as the channel matrix H changes. The
second drawback of the algorithm is the need to generate an SOQPSK signal with the detection decision
made âk so that its interference can be nulled in the next iteration of the algorithm.

SIMULATION RESULTS

In this section we present the performance of MIMO SOQPSK-TG systems with SM employing various
reduced complexity receiver architectures described above. We ran Monte-Carlo simulations to generate
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Figure 4: The performances of symbol-by-symbol, PAM based VA and optimal VA detectors combined with linear
equalization methods ZF and MMSE. The MIMO SOQPSK-TG system has NT = 4, NR = 4 and K = 130.
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Figure 5: The performances of symbol-by-symbol and PAM based VA detectors combined with linear equalization
methods ZF and MMSE and decision feedback equalization methods ZF-BLAST and MMSE-BLAST. The MIMO
system has NT = 4, NR = 4 and K = 130.
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Figure 6: The performances of symbol-by-symbol and PAM based VA detectors combined with linear equalization
methods ZF and MMSE and decision feedback equalization methods ZF-BLAST and MMSE-BLAST. The MIMO
system has NT = 4, NR = 4 and K = 130.
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bit error rate (BER) curves for various values of SNR. We assumed that the channel matrix H is constant
for 130 symbol times, which is K = 130. For simplicity we considered MIMO channels with the same
number of transmit and receive antennas, hence NT = NR. We implemented two MIMO SOQPSK-TG
architectures; one with 4 and the other one with 8 receive and transmit antennas. We define the normalized
symbol rate Rs as the symbol rate when only 1 Hz of bandwidth is available. The bandwidth is defined as
the one that contains 99.9 % of the signal power. Through simulations we determined that for a SOQPSK-
TG waveformRs = 1.0. Consequently, we view a MIMO SOQPSK-TG system withNT transmit antennas
as a system with the spectral efficiency of NT bits/s/Hz.

We see in Fig. 4 and Fig. 5 that the symbol-by-symbol (SxS) detector performs within 1 dB of the PAM
based VA detector (PAM) for all four reduced complexity receiver architectures. Fig. 4 shows that the
PAM based VA algorithm peforms within 0.2 dB of the optimal VA detector (OPTIMAL) operating on
the full 512-state trellis. In Fig. 6, we observe that while MMSE equalization performs better than ZF
equalization, V-BLAST algorithm significantly outperforms both. The V-BLAST algorithm that uses
MMSE nulling vector (MMSE-BLAST) performs much better than the one that uses ZF nulling vector
(ZF-BLAST). Fig 7 shows that the bit error rate of the MMSE-BLAST receiver significantly improves
when the number of transmit/receive antennas is increased from 4 to 8.

CONCLUSIONS

We presented the performance of low complexity receivers for MIMO SOQPSK-TG systems with spatial
multiplexing. We considered linear (ZF, MMSE) and iterative decision-feedback equalization (V-BLAST)
methods. We showed that the V-BLAST architecture significantly outperforms linear equalization methods
ZF and MMSE. We then compared the performance of a reduced complexity MLSD SOQPSK-TG detector
and a symbol-by-symbol detector when incorporated into the MIMO SOQPSK-TG receiver. The use of
a symbol-by-symbol detector degrades the receiver performance by only 1 dB. A MIMO SOQPSK-TG
system using the V-BLAST algorithm with MMSE nulling matrix achieved a BER of 10−5 at a SNR of 20
dB while having a spectral efficiency of 8 bits/s/Hz.

APPENDIX

Definitions and Assumptions:

The channel matrix H is assumed to be known at the receiver.

H is constant during K symbol times.

The eigenvalues of H ·HH are assumed to be in a non-decreasing order.

Hk, 1 ≤ k ≤ NT is the k-th row of H.

Zk, 1 ≤ k ≤ NT, is H with the first k − 1 rows replaced by zero.

M is the nulling matrix.

For ZF-BLAST: M = Zk
+

For MMSE-BLAST: M = ZHk

(
INT
SNR + Zk · ZHk

)−1

Initialization: r1(t) = r

9



Algorithm: For 1 ≤ k ≤ Nt

Wk = the k-th column of M

yk(t) = rk(t)Wk

âk = output of the SOQPSK-TG demodulator with yk(t) as input.

rk+1(t) = rk(t)− s(t; âk)Hk

REFERENCES

[1] P. W. Wolniansky, G. J. Foschini, G. D. Golden, and R. A. Valenzuela, “V-BLAST: An architecture for realizing
very high data rates over the rich-scattering wireless channel,” in Proc. ISSSE, (Pisa, Italy), Sep. 1998.

[2] Range Commanders Council Telemetry Group, Range Commanders Council, White Sands Missile
Range, New Mexico, IRIG Standard 106-04: Telemetry Standards, 2004. (Available on-line at
http://www.ntia.doc.gov/osmhome/106.pdf).

[3] J. B. Anderson, T. Aulin, and C.-E. Sundberg, Digital Phase Modulation. New York: Plenum Press, 1986.

[4] W. Zhao and G. B. Giannakis, “Reduced complexity receivers for layered space-time CPM,” IEEE Trans.
Wireless Commun., vol. 4, pp. 574–582, Mar. 2005.

[5] M. Simon, Bandwidth-Efficient Digital Modulation With Application to Deep-Space Communication. New
York: Wiley, 2003.

[6] E. Perrins and M. Rice, “Reduced-complexity approach to iterative detection of SOQPSK,” IEEE Trans. Com-
mun., vol. 55, pp. 1354–1362, Jul. 2007.

[7] D. I. S. Agency, “Department of Defense interface standard, interoperability standard for single-access 5-
kHz and 25-kHz UHF satellite communications channels.” Tech. Rep. MIL-STD-188-181B, Department of
Defense, Mar. 1999.

[8] E. Perrins and M. Rice, “Simple detectors for shaped-offset QPSK using the PAM decomposition,” in Proc.
IEEE Global Telecommun. Conf., (St. Louis, Missouri), pp. 408–412, Nov./Dec. 2005.

[9] L. Li and M. Simon, “Performance of coded OQPSK and MIL-STD SOQPSK with iterative decoding,” IEEE
Trans. Commun., vol. 52, pp. 1890–1900, Nov. 2004.

[10] P. A. Laurent, “Exact and approximate construction of digital phase modulations by superposition of amplitude
modulated pulses (AMP),” IEEE Trans. Commun., vol. 34, pp. 150–160, Feb. 1986.

[11] E. Perrins and M. Rice, “PAM representation of ternary CPM,” IEEE Trans. Commun., vol. 56, pp. 2020–2024,
Dec. 2008.

[12] U. Mengali and M. Morelli, “Decomposition of M -ary CPM signals into PAM waveforms,” IEEE Trans.
Inform. Theory, vol. 41, pp. 1265–1275, Sep. 1995.

[13] M. Geoghegan, “Optimal linear detection of SOQPSK,” in Proc. Int. Telemetering Conf., Oct. 2002.

[14] M. J. Dapper and T. J. Hill, “SBPSK: A robust bandwidth-efficient modulation for hard-limited channels,” in
Proc. IEEE Military Commun. Conf., Oct. 1984.

[15] H. Jafarkhani, Space-Time Coding. New York: Cambridge University Press, 2005.

10




