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ABSTRACT

This paper investigates a fractionally-spaced decision-feedback equalization technique for Shaped
Offset Quadrature Phase Shift Keying (SOQPSK). The kernel of the block-based feedback algo-
rithm is to estimate the intersymbol interference and cancel it from the samples used to make the
bit decisions. This process refines the bit estimates sequentially, thereby increasing the probability
of obtaining accurate estimates. The simulated bit error rate performance of the decision-feedback
technique shows a 1 dB improvement over MMSE-equalized SOQPSK-TG over channels derived
from multipath channel measurements at Cairns Army Airfield, Ft. Rucker, Alabama and Edwards
AFB, California.

INTRODUCTION

Multipath interference continues to be one of the dominant causes of link outages in aeronautical
telemetry. Equalization is an obvious mitigation technique. Equalization, using the constant mod-
ulus algorithm, in the context of aeronautical telemetry has been investigated before [1, 2, 3, 4].
However, laboratory tests with hardware prototypes produced less than compelling results [4];
these results have raised questions on the applicability to aeronautical telemetry of purely blind
equalization algorithms. The performance of linear equalizers, based on the minimum mean-
squared error (MMSE) criterion, was presented in [5]. These results showed promise, but require
estimates of the channel. This paper extends the approach of [5] to decision-feedback equalization
for SOQPSK-TG.

It is instructive to compare and contrast an equalized system with an unequalized system. The
concepts are best illustrated using a linear modulation (say, QAM). The comparison follows the
block diagrams shown in Figure 1. At the top of the figure, the QAM modulator, multipath channel,
additive noise, and presumed sampling of the received signal are shown. Figure 1 (a) illustrates the
linear demodulator, based on a matched filter and decision device. This is the demodulator most
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familiar to those new to the field, and this is the conceptual model underlying demodulators in use
in aeronautical telemetry.1 This is also the optimal approach for the case where there the multipath
channel, at the top of the figure, is not present.

Figure 1 (b) shows the “linear approach” to equalization [6]. Here, an equalizer, in the form
of a discrete-time filter, is inserted between the matched filter and decision device. The role of
the equalizer filter is to remove the inter-symbol interference (ISI) from the matched filter output
prior to making decisions. Equalizer filters tend to be designed based on one of two criteria:
zero-forcing or minimum mean square error (MMSE). The zero-forcing criteria defines a filter
that forms the reciprocal, in the frequency domain, of the multipath channel. While this is the
most intuitive approach to equalization, the resulting bit error rate performance of the equalized
system suffers from a problem known as “noise enhancement.” If the multipath channel frequency
response contains one or more nulls, then the frequency response of the zero-forcing equalizer filter
contains peaks. The peaks restore the signal to its original level, but can dramatically increase the
noise power seen by the decision device. Consequently, zero-forcing equalizers tend to be used
only in systems where the signal-to-noise ratio is guaranteed to be high and where there is little
prospect of deep nulls in the multipath channel. The MMSE equalizer is designed to minimize
the error between the input to the decision device and true symbol value. Because the error is
due to both ISI and noise, the MMSE equalizer takes a more measured approach to “inverting the
channel” and consequently does not suffer as much from noise enhancement.

Figure 1 (c) shows a non-linear equalizer known as the decision-feedback equalizer [6]. Here, two
equalizer filters are used. The first is a feed-forward filter operating on the matched filter outputs
as shown. The second is a feed-back filter whose inputs are the symbol decisions. When operating
properly, the feed-back filter reproduces the residual ISI seen at the output of the feed-forward
filter and cancels this ISI from the input to the decision device. The decision-feedback equalizer
is much better than the equalizers of Figure 1 (b), especially when the multipath channel transfer
function contains nulls. The drawbacks are complexity (two equalizer filters are required instead
of one) and error propagation (an erroneous symbol decision reconstructs the wrong ISI which, in
turn, corrupts the decision device input).

The equalizer shown in Figures 1 (b) and (c) presume knowledge of the channel. This knowledge
is usually in the form an estimate, derived from a known sequence of bits embedded in the data.
There are also adaptive versions of these equalizers [6]. But the adaptation requires some form
of initialization or “training.” The most common approach to training an adaptive equalizer is to
embed in the transmitted signal a sequence of known bits. Consequently, the adaptive versions
also require the overhead of known (non-information-bearing) bits. As an aside, purely “blind”
equalization algorithms (i.e., those that do not require a sequence of known bits) are the ones
whose performance in aeronautical telemetry have been explored in the past in the context of
CMA equalziation [1, 2, 3, 4].

The application of the basic equalizer architectures of Figures 1 (b) and (c) to SOQPSK-TG is
not straight-forward. This is is because the modulation is non-linear in the sense that the samples

1Both symbol-by-symbol and multi-symbol detectors fit into this general framework. The detection device for the
symbol-by-symbol detector is a simple “compare to a threshold” operation. The detection device used in multi-symbol
detectors is a trellis search based on the Viterbi algorithm.
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Figure 1: The fundamental role of equalizers and their relationship to unequalized systems. (a) The
optimum demodulator for the noise-only channel. (b) A demodulator based on a linear equalizer.
(c) The demodulator based on a decision feedback equalizer.
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r(iT ) at the top of Figure 1 are not scaled versions of the data symbols. The temptation is to
believe the relationship between a sampled SOQPSK signal and the data values is linear. This
notion is derived from staring at SOQPSK eye diagrams and their corresponding scatter plots such
as those shown in Figure 2. Careful examination of Figure 2 reveals why this point of view is only
an approximation. The scatter plot of Figure 2 (b) are the decision variables used by a symbol-
by-symbol detector. Ideally, this plot should display four points. The reason there are not four
points in Figure 2 (b) is the ISI inherent in the SOQPSK-TG waveform. That this is the case is also
evident from the eye digram of Figure 2 (a); there are more than two signal levels at the maximum
eye openings corresponding to the inphase and quadrature components.. The modulation-induced
ISI is in addition to the multipath-induced ISI. The structure of the modulation-induced ISI is not
fixed, but varies with the data.

The combination of modulation- and multipath-induced ISI presents a real challenge for equalizers
formulated in the traditional sense. This explains the less-than-compelling performance of the
MMSE equalizers in [7, 8]. An MMSE equalizer along the lines of that shown in Figure 1 (b)
tends to get confused by the two sources of ISI, especially in the adaptive mode. Similarly, the
DFE equalizer such as that shown in Figure 1 (c) also gets confused by the two sources of ISI.
The modulation-induced ISI tends to confuse the feedback filter. The confusion does not allow an
adaptive equalizer to ever converge to a satisfactory state.

An obvious work-around is to equalize the signal samples rather than the symbols. This was the
approach taken in [5] for the case of an MMSE equalizer motivated by the structure of Figure 1
(b). This equalizer tended to be better behaved than the equalizer of [7, 8]. Motivated by this
observations, this paper extends the notion of equalizing the samples to the decision feedback
equalizer structure of Figure 1 (c). The challenge is the non-linear relationship between the bit
decisions and the waveforms. The feed-back section of the equalizer uses the bit decisions to
reconstruct samples of the SOQPSK waveform. These waveform samples are passed through
a filter to reconstruct the multipath-induced distortion, which is removed from the input to the
decision device prior to detection.

The algorithm is complicated and is described in the next section. The performance of this equal-
izer over real channels is summarized in the section that follows.

THE DECISION FEEDBACK ALGORITHM

The general outline of the decision-feedback equalizer is illustrated in Figure 3. The top portion of
the figure is identical to the top portion of Figure 1—and this represents the common starting point.
Vector-matrix notation2 is used to describe the algorithm. Suppose the telemetry data contains
a block of Lb data bits and that, at Nb samples/bit, N = LbNb samples of the SOQPSK-TG

2The notational convention here uses bold-faced variables to represent vectors and matrices. Lower case letters are
used for vectors and upper case letters are used for matrices. In this way v is a column vector (by default, all vectors
are column vectors) and M is an r × c matrix. v> and M> are the vector and matrix transposes, respectively, and v†

and M† are the vector and matrix conjugate transposes (or Hermitian operations), respectively.
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Figure 2: A “linear” point of view for SOQPSK-TG: (a) the eye diagram; (b) the corresponding
scatter plot.
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modulation s(t) correspond to these bits. Form the N × 1 vector s as follows:

s =
[
s(0) s(1) · · · s(N − 1)

]>
. (1)

Let the equivalent discrete-time multipath channel be described by the impulse response

c =
[
c(0) c(1) · · · c(ν)

]>
. (2)

The A/D converter operating atNb samples/bit producesN+ν+1 samples corresponding to these
bits. Stack these samples in an N × 1 vector r. The vector r is related to the vector s by




r(0)
r(1)

...

r(N + ν)




︸ ︷︷ ︸
r

=




c(0) 0 0
c(1) h(0) 0

...
...

...
c(ν) c(ν − 1) 0
0 c(ν) c(0)
...

...
0 0 c(ν)




︸ ︷︷ ︸
C




s(0)
s(1)

...

s(N − 1)




︸ ︷︷ ︸
s

+




n(0)
n(1)

...

n(N − 1)




︸ ︷︷ ︸
n

(3)

which we write as r = Cs+n where C is the (N+ν+1)×N channel convolution matrix and n is
an N ×1 vector of additive noise samples. The theoretically optimum approach applies a “channel
matched filter” in the form of the linear operator C† to produce the N × 1 vector

x = C†r = C†Cs + C†n. (4)

But the noise component here is correlated. So, a noise whitening operation, represented by the
matrix L† is applied to x. The result is the N × 1 vector

y = L†x = Hs + ñ (5)

where H is the N × N matrix representing the equivalent discrete-time channel after matched
filtering and noise whitening and ñ is an N × 1 vector of uncorrelated Gaussian noise samples.
The matrix H has a lower-triangular form:

H =




h0,0
h1,0 h1,1

...
hN−1,0 hN−1,1 · · · hN−1,N−1


 (6)

where the zeros in the upper triangular portion have been omitted for clarity.

Once the vector y is available, the decision feedback algorithm steps through y, d = 2Nb samples
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at a time. Using the index i for the step, the decision feed-back equalization algorithm is

∆yi = yi −Giŝi−1

s̃i =
(
H†iHi + ρId

)−1
H†i∆yi

b̂ = D
([

ŝi−1
s̃i

])

q =M
(
b̂
)

ŝi =




q0
...

qm+id−1




(7)

for i = 1, 2 . . . , (N −m)/d where the matrices Gi and Hi are submatrices of H:

Gi =



hm+(i−1)d,0 · · · hm+(i−1)d,m+(i−1)d−1

...
...

hm+id−1,0 · · · hm+id−1,m+(i−1)d−1


 (8)

Hi =



hm+(i−1)d,m+(i−1)d

...
hm+id−1,m+(i−1)d−1 · · · hm+id−1,m+id−1


 , (9)

where yi is the i-th block of d consecutive samples of y:

yi =



ym+(i−1)d

...
ym+id−1


 , (10)

and where ρ is the signal-to-noise ratio. The functionD(·) is the “decision function.” The decision
function forms bit decisions based on estimates of the SOQPSK waveform samples. A simple
“integrate-and-dump” decision function was used in the simulation results presented in the next
section, but better detection filters are available [9]. The functionM(·) is the “modulate” or “map”
function that produces samples of the SOQPSK waveform corresponding to the bit sequence that
forms its argument. This function follows from the basic definition of SOQPSK-TG [10].

The algorithm is initialized with ŝ0 computed as follows. Define the submatrix H0 and the subvec-
tor y0 as

H0 =



h0,0

...
hm−1,0 · · · hm−1,m−1


 y0 =



y0
...

ym−1


 . (11)
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where m = 4Nb. Compute ŝ0 using

s̃0 =
(
H†0H0 + ρIm

)−1
H†iy0

b̂ = D (s̃0)

q =M
(
b̂
)

ŝ0 =



q0
...

qk−1


 .

(12)

The algorithm (7) describes the process for generating equalized estimates of the samples of
SOQPSK-TG d samples at a time. These samples are, in turn, used to create estimates for the
bits b0, b1, . . . , b4+2i−1. The SOQPSK-TG waveform samples corresponding to b0, b1, . . . , b4+2i−1
are generated and used to reconstruct an estimate of the ISI. The ISI estimate is used to cancel the
ISI in the next step.

A more detailed description of (7) is as follows. At each step i, the next d samples from the
vector y form the d × 1 vector yi. The ISI estimate from the previous step, constructed using the
d × (m + (i − 1)d) matrix Gi and the (m + (i − 1)d) × 1 vector ŝi−1 from the previous step,
is subtracted from from yi to cancel the multipath contribution from yi. This creates the d × 1
vector ∆yi. This vector, together with the d × d matrix H is used to create the d × 1 vector of
waveform sample estimates s̃i. The vector s̃i is concatenated with the (m + (i − 1)d) × 1 vector
si−1 to form a (m + id) × 1 vector used to create estimates for the bits b0, b1, . . . , b4+2i−1. At the
last step, i = (N −m)/d, this is the equalizer output. For i < (N −m)/d, these bits are used to
construct the (m + id) × 1 vector ŝi comprising m + id SOQPSK-TG waveform samples. This
vector is stored an used for the next step.

Note that at each step, the vectors yi, ∆y, and s̃i are d × 1 vectors and Hi is a d × d matrix.
The sizes of the vector ŝi and the matrix Gi grow at each iteration. The matrices Hi and Gi are
submatrices of the matrix H—see (6), (8), and (9). The relationship of these submatrices to the
matrix H is illustrated in Figure 4.
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Figure 5: Simulated bit error rate versus signal-to-noise ratio for the decision-feedback equalizer
for SOQPSK-TG. The simulated bit error rate performance of the MMSE equalizer, described in
[5] is included for reference. (a) the helicopter flight-line channel; (b) the two-ray channel.
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PERFORMANCE

The performance of the decision-feedback equalizer for SOQPSK-TG described above was sim-
ulated for the two channels described in [5]. The first channel is representative of a helicopter
flight-line channel and is derived from channel measurements at Cairns Army Airfield, Ft. Rucker,
Alabama. The channel sounding experiments are described in [11]. The second channel is based
on the wideband channel model described in [12]. This model is based on the geometry defined by
the airborne transmitter, the ground-based receiver, and the terrain features.

The simulation results are presented in Figure 5. Figure 5 (a) presents the simulated bit error rate
versus signal-to-noise ratio performance for the helicopter flight-line channel; Figure 5 (b) presents
the simulated bit error rate versus signal-to-noise ratio performance for the two-ray multipath chan-
nel. The simulated bit error rate performance of the MMSE equalizer, described in [5] is included
for reference in both plots. Both sets of simulation results demonstrate that the decision-feedback
equalizer is about 1 dB better than the MMSE equalizer.

CONCLUSIONS

A block based decision-feedback equalizer for use with SOQPSK-TG was described. The mo-
tivation for this approach to equalizer is the promise of improved performance over frequency
selective multipath channels exhibiting deep nulls. The simulated bit error rate performance of
the decision-feedback technique shows a 1 dB improvement over MMSE-equalized SOQPSK-TG
over channels derived from multipath channel measurements at Cairns Army Airfield, Ft. Rucker,
Alabama and Edwards AFB, California.
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Abstract 
 

We describe a simple and effective coding scheme for insertion/deletion channels. It is based on 
runlength coding which converts a class of insertion/deletion channels that have infinite memory into 
memoryless channels, which are much easier to handle. Runlength coding is then combined with 
powerful error correction low-density parity-check (LDPC) codes designed for memoryless channels. 
We consider a novel applications of this technique in multimedia watermarking using quantization 
index modulation operating on the three dimensional mesh vertices. The runlength LDPC coding 
recovers the data hidden in the vertices removed by the process of mesh simplification. 
 
 

I. INTRODUCTION 
 

Synchronization errors occur in many data transmission and storage applications. Time 
misalignment between the transmitted and received data bits is difficult to handle, and even 
though such channels have been studied for decades, they are not characterized in terms of 
channel capacity, nor there exist a coding scheme that is believed to perform close to capacity. 
The main obstacle is that insertion/deletion channels have infinite memory. 
 
The design of error correction systems that compensate for insertion and deletion errors is a 
reach area. In its seminal paper Levenshtein [1] provided a number theoretic construction of 
codes capable of correcting a single error (synchronization error or error in bit-value). Ulman’s 
code [2] is a systematic form of Levenshtein code with no rate loss. Although a simple decoding 
algorithm for this class of codes exists [2], implementation is non-trivial for all but the smallest-
length codes. Varshamov and Tenengol’ts [3] designed a code for asymmetric channels which 
can correct a single asymmetric error. Helberg code [4] is a generalization of Levensheein code 
providing multiple insertion/deletion capability. However, it has low rate and no systematic 
decoding algorithm. 
 
A number of constructions is proposed that rely on the codes designed for substitution channels. 
Tonien and Safavi-Naini [5] constructed low rate multiple non-binary insertion/deletion 
correcting codes based on generalized Reed-Solomon codes and their subcodes. Dolgopolov [6] 
presented a non-binary linear codes to correct insertion/deletion errors, substitutions and erasures 
by purging the codewords from a linear substitution error correcting code. However, the alphabet 
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size must be larger than the codeword length. Ferreira et al. [7] use moment balancing templates 
to provide a single insertion/deletion correction capability to an arbitrary substitution error 
correcting code or a runlength limited code. However, these templates can only correct one error 
type per template codeword. Dolecek and Anantharam [8] presented a pruned first-order Reed-
Muller code, i.e. a linear subcode which can correct multiple substitution errors in the presence 
of a single deletion or a single repetition error. They also constructed an expurgated array-based 
low-density parity-check (LDPC) code that enhances the code’s substitution error capability in 
the presence of a single repetition error [9]. Landjev and Haralambiev [10] designed a multiple 
insertion/deletion correcting code by concatenation of the repetition code and the Levenshtein 
code. 
 
In the past decade the research interest have shifted towards codes that support iterative 
decoding. Mitzenmacher [11] considered non-binary LDPC codes together with verification-
based decoding algorithm. He proved that these codes are capacity approaching but the alphabet 
size is equal to the code length. Liu and Mitzenmacher [12] presented a code construction for a 
segmented deletion-only or insertion-only channel. Davey and MacKay [13] proposed 
watermark codes with a probabilistic decoding algorithm operating on a two-dimensional (2D) 
trellis for error-correction in insertion/deletion channels. Subsequently, marker codes based on a 
similar decoder was proposed by Ratzer [14]. These schemes, though observed to be powerful, 
rely on complex decoding algorithms which are not conducive to our applications. 
 
One of the difficulties in addressing the problem of code construction is the fact that channels 
with synchronization errors have infinite memory, i.e. a synchronization error affects all 
subsequent symbols. In this paper, we introduce a coding scheme by which it is possible to 
transform certain channels with synchronization errors into memoryless channels. This naturally 
leads to a information encoding scheme by which conventional error-correcting codes may be 
used to compensate for synchronization errors.  
 
We apply this concept to a secure watermarking scheme with guaranteed robustness to mesh 
optimization and simplification proposed in [15]. It combines sparse quantized index modulation 
(QIM) for data hiding with run-length modulated LDPC codes for recovering deleted watermark 
bits. The first step in the watermark recovery is detection of QIM bits, while the second step is 
deletion corection. A similar scheme was recently proposed by Coumou and Sharma [16] for 
audio signal watermarking. However, their method is based on the insertion/deletion/substitution 
correction scheme of Davey and MacKay [13] which combines marker codes for providing 
synchronization and LDPC codes for error correction. We provide simulation-based analysis of 
the watermark robustness subject to non-malicious transformations, namely mesh simplification. 
Mesh simplification deletes vertices, and the role of our codes is to mitigate this effect. 
 
The rest of the paper is organized as follows. The second section gives relevant QIM and Sparse 
QIM notations and definitions as well as solution for increasing watermark robustness to affine 
transformations. Section III presents principles of insertions/deletions correcting three-
dimensional (3D) watermark codes. Also, in this section we talk about Runlenght coding and 
LDPC coding. Finally, in fourth section we show numerical results of vertex deletion probability 
and error probability performance. 
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II. QUANTIZED INDEX MODULATION 
 
We start in this section with a brief discussion of the embedding and detection in QIM and sparse 
QIM. Then we introduce quantization of polar and spherical coordinates. The embedder 
combines the n-dimensional vectors u and x and produces the watermarked sequence y∈Rn, 
where u∈{0,1}n and x∈Rn are the watermark sequence and the cover sequence, respectively. The 
difference w=y-x  is the watermarking displacement signal and the embedder must keep the 
distortion d(x,y) within a prescribed limit, i.e., d(x,y) ≤ nD, where D is the maximum allowed 
distortion per dimension for every x and u. The distortion is typically defined as the simple 
Euclidian distance or the Hausdorff distance. 
 
The QIM operates on independently on the elements u and x of the vectors u and x. To embed 
the bit u∈{0,1}, the QIM requires two uniform quantizers Q0 and Q1 defined as the mappings 

 
1( ) ( 1) ( 1)

4 4
u u

u x x ∆  ∆ = ∆ − − + −   ∆ 
Q  (1) 

where, [ ] denotes the rounding operation, i.e. for a real x, [x] is the integer closest to x. Thus, the 
quantization level of the “nominal” quantizer ∆ [x/∆] is moved up or down by ∆/4 depending on 
the value of u. Equivalently, the watermark bit u dithers the input x by the amount ±∆/4. The 
watermark bit u determines the selection of a quantizer, so that y = Qu(x). The minimum error 
produced by QIM is ∆/2. Assuming uniform distribution of the quantization errors over the 
interval [-∆/2, ∆/2], the mean square error distortion is ∆2/12. 
 
Ignoring the 3D-object content in the QIM may leads to serious degradation because small 
Euclidean error may be perceived by the Human Visual System (HVS) as a large distortion. 
Thus, we choose the vector x so that the application of QIM does not change visual quality [15]. 
Then, the QIM, spreads out the watermark bit over of the most favorable vertices of the cover 
signal x. 
 
To increase the watermark robustness to affine transformation, spherical coordinates are used 
[17] and [15]. The default orientation and position of the cover 3D mesh is obtained by the 
following procedure. If V is a set of vertices in the 3D Euclidean space and an oriented edge 
from point u to point v is defined as the ordered pair (u,v), then F is a set of faces and 3D mesh is 
defined as a pair (V, F). The mass center of the vertices in the set V is calculated as 

 
1

| |
c C

v
v VV ∈

= ∑k u  (2) 

where ( , , )C
v v v vx y z=u  is the position of the vertex v given in Cartesian coordinates, and |V| 

denotes the size of the set V. Following [17] and [15], to ensure invariance to translation and 
rotation, the coordinate system is changed by translating the coordinate origin to the mass center 

ck , and by aligning the principal component vector with the z-axis. After the translation, the 
vertex positions in the new Cartesian coordinate system are C C c

v v= −v u k  where ' ' '( , , )C
v v v vx y z=v . 

The 3D mesh is then rotated to align the principal component vector of the vertices with the z-
axis, thus achieving robustness against rotation. Eigenvector that corresponds to the largest 
eigenvalue of the vertex coordinate covariance matrix is the principal component axis. 
Converting the Cartesian coordinates of the point v to spherical coordinates we achieve 
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robustness to uniform scaling and we have ( ) ( ),   arccos / ,   arctan /v v v v v v v v v vr x y z z r y xθ ϕ= + + = = , 
wherein [0, )vr ∈ ∞ , [0, ]vθ π∈ and [0,2 )vϕ π∈ , are the radial distance, inclination angle, and the 
azimuth angle, respectively of the point v. Thus the vertex position in spherical coordinates are 

( , , )S
v v v vr θ ϕ=v . The original variant of the QIM operates only on the radial distance from the 

center of mass, i.e., moves a point v with the coordinates ( , , )v v vr θ ϕ  to a point ( ( ), , )
vu v v vr θ ϕQ , 

where uv is the bit hidden in the point v. The new center of the mass 'ck  of the watermarked 
object has the following Cartesian coordinates: ' '

1
( )sin sin

i

c c
u i v vi n

x y r ϕ θ
≤ ≤

= = ∑ Q  and 
'

1
( ) cos

i

c
u i vi n

z r ϕ
≤ ≤

= ∑ Q . If a hidden binary sequence contains equal number of zeros and ones and 
if the vertex positions are uncorrelated with the quantization levels, then for a sufficiently large 
object ' ' '( , , )c c cx y z converges to a zero vector. The above conditions are satisfied in practice, and 
the watermarked object is therefore invariant to affine transformations. 
 

III. INSERTION/DELETION CORRECTING WATERMARK CODES 
 

In this section we present the QIM watermarking employing LDPC codes for vertex deletion 
detection. The encoding proceeds as follows. After an optimizing probability of zeros and ones 
in Distribution transformer, watermark signal is encoded by binary LDPC code, and converted to 
runs. The next block of our system is Synchronization Error Channel, whereby watermarking 
process is completed and signal is prepared for transmission through the channel. Watermark 
retrieving process implies subprocesses of QIM and Runlenght bit detections as well as LDPC 
and Distribution decoders. The subsections of paper explain the essential blocks of the system. 
 
We have already mentioned that channels with synchronization errors have infinite memory. 
Therefore, we use a coding scheme which enables to transform certain channels with 
synchronization errors into memoryless channels. The next subsection explains such encoding, 
called runlength coding. 
 

A. Runlength coding 
 
Transformation of channel with infinite memory to a memoryless channel, represents the bits at 
its input by runs of bits. The runlenghts are selected according to channel synchronization 
statistics and represent zeros and ones. We explain the main idea considering a case in which 
binary zeros are represented by runs of length two, and binary ones with runs of length three 
[18]. If the sequence of information bits is b =(0, 1, 1, 0, 1, 1), then the runlength encoded 
sequence c is initialized c=(11 000 111 00 111 000).  
 
In our case the runlength sequence is embedded into selected vertices of a 3D object by using 
sparse-QIM: first, the watermark binary sequence is processed in the distribution transformer to 
optimize probability of zeros and ones, and encoded by a binary LDPC code. Then, conversion 
to runs and transmission through the channel are realized. 
 
Symbols have different lengths, thus optimizing probability of symbols is necessary. The 
maximizing the mutual information, I(X;Y), between the input alphabet X and the output 
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alphabet Y, over all input distributions of X. determines the Shannon capacity of memoryless 
channels, which is in discrete case obtained by maximizing the mutual information, I(p), over all 
input probability distribution vectors p=( p(x)) x∈X. 
 
If the costs of transmission of different symbols are not equal, for the channel where symbol 
lengths are not equal, c(x) as length of symbol x, can be viewed as the cost of transmission of the 
symbol x . If we define c, the transmission cost vector, c=( c(x))x∈X. In such channels, we use the 
notion of unit-cost capacity [19] defined as max ( ) / T

unitC I= p p cp  The capacity is a function of the 
synchronization error probability as well as the size of the input alphabet X. A spectrum of 
transmission schemes can be obtained by changing the alphabet-size at the input. In general, for 
a channel C, with information alphabet X, we can calculate an associated unit-cost capacity C(C; 
|X|), and determine optimal capacity-achieving input probabilities. Subsequently, the data is 
encoded by using an error-correcting code and then, as described previously, the information 
symbols are encoded in runs of channel bits. 
 

B. LDPC code decoding 
 
Let C be an (n, k) LDPC code over the binary field GF(2). C is defined by the null space of H, an 
m × n parity-check matrix of C. H is the bi-adjacency matrix of G, which is a Tanner graph 
representation of C. G is a bipartite graph with two sets of nodes: n variable (bit) nodes V = {1, 
2, … , n} and m check nodes C = {1, 2, … , m}. A vector x = (x1, x2, … , xn) is a codeword if and 
only if xHT = 0, where HT is the transpose of H. In this paper we consider (dv; dc)-regular LDPC, 
i.e., codes with Tanner graphs G in which all variable nodes have degree dv, and all check nodes 
have degree dc. Such codes have rate R≥1-dv/dc [20]. 
 
The parity-check matrices of structured LDPC codes are arrays of permutation matrices obtained 
from Latin squares. A permutation matrix is a square binary matrix that has exactly one entry 1 
in each row and each column and 0’s elsewhere. Our codes (see [21] for details) make use of 
permutation matrices that have disjoint support. The runlength coding leads to a scheme in which 
conventional error-correcting codes may be used to compensate for insertion/deletion errors. In 
this section, based on our work in [18], we give a brief description of the system model 
synchronization-error channel and we consider and explain how information may be reliably 
transmitted through this channel. 
 
Iterative decoding can be visualized as message passing on a Tanner graph [22]. The sum-
product algorithm takes a priori information of the bit at position j, (0)

jµ  as the log-likelihood 
ratio of the i-th bit, log(P(xi = 0| ri)/P(xi = 0| ri)), where P(xi = 0| ri) is the a posteriori probability 
of the bit xi being zero given the received symbol ri. The messages passed from variable node j to 
check node c in the bipartite graph, (0)

,j cλ , are initialized to (0)
jµ . In i-th iteration we update the 

messages to be passed from check node c to bit node j, ( )
,
i

c jΛ , as , and messages to be passed from 
bit node j to check node c, ( )

,
i

j cλ , according to ( ) (0) ( )
, ,
i i

j c j d jd c
λ µ

≠
= + Λ∑ . The last step in iteration i is to 

compute updated log-likelihood ratios ( )i
jµ according to ( ) ( ) ( )0

, .i i
j j c jc

µ µ= + Λ∑  For each bit j the 
estimation is made according to ˆ 1jx =  if ( ) 0.i

jµ <  and ˆ 0jx =  otherwise. The procedure halts when 
a valid codeword is generated or a maximum number of iteration has been reached. 
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We consider a channel with binary input and output alphabets. A bit may be inserted with a 
probability pi, deleted with a probability pd, or correctly transmitted with a probability 1-pi-pd.  
In the context of 3D watermarking, the channel introduces only deletions (pi = 0). We also 
assume that no two consecutive vertices are deleted in the process of simplification. This 
assumption is justified by the fact that the Ordered Statistics Vertex Extraction and Tracing 
Algorithm (OSVETA) [23] selects stable vertices, and two consecutive vertices are deleted 
extremely rarely. In other words, the space between two consecutive deleted vertices is 
sufficiently large, i.e. there are no bursts of synchronization errors. Separation of synchronization 
errors within a codeword may be also achieved by interleaving, i.e. by proper indexing of 
vertices. Consequently, we consider a variant of the channel described above in which the 
number of consecutive synchronization errors is restricted and operates on individual runs of 
binary sequences. Here, we define the term run in a binary sequences as an occurrence of k  
consecutive, identical symbols. 
 
We denote a channel   with the parameter sd, which is the maximum number of consecutive 
deletions as (0, sd). It is a special case of the channel we introduced in [18]. The probability of j 
consecutive deletions is ( pd)j for j= 1, … , sd. In each run of zeros or ones, only one of the sd + 1 
error events occurs, namely, (i) error-free transmission, or (ii) deletion of sd bits, j= 1, … , sd. We 
do not consider errors in bit-values introduced by channel since we consider only common 
transformations. In general, these parameters may be chosen to match the behavior of the object 
in which we hide the watermark. Consider the channel   with parameters (pd, s), having input x. 
As we have shown in [18] if all the runs in x have lengths greater than s, then the number of runs 
in any output y produced by   is equal to the number of runs in x. Summarizing, when 
transmitted through  , each run of st bits, st > s, results in a run of j bits, j = st −s,…, st . This 
observation leads naturally to an encoding scheme where symbols are encoded in runs of bits. To 
explain this, consider a channel with sd = 1. At the receiver, the length of each run is counted in 
order to determine the output symbol. We note that at the receiver, the lengths of runs may 
change due to deletion. Nevertheless, a correct choice of runlengths (more precisely, by choosing 
runlengths greater than s) assigned to information symbols can lead to the ith information symbol 
corresponding exactly to the it run of channel bits. As we noted in [18], an important 
consequence of such an encoding scheme is that transmission through the synchronization-error 
channel can now be represented as that of transmission through a memoryless channel. That is, 
any synchronization-error manifests as an error in the corresponding output symbol, and does not 
affect other symbols. Thus, classical error-correcting codes can be used to compensate for such 
errors. 
 
The encoding scheme described above results in a discrete memoryless channel with the set of 
input symbols l0 and l0+1 (the runlengths corresponding to the input bits 0 and 1), the set of 
outputs of the channel correspond to the all the possible values of runlengths at the receiver, i.e. 
{l0-1, l0 and l0+1} and transitions that are possible only if output runlength is equal to the input 
or shorter by one. It is easy to see that this methodology is not restricted to encoding of binary-
valued sequences, and can be easily extended to larger alphabets. For example, an input 
sequence is grouped into pairs of symbols (00, 01, 10 and 11), and then each pair is represented 
by a unique runlength (00 by runlength 2, 01 by runlengt 3 etc.). For example, an input sequence 
0101001011 is parsed as 01, 01, 00, 10, 11 and then runlength encoded to obtain the sequence 
000,111,00,1111,00000. 
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IV. NUMERICAL RESULTS 
 
For all further computations we use results of vertex stability in relation with optimization 
process obtained by OSVETA [23] for the Naissa by Bata [24] 3D mesh model. For comparison 
and evaluation we have used 'Optimize' modifier from 3D Studio Max 2012 application [25]. 
 
Experimental tests of stability 1000 vertices, selected by OSVETA algorithm compared to the 
randomly allocated group of 1000 vertices showed the superiority of our approach compared to 
random selection of vertices. The results are summarized in Table 1. 
 
 

TABLE 1  THE NUMBER OF VERTICES DELETED BY OPTIMIZATION OF VARIETY FACE THRESHOLD 
VALUES, USING RANDOM AND OSVETA SELECTION ALGORITHMS 

 
The first row gives the total number of vertices remaining after simplification with a given Face 
Threshold (FT). The second and third row give the number of removed vertices out of 1000 
vertices selected randomly and selected by the OSVETA. The nonzero numbers in the FT=0 
column correspond to the total number of vertices in the original object. Probability of vertex 
deletion as a function of the face threshold is shown in Figure 1. 
 

 
 

Figure 1.  Probability of vertex deletion pd  as a function of the face threshold for the random selection of vertices 
(white markers), and vertices selected by OSVETA (black markers). 
 
 
The important fact is that the OSVETA provides an extremely low probability of deleting two 
consecutive selected vertices. Actually, in 1000 selected vertices of all optimization levels we 
did not find any deleted pair of consecutive vertices. This justifying to the (p,1) deletion channel 
assumption. 

 FT=0 FT=2 FT=4 FT=6 FT=8 FT=10 

Total number of vertices 33465 25334 17472 12146 8588 5870 

Random 0 276 495 654 760 845 

OSVETA 0 3 21 44 77 156 
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A. Capacity Estimates 
 
In order to determine bounds on the achievable rate of error correcting codes that may be used, 
we need to calculate the capacity of these channels. In this subsection, we investigate the 
capacity limits of channels described above. 
 
For a channel  , with information alphabet X, we can calculate an associated unit-cost capacity 
C( ; |X|). These capacities constitute lower bounds on the capacity of  . As the symbol costs 
(runlengths) are not uniform, the maximizing input distribution dictates that symbols with low 
transmission-cost have a higher probability than those with high cost. Figure 2. shows the 
optimal runlength probability distribution as a function of deletion probability p for |X|=2, and 
runelngth l0 =2 and l0+1 =3. 
 

 
 

Figure 2.  Optimal input runlength probabilities for the channel with |X|=2, and runlength l0 =2 and l0+1 =3.  
Capacity estimates for the Channel 2 ((0, p, 2; 2)). 
 

B. Probability of Error Performance 
 
In order to demonstrate the feasibility of implementation of our encoding methodology, we 
conducted experiments to simulate transmission of coded information through the channel (p, 1).  
 
For our simulations, we chose synchronization-error probability (p) ranging from 0:01 to 0:05. 
Two codes were chosen as candidates for simulation. The codes were constructed by methods 
described in [26], and provide guarantees on error-correction capability under iterative error-
correction decoding for BSC. The code parameters (code length, n, and the number of message 
bits, k) are as follows: n = 2212, k = 1899, Reff = 0.34 for Code 1, and n = 848, k = 661, Reff = 
0.32 for Code 2, where Reff denotes the effective rate, i.e. the number of information bits 
transmitted per channel use. For simplicity, in the simulations the equiprobable inputs are used.  
 
Since the average cost of a bit transmission is 2.5 (symbols of duration 2 and 3 are used half of 
the time in average), there runlength coding introduces a rate loss of 2/5. The Effective rate is 
thus Reff = (2/5)R where R is the rate of the LDPC code. 
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On Figure 3. [15] the bit-error rates (BER) and frame-error (FER) rates are shown with respect to 
the vertex deletion probability parameter p. Sum-product algorithm was used for decoding the 
codes. For example to ensure that at most one in a million vertices is unrecoverable (BER≤10-6 ) 
by an LDPC code (Code 1), the OSVETA has to provide a raw deletion probability of no more 
than p=0.02. From Figure 1 we see that this is readily achieved when face threshold is less than 
6. The proposed scheme handles even higher FT if the maximum BER requirement is relaxed. 
 

 
 

Figure 3.  Codeword probability of error as a function of deletion probability p for codes of different lengths and 
rates. 
 
We note that the input distribution is not optimized, i.e. the inputs were uniformly distributed. 
We also note that the use of distribution transformers introduce additional loss in the effective 
rate. However, a detailed discussion of this is beyond the scope of this analysis. We also note 
that although effective rates of codes for binary alphabet are low, by using codes over higher 
alphabets superior guarantees on maximum achievable rates may be obtained. This problem is 
left for future research. 
 

V. CONCLUSIONS 
 
A combination of QIM and error correction coding is an essence of the our 3D mesh 
watermarking method, which we have presented in this paper. Stabile vertices are selected by 
OSVETA algorithm, whereupon QIM is performed on spherical coordinates of these vertices. 
Runlength-encoded watermark bits are subjected to error correction code that ensures recovery 
of bits which are deleted by simplification. The runlength coding also makes the watermarking 
process equivalent to a memoryless channel and its conceptual simplicity allows using powerful 
codes that has developed for these channels. 
 
Carefully designed low-density parity check codes give the strength of the proposed 
watermarking coding scheme. The sophisticated OSVETA algorithm provides a low probability 
of selected vertices deletion, whereas iterative decoding algorithm represents a computational 
simplicity in recovering of vertices, which are deleted by simplification process. 
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ABSTRACT

In this paper, we investigate an adaptive decode-and-forward (DF) cooperative diversity scheme
based on bit interleaved coded modulation with iterative decoding (BICM-ID). Data bits are first
encoded by using a convolutional code and the coded bits after an interleaver are modulated be-
fore transmission. Iterative decoding is used at the receiver. Optimized constellation mapping is
designed jointly for the source and the relay using a geneticalgorithm. A novel error performance
analysis for the adaptive DF scheme using BICM-ID is proposed.The simulation results agree well
with the analytical results at high signal-to-noise ratio (SNR). More than5.8 dB gain in terms of
SNR over the existing mappings is achieved with proposed mappings.

KEY WORDS

Coperative diversity, decode and forward, optimized mapping, iterative decoding.

INTRODUCTION

Diversity techniques can combat the detrimental effects ofmultiplicative time selective fading in
wireless communication systems [1]. In particular, spatial diversity is of special interest where mul-
tiple antennas are used at the transmitter and/or at the receiver sides, as in multiple-input multiple-
output (MIMO) systems. It is known that MIMO systems can be utilized for enhancing the capacity
and error performance of a communication system [2]. On the other hand, the application of MIMO
technology to cellular and ad hoc networks often faces the practical problem of installing multiple
antennas at the terminals with severe space limitations. This limitation can be overcome through
cooperative diversity schemes [3]- [5]. The basic idea of this strategy is that when a transmitter
wants to transmit its information, it takes help from nearbysingle-antenna terminals to coopera-
tively transmit its information to the destination, thus forming a virtual multi-antenna system. In
this process, the cooperating terminals act as relays for the source.

Various relay strategies have been proposed for the cooperative diversity networks, with the two
most popular schemes being decode-and-forward (regenerative) and amplify-and-forward (non-
regenerative) schemes. In the decode-and-forward (DF) scheme, each relay decodes the received
signal transmitted by the source, re-encodes it and then forwards to the destination again [6],[7].
The destination combines the signals received from the relays and the source, and decodes the infor-
mation. Amplify-and-forward (AF) is a simpler scheme [1], where the relay amplifies the received
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signal and forwards to the destination.

Both schemes of relaying are suitable for using higher order modulation at the source and the re-
lay. Higher order modulation can increase the efficiency of transmission. Bit-interleaved coded
modulation (BICM) is a well established technique used for higher order modulations [8], [9]. In
BICM, the coded bits after a forward error correction (FEC) encoder are interleaved using a bit
interleaver. The interleaved data is then transmitted after proper modulation. At the receiver, the
demodulator calculates soft information about the coded bits from the received symbols, and the
decoder decodes the information bits through iterations with the demodulator. The information rate
and error probability analysis of BICM was illustrated in [10]. The authors in [11] proposed BICM
with iterative decoding (BICM-ID) which gives significant error performance improvement over
non-iterative BICM decoding.

In this paper, we focus on DF cooperative diversity scheme using BICM-ID over Rayleigh fading
channels. The authors in [6] and [7] study the outage probability and error analysis of DF schemes.
The performance of cooperative networks using BICM-ID is analyzed in [12], where M-ary phase
shift keying (M-PSK) modulation is used. The authors in [13]investigate the error performance of
BICM system over a non-orthogonal amplify-and-forward (NAF)half-duplex single-relay channel.
In related works, constellation rearrangement (CoRe) has been considered to improve the received
signal quality in hybrid automatic repeat request schemes [14], [15]. Our work is different from the
rest of the work in the sense that we present new constellation mappings for BICM-ID when used
in DF relay networks. To find the combined optimized symbol mappings at source and relay, we
propose to use genetic algorithm. A new cost function is derived for this purpose. We also present
novel error performance analysis for the adaptive DF schemeusing BICM-ID.

SYSTEM DESCRIPTION

We consider a dual-hop cooperative communication network where information is transmitted from
a sourceS to a destinationD over a fading channel. A relay terminal R will assist the destination to
receive a second copy of the original signal through the fading channel linksS − R andR −D as
shown in Fig.1. All the terminals are equipped with a single antenna and no terminal can transmit
and receive at the same time. We assume that the perfect channel-state information is available at
each receiver, but not at the transmitter. At the transmitter, the coded bits{vi} after the interleaver
are divided into groups of sizem bits, for example,v = (v1, ...., vm) denotes such a group. Each
group of bits is then mapped to a complex channel symbolx = µ(v) chosen from anM -ary con-
stellationχ, whereµ denotes bit pattern to the constellation point mapping.

In the first time slot, the source transmits signalx and the signals received by the destination and
the relay are respectively given by

yS−D = h
√

Esx+ nD1

yS−R = f
√

Esx+ nR1 (1)

whereEs is the average energy of the signal transmitted from the source,h andf are the channel
gains withE{|h|2} = E{|f |2} = 1, andnD1 , nR1 are zero mean additive white Gaussian noise
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Fig. 1. Cooperative Communication model with a source, destination and a single relay.

(AWGN) terms with two-sided power spectral density (PSD)No,h/2 andNo,f/2 respectively for
the linksS-D andS-R respectively.

There are two types of DF relaying strategies: (i) A fixed DF Scheme, where the relay detects
the received signal and always forwards the data to the destination after encoding. Although this
scheme is simple, it gives adverse effect of cooperation if the data is not detected correctly at the
relay. (ii) An adaptive DF Scheme, where the relay detects and decodes the received signal only
if the signal to noise ratio (SNR) is above a reference SNR level, and then it forwards the decoded
data to the destination after encoding it again. Otherwise,it keeps silent in the second phase of
transmission. Therefore possible erroneous transmissioninduced by the relay in fixed DF scheme
can be avoided.

In this paper, we consider the adaptive DF scheme. We assume the ideal case in which the relay
knows whether the received signal is decoded correctly or not. The forwarding decision at the
relay is made on the basis of this knowledge. When the relay assists the source by transmitting the
information, the signal received at the destination from the relay is given by

yR−D = g
√

Erx+ nD2 (2)

whereg is the channel gain withE{|g|2} = 1 andnD2 is AWGN with two-sided PSDNo,g/2.
For simplicity, we consider the case where both source and relay are allocated equal energy, i.e.,
Es = Er = ET/2. The received signal is demodulated and decoded iteratively at each receiving
terminal. The receiver consists of an interleaver (π), a deinterleaver (π−1), a soft demodulator and a
soft-input soft-output (SISO) decoder as shown in Fig. 2. Weuse pseudorandom interleavers which
satisfy the conditions given in [11].

As given in [16], the SISO decoder uses maximuma posteriori probability (MAP) algorithm.
Let the input and the output of a SISO module be represented byI andO respectively. Extrinsic
information of the coded bitsP (v;O) andP (c;O) is exchanged between the demodulator and
the SISO decoder iteratively through a feedback loop, wherethe lettersc andv denote the coded
bits before and after the interleaver respectively. After deinterleaving,P (v;O) becomesP (c; I),
a priori information at the input of the SISO decoder. Similarly,P (c;O) after interleaving becomes
P (v; I), a priori information at the input of the soft demodulator. After a number of iterations, the
totala posteriori probability of the information bitsP (u;O) is calculated to make the hard decision
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Fig. 2. Block diagram of receiver.

at the output of the decoder. For a received signaly, the extrinsic information [9] of the coded bits
is calculated as

P (vk = b;O) =
∑

x∈χi

b

(

p(y|x)
∏

j 6=i

P (vj = vj(x); I)

)

(3)

wherevj(x) ∈ {0, 1}, 1 ≤ j ≤ m, is the value ofjth bit in the label of transmitted symbolx and
χi
b is the subset ofχ whose label has the binary valueb at theith bit position.

MAPPING OPTIMIZATION

Symbol mapping is crucial to the performance of a BICM-ID system. An optimized mapping could
be found through an exhaustive search, but it is too complex for higher order modulation since
we have to check(2m)! different possibilities. To address this issue, several techniques have been
investigated in the literature. A binary switching algorithm is proposed in [17], where a list of
symbols is generated and the index of a symbol with the highest cost is switched with the index
of another symbol which gives the maximum decrease in the cost. This process of switching is
repeated until there is no further reduction in the total cost. The authors in [18] use a tabu search
algorithm to find the optimized mapping. In our work, we use a genetic algorithm [19] to find the
optimal mapping at the source and the relay.

Cost Function

To find the cost function, we use the analytical error bound expressions. The idea here is to min-
imize the total cost for the joint mappings at source and relay by switching the symbols of relay
mapping and keeping source mapping fixed. First, we find an optimized mapping for the source by
using the genetic algorithm. As given in [19], the cost function F used in the genetic algorithm is
based on the Chernoff bound [10] and is given below for a Rayleigh fading channel.

F =
1

m2m

m
∑

i=1

1
∑

b=0

∑

Sk∈χ
i

b

∑

Ŝk∈χ
i

b̄

1

‖Sk − Ŝk‖2
(4)

whereŜk denotes the transmitted symbol whose label differs only at position k compared to the
label ofSk, χi

b represents the set of constellation points, and the setχi
b̄

contains the corresponding
points that differ from the points inχi

b at theith bit position.

To find the optimized mapping for the relay, we keep the sourcemapping fixed as obtained from

4



the cost expression (4). We then optimize the relay mapping based on the following cost function.

F c =
1

m2m

m
∑

i=1

1
∑

b=0

∑

Sk∈χ
i
b

Rk∈χ
i

b

∑

Ŝk∈χ
i
b̄

R̂k∈χ
i

b̄

(

1

‖Sk − Ŝk‖2
× 1

‖Rk − R̂k‖2

)

(5)

whereSk andRk are the symbols for source and relay mappings respectively.

Genetic Algorithm

In this section, we describe the genetic algorithm (GA) usedfor mapping optimization. The GA is
a popular heuristic algorithm to solve optimization problems. After formulation of the problem in
genetic representation with a fitness function, the algorithm is initialized with a population size of
Npop random mappings (solutions). The GA then improves the population through repetitive use of
selection, crossover and mutation operations.

The selection operator is used to select the fittest solutionfrom the population. There are many
selection schemes available to select the superior solution out of available solutions. One of the
popular selection schemes is the tournament scheme which isused here. It selects the superior so-
lution from randomly selected two or more solutions. Selection operator selects theNbest = ps.Npop

mappings for further operations, whereps denotes the fraction for selection.

Crossover operation is used for breeding. The crossover operator randomly selects two mappings
(known as parents) from theNbest mappings for breeding. The two parents are selected randomly
from theNbest mappings other than the best mapping. The crossover operator creates two children
by combining subparts of the selected two parents. The cost of the generated children are evaluated.
If a child has a lower cost than the cost of its direct parent, then the parent is replaced by the child.
If the child’s cost is higher than its parent cost, then the mutation process is started.

The mutation operator exchanges the two randomly selected positions of the selected solution with
a given probabilitypmut. During the mutation process, a total ofL solutions are generated and the
cost of each is evaluated. If any of the mutant has a lower costthan a parent, then that parent is
replaced by this mutant otherwise it will replace the worst solution present in the population.

In each generation, many new solutions are generated and there are chances of having duplicate so-
lutions present in the population. After creating a certainnumber of generations, a culling process
is performed. During the culling process, the duplicate entries are deleted from the population and
new solutions are generated randomly and added to the population to keep its size constant.

The GA algorithm is run for a specified number of generations(nGen) and the mapping with min-
imum cost value is selected as the optimum mapping. The parameters used in our implementation
are:Npop = 100, ps = 0.4, pmut = 0.02 andnGen = 10, 000. Fig. 3 shows the flow chart of GA to
solve the problem of finding optimal symbol mappings. The optimized mappings thus obtained for
the source and the relay are shown in Fig.4.
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Fig. 3. Flow chart for the GA to find the optimized symbol mapping.

(a) 16-QAM Mapping at Source
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Fig. 4. Optimal symbol mappings obtained at high SNR for 16-QAM modulation at (a) source and (b) relay.

ERROR ANALYSIS OF THE PROPOSED SCHEME

In this section, we derive expressions for the end-to-end bit error rate for the adaptive DF scheme.
As discussed in [7], the error probability for a general DF scheme can be written as

Pe2e(e) = P (dec)× Pdiv(e) + (1− P (dec))× Pnodiv(e) (6)

whereP (dec) is the probability that the relay decides to decode and forward,Pdiv(e) is the proba-
bility of error in case of combined diversity reception at the destination due to the source and the
relay, andPnodiv(e) is the probability of error at the destination when no message is forwarded from
the relay. For adaptive DF case,P (dec) can be written as

P (dec) = 1− FER(S−R) (7)

whereFER(S−R) is the frame error rate (FER) at relay. The FER expression is given later in (14).
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To findPnodiv(e), we will calculate bit error probability for theS-D link. Consider a single channel
BICM-ID case and develop an asymptotic error analysis based onerror-free feedback [9], [10]. Let
X be the true and̂X be the erroneous symbol sequences with a Hamming distanced between the
true and the erroneous codeword sequences. Leth = [h1, h2, ...., hd] represent the complex channel
values corresponding to thed symbols. The conditional pairwise error probability (PEP)between
the true and the erroneous symbol sequences givenh for a single channel [20] is given by

P (X → X̂|h) = Q





√

√

√

√

1

2No

d
∑

l=1

|hl|2||Xl − X̂l||2


 (8)

whereXl andX̂l are the true and erroneous symbols at thel-th position of the true and erroneous
symbol sequences respectively, andQ(γ) = 1/

√
2π
∫∞

γ
exp(−y2/2)dy is the Gaussian tail proba-

bility. We further simplify the PEP expression for Rayleigh fading channels by using the following
Gaussian probability integral.

Q(τ) =
1

π

∫ π/2

0

exp(−τ 2/2 sin2 θ)dθ (9)

Now averaging (8) over Rayleigh random variable sequenceh by using (9) we get

P (X → X̂) = Eh[P (X → X̂|h)] (10)

whereEh[·] denotes averaging over the vectorh. Averaging over only one channel coefficienth of
the vectorh, we getEh[exp(−τh2)]=1/(1 + τ). Then (10) can be evaluated as

P (X → X̂) =
1

π

∫ π/2

0





d
∏

l=1

(

1 +
1

4No

||Xl − X̂l||2
sin2 θ

)−1


 dθ (11)

The average PEP depends upon the Hamming distance, mapping and constellation of the symbols
and here we assume that the symbols inX andX̂ differ in only one bit.

The bound for bit error rate (BER) for simple BICM-ID system employing a rate-kc/nc convolu-
tional code is given by

Pnodiv(e) ≤
∑

i

∑

d

i

kc
A(i,d)P̄ d1

1 P̄ d2
2 . . . P̄ dm

m (12)

whereA(i,d) is the information weight covering the error events with input weighti and output
weight d = [d1, d2, · · · dm], anddk, 1 ≤ k ≤ m, is the output Hamming weight of the error
pattern corresponding to thek-th bit position of the symbol bit label. The average probability P̄k as
explained in [21], is obtained from (11) considering only thek-th bit position as

P̄k =
( 1

2m

)

∑

x→x̂(k)

1

π

∫ π/2

0

(

1 +
1

4No

||x− x̂
(k)||2

sin2 θ

)−1

dθ (13)

Similarly, the bound on FER can be found from (12) as

FER ≤
∑

i

∑

d

A(i,d)P̄ d1
1 P̄ d2

2 . . . P̄ dm
m (14)
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We can also defineFER(S−R) = min(1, FER), since FER can be considered as the probability that
relay does not decode and forward. In the case of diversity, we keep the total energy constant, i.e.,
the source and the relay are allocated half of the total energy for one relay scenario. To findPdiv(e),
the probability of error for cooperative diversity transmission when relay decodes successfully, we
extend (13) for two channels as

P̄c,k =
( 1

2m

)

∑

x→x̂(k)

1

π

∫ π/2

0

(

1 +
1

4No,h

||x− x̂
(k)||2

sin2 θ

)−1

×
(

1 +
1

4No,g

||x− x̂
(k)||2

sin2 θ

)−1

dθ (15)

Similarly, the bound on BER for cooperative diversity case isgiven by

Pdiv(e) ≤
∑

i

∑

d

i

kc
A(i,d)P̄ d1

c,1P̄
d2
c,2 . . . P̄

dm
c,m (16)

Now by substituting (16), (12) and (7) in (6) we can find a closed form expression for the end-to-end
error probability of the adaptive DF scheme for Rayleigh fading channels.

NUMERICAL RESULTS AND DISCUSSIONS

A rate1/2 convolutional code with encoder polynomial[5, 7] in octal notation is used. Each input
uncoded data block length is 2002, and the interleaver length is 4008. Independent Rayleigh fading
channels are assumed betweenS-R, R-D andS-D links. Total power transmitted is kept constant
for all scenarios, i.e., for the scenario withN relays, the source and each relay gets a fraction of
1/(N + 1) of the total power . All the BICM-ID simulation results use8 iterations.
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Fig. 5. BER comparison of the existing mappings CoRe-I [14],CoRe-II [15] and the proposed mappings at the source
and relay.

Fig. 5 shows the BER performance comparison of adaptive DF scheme using our proposed 16-
QAM mappings with existing mappings. More than5.8 dB gain in SNR is observed at a BER of
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about10−8 by using proposed mappings over the existing mappings. Notethat the analysis results
were derived with approximations that are valid only in the high SNR region. Therefore, the anal-
ysis and simulation results agree only at high SNR.

0 2 4 6 8 10 12
10

−9

10
−8

10
−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

SNR (dB)

B
it 

E
rr

or
 R

at
e

 

 

Analysis (no relay)
Analysis (one relay)
Analysis (two relays)
Simulation (no relay)
Simulation (one relay)
Simulation (two relays)

Fig. 6. BER performance with no relay, single relay and two relays.

To see the effect of using relay on the error performance, in Fig. 6, we show the BER performance
of adaptive DF scheme without relaying, with one relay and with two relays using optimized map-
pings. An improvement of more than1.8 dB in SNR is observed by using one relay at a BER of
about10−8, and a further gain in SNR is expected by using a second relay for lower BER values.
We found the optimized symbol mapping for second relay by keeping the source and the first relay
mappings fixed as obtained from the cost expression (5).
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Fig. 7. Error performance of the proposed scheme with and without relay in a block fading channel.

Finally, in Fig. 7 we show the simulation results of our proposed scheme with and without relay in
the presence of block fading channel. At an FER value of10−3, more than9 dB improvement in
SNR is observed for single relay network over non-relay network.
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CONCLUSIONS

An adaptive decode and forward cooperative diversity technique using convolutional codes and
BICM-ID is investigated. Optimized constellation mappings are designed for the source and the
relay. Genetic algorithm is used to find the optimized mappings and a new cost function is derived
for the algorithm. A novel error performance analysis for adaptive DF scheme using BICM-ID is
proposed. More than5.8 dB gain in SNR is observed by using proposed optimized mappings over
the existing mappings.
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