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ABSTRACT

An explicit derivation is given for the electromag
netic coupling of grounded wires on the surface of a two- 
layer earth with each layer having independent, complex 
horizontal and vertical conductivities»

An existing program that calculates the EM coupling 
of grounded wires for the isotropic complex resistivity case 
is e x t e n d e d  to c a l c u l a t e  m o d e l s  wi t h  a n i s o t r o p i c  
resistivitieso Numerical results are computed for multi- 
frequency dipole-dipole IP measurements on one and two-layer 
models. Distinctly different coupling curves occur when the 
ratio of the horizontal to vertical conductivity is greater
than or less than one.
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CHAPTER 1 

INTRODUCTION

Induced polarization (IP) is an electrical method of 
geophysical exploration that has been used in the search for 
minerals, oil and ground water„ The widespread use of the 
method is indicated by the many books and scientific arti
cles that have been published relating to the method„ Texts 
covering the basic theory and practice of IP are notably 
those by Wait (1959a), Sumner (1976 ), and Bert in and Loeb 
(1 976 ). The method was basically developed in the late 
1 940's and early 1950 1 s, after it was recognized that strong 
IP responses were associated with rocks that contained the 
oxides and sulphides of some economically important metals. 
Over the last thirty years, with improvements in the meas
urement techniques and instrumentation, the detection of 
subtle variations in IP response has become possible.

The basis of the technique is the measurement of a 
quantity related to the frequency dependence of the electri
cal resistivity of the ground. Measurement procedures are 
similar to those used in the four electrode direct current 
(dc) resistivity measurement. A current is driven through 
two grounded electrodes, and the resulting voltage between 
the other two grounded electrodes is measured. The IP
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method is different from a dc resistivity measurement in 
that instead of a dc current, a time dependent waveform is 
used = Several methods have been developed to measure the 
frequency dependence, and to arrange the transmitter and 
receiver electrode geometry. Choice of measurement method 
and field array depends on the economics and objectives of 
the field survey„

From early on in the field use of the m ethod, 
workers recognized that the induced polarization response of 
the ground could often be distorted or obscured by electro
magnetic (EM) effects between the transmitting and receiving 
circuits of the field array (Wait, 1959c). Voltage measured 
at the receiver is in part the result of the electromagnetic 
coupling between the transmitter and receiver circuits. 
This coupling is a complicated function of transmitter wave
form, resistivity structure of the ground, and geometry of 
the transmitting and receiving wires. Prior to recognition 
as an important factor in IP measurements, electromagnetic 
coupling had been studied by electrical engineers and mathe
maticians interested in its effects on power transmission 
and communication lines. These studies were generally 
limited to layered earth models with real resistivities. An 
excellent summary and bibliography of this work is given by 
Sunde (1949).



In an IP survey, measured voltage is the result of 
three forms of coupling between the transmitting and receiv
ing wires: capacitive, resistive and inductive. Capacitive
coupling is related to electrostatic effects between the 
transmitting and receiving wires and between the receiving 
wires and the ground. It is generally small for surface ar
rays and can be controlled by proper field techniques, such 
as keeping wires separated from each other and maintaining 
low contact impedances at the electrodes (Wait, 1959c? 
Madden and Cantwell, 1967). In situations where current and 
voltage lines cannot be separated, such as in borehole work, 
shielding of the potential lines can reduce capacitive 
coupling.

The commonly more important forms of coupling are 
mutual resistance and mutual inductance between the wires. 
Mutual resistance or resistive coupling results from the 
current driven into the ground at the grounding points of 
the transmitting wire. The mutual induction or inductive 
coupling component is related to coupling of the current, in 
the transmitter circuit to the receiver circuit.

Early analytical work on EM coupling has been 
adapted and extended by geophysicists interested in its 
analysis and calculation in a geophysical context. The 
difficult form of the solution of mutual impedance (ratio of 
voltage in the receiver circuit to current in the transmit

13
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ting circuit ), even in simple geologic models, has placed 
practical restrictions on numerical treatment of the prob
lem. The standard approach has been to use field procedures 
that minimize the unwanted effects of e l e c t r o m a g n e t i c  
coupling; or to use master curves for simple geologic models 
and commonly used arrays so that an estimate could be made 
of the influence of EM coupling on the data. More recently, 
with the increasing availability of computers, coupling for 
more complicated models has been studied. Now the trend is 
towards interpretation of the information contained in the 
EM coupling component of an IP survey, as has been done pre
viously with loop-loop and grounded dipole-loop EM sounding 
data.

In the last decade, research in IP has concentrated 
on the measurement of variations in rock resistivity in the 
frequency range from dc to greater than one kiloHertz. Many 
researchers believe that spectral resistivity measurements 
can provide information that aids the identification of rock 
type and mineralization (Fraser et a l . , 1 9 64 ; Zonge and 
Wynn, 1975; Pelton et al., 1978; Halverson et al., 1981). 
However, comparison of field results with laboratory meas
urements or theoretical models requires accurate subtraction 
of the distorting effects of the EM coupling response from 
the field data.
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The common approach is to use empirical models and 

numerical techniques in an attempt to separate the IP and EM 
responses of the ground, Some examples of this approach are 
Hallof (1974), Hallof and Pelton (1980), Tyne (1981), Trofi- 
menkoff et a l . , (1 982 ), Anderson and Smith (1984, 1986 ),
Coggon (1984), Song (1984), Brown (1985), and Wang et al„ 
(1985). These numerical techniques have a limited ability 
to separate IP and EM effects (Major and Silic, 1981). The 
problem is complicated because resistivity structure and 
frequency dependence are inherently involved in both the IP 
and EM responses = Direct inversion of field data has been
avoided due to problems in choosing appropriate earth models 
and complexity of numerical calculations.

To study behavior of the electromagnetic coupling 
present in a wide band spectral resistivity survey, I review 
the mathematical formulation of mutual impedance for a two- 
layer earth with anisotropic resistivities. Using aniso
tropic resistivities provides a general formulation of the 
layered earth response that might prove useful in the study 
of EM coupling in ore environments. Anisotropic resisti
vities are also important for the study of positive and 
negative coupling effects associated with layered earth 
responses. Parts of this problem have been studied previ
ously by Wynn (1974, 1979) and Wynn and Zonge (1975, 1977),
but the derivations in those papers do not agree with those
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of Wait ( 1 9 6 6a, 1 966b) and the numerical results are
questionableo
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CHAPTER 2

FREQUENCY DEPENDENCE AND 
ANISOTROPY OF RESISTIVITY

In geophysical exploration, the primary objective is 
to locate zones whose physical properties indicate a sub
surface geologic targeto A quantitative interpretation of 
geophysical survey data requires finding an earth model 
that best fits the observations = In order of increasing
complexity, the geophysical model may be one, two- or three- 
dimensional in describing v a r i a t i o n s  in the geologic 
structure =

A common approach in interpretation of geophysical 
data is to assume a one dimensional earth model consisting 
of a several infinite, horizontal layers with different 
physical properties,, A l t h o u g h  layering is a common 
phenomena in most rock types, an infinite, horizontally 
stratified earth is at best a local approximation to the 
geologic e n v i r o n m e n t „ Because it is mathematically  
convenient and formal analytic solutions can be found, an 
initial interpretation often is in terms of a layered earth 
model.

Elect r o m a g n e t i c  methods use the measurement of 
components of an electromagnetic field to determine the
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s u b s u r f a c e  r e s i s tivity structure. The most common 
interpretation assumes a one-dimensional model with layers 
of constant thickness and resistivities that are linear, 
homogeneous, isotropic, and independent of frequency„

In reality, measurements both laboratory and field 
measurements show that rock resistivities are both frequency 
dependent and anisotropic* By careful choice of resistivity 
anisotropy, a more general layered earth model allowing both 
anisotropy and frequency dependence of resistivity in each 
layer can be applied„ To provide background for the mathe
matical analysis of EM coupling between grounded wires for 
this model, a general discussion of frequency dependence and 
anisotropy is given in this chapter.

Frequency Dependence of Resistivity 
Observations of the resistivity of rocks have been 

made for at least the last sixty years, but the systematic 
study of rock resistivity began with the interest in 
explaining IP phenomena. As a result of early studies of 
rock samples in the laboratory, it became clear that rock 
resistivity can be conveniently described as a complex 
function of frequency (Wait, 1959b), For time harmonic 
fields written for a time factor of

iwt e f (2,1 )
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the current density, J, is related to the electric field, E, 
by

■ \
Jj = cr(w)jEj ; j = x, y or z (2,2)

where the complex conductivity is

a j (w )= Cj + iw 6 j (2,3)

and the following definitions hold:
i = (-1)l/2,
W = 2TTf ,
f = frequency,

o'j = conductivity (a real quantity),
and

Gj = permittivity (a real quantity).

Complex conductivity and complex resistivity are related by

Pj (w) = 1/Oj (w) „ (2,4 )

Current in phase with the electric field is referred 
to as the conduction current and is proportional to rock 
conductivity. The current flowing out-of-phase with the 
inducing field is proportional to the angular frequency and



permittivity and is referred to as the quadrature current« 
Conduction current is related to the ordered motion of free 
charges; in rocks this takes place largely through the 
motion of ions in pore fluids» Quadrature current is re
lated to time changes in the distribution of bound charges„

In general, both conductivity and permittivity can 
be complex functions of frequency in the sense that not all 
conduction currents (motion of free charge) or displacement 
currents are exactly in phase or in quadrature with the 
electric field» However, neither the complex nature of the 
permittivity nor the conductivity is resolvable, since only 
the total in phase and quadrature components of the field 
can be readily measured. Hence, only the effective conduc
tivity and permittivity can be measured and it is sufficient 
to consider both of these as real quantities (Fuller and 
Ward, 1970).

Polarization mechanisms in rocks of importance to IP 
responses are often described as electrode or membrane type 
behavior (Madden and Cantwell, 1967). The electrode 
polarization mechanism occurs at the interface between ionic 
conduction in pore fluids and semiconductor behavior in 
solid mineral phases of certain metal oxides and sulphides. 
Membrane polarization occurs in the presence of certain clay

20

minerals.
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Two approaches have been taken in the study and 

modeling of the IP response of rocks„ Both are based on a 
consideration of the physical processes involved in the 
electrical conduction in rocks. The empirical approach 
attempts to represent these processes by circuit elements; 
resistivity of the rock is then derived from the impedance 
of the equivalent circuit (Madden and Cantwell, 1967; Zonge, 
1972; Pelton et al„, 1978). The other approach is to build
a physical model of the conduction process at the particle 
level and solve for the rock impedance (Wait, 1 959b; Wong, 
19 79 ; Wong and Strangway, 1981 ). A current review of the 
physical model approach is given by Wait (1989).

Both m e t h o d s  have relevance in describing and 
understanding the electrical b e h a v i o r  of rocks. The 
empirical approach provides a handy means of classifying 
rock behavior in terms of the contribution of a few para
meters in the equivalent circuit formulation. The problem 
is that the equivalent circuit elements are not easily 
related to actual physical quantities describing the rock. 
They are difficult to use to predict rock behavior, but they 
are useful for cataloging measured responses. The physical 
model approach, even when it is a gross simplification of 
the rock system, provides a direct way to predict the influ
ence of physical properties such as particle size, shape,
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and pore fluid electrochemistry on the electrical response 
of rocks„

A currently popular model for the complex resis
tivity of the ground is the Cole-Cole model (Pelton et al», 
1978). The complex resistivity is derived from

p(w) = R(1 - m( 1 - ------ -------)) (2.5)
1 + (iw tQ )c

The model has four parameters R, m, tG and c. The R 
value is the dc resistivity t erm. The m value is the 
chargeability, tQ is time constant and c is referred to as 
the frequency dependence.

The above equation was applied empirically by Pelton 
et al„ (1978) to laboratory and in-situ measurements of 
multifrequency dipole-dipole data. By fitting data to the 
model equation, parameters for typical mineralized envi
ronments were cataloged. In both laboratory and field 
measurements, it was found that m and tQ were associated 
with grain size and volume percentage of sulphide minerals. 
An increase in concentration of sulphide minerals increased 
both the time constant and the chargeability. An increase 
in grain size resulted in an increase in time constant, but 
a decrease in chargeability.

Later analysis by Halverson et al. (1981 ) and Wait
(1982, 1989) demonstrate that the Cole-Cole equation is
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derivable from Wait's original model for IP phenomena (Wait, 
1959b). The Cole-Cole equation can be related to the effec
tive resistivity of a medium loaded with spherical conduct
ing particles having ah impedance boundary„ The empirical 
data of Pelton agree with predictions of the Wait model,

Resistivity Anisotropy
Electrical resistivity anisotropy refers to the 

directional dependence of resistivity. It results from the 
directional mixing of media of different resistivities. In 
anisotropic rocks, currents are distorted in the direction 
of the lowest resistivity. This results in a different 
current density and electric field than observed in iso
tropic ground. Two scales of resistivity anisotropy are 
defined by Keller and Frischnecht (1966). Microanisotropy 
can be related to the preferential orientation of particles 
or to fine scale layering in a rock. Macroahisotropy is 
related to interbedding of rock types of different resis
tivities. Microanisotropy is a property of a rock type and 
is observable in laboratory measurements of a hand sample. 
Macroanisotropy is the result of larger scale features such 
as interbedded formations in a sedimentary section, struc
tural features, faulting or large veins.

Data on the anisotropy of rocks is limited, with few 
published laboratory studies. Available information sug
gests that microanisotropy is a common feature in many rock
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types, Hill (1972) made a study of the three-dimensional
resistivity anisotropy of Precambrian meta sediments and

\ .metavolcanics. His study showed that even somewhat dry, 
unmineralized, crystalline rocks could be highly aniso
tropic. Anisotropy was found to be a complex function of 
frequency.

A common assumption is that resistivity anisotropy 
can be reduced to two components: one perpendicular and one
parallel to the preferred orientation of the layering in the 
rocks. For this case, the coefficient of anisotropy is 
expressed as

A = (a i/a t ) (2 .6 )
where

ay = longitudinal conductivity (parallel to bedding) 
a t = the transverse conductivity (perpendicular to 

bedding).

Commonly this ratio is only measured at dc, but for 
the general case the ratio is a complex function of freq
uency. Typical dc values of this ratio for unmineralized 
rocks range from one to three, with exceptional values 
approaching seven (Keller and Frischnecht, 1 966 ). Few
values of this parameter have been reported for mineralized 
rocks; however it can be expected that anisotropy is much
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larger in those environments since sulphide minerals are 
often three to five orders of magnitude more conductive than 
the host rockso Sumner (1976, p„ 99) reported a sample of 
schist from the Homestake mine with X = 14.5 for the dc 
resistivity and 4.7 for the percent frequency effect between 
.3 and 3.0 Hz. The percent frequency effect is

PFE (2.7)

with p,o3 the apparent resistivity at .3 Hertz and pg the 
apparent resistivity at 3 Hertz.

For the model analyzed here, I assume a layered 
earth with complex, microanisotropic conductivities. Within 
each layer, horizontal and vertical conductivities are 
independent. Cartesian components of the conductivity are

and
ax  = cry = 0^  ( w ) 

az = ov (w)

(2.8)

(2.9)

where P^tw) is the horizontal complex conductivity and 0V (w ) 
is the vertical complex conductivity.

Note that the ratio

k(w) (ah(w)/Pv (w) )1/2 (2 .1 0 )
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is not always the same as the coefficient of anisotropy 
defined for layered rocks. Theoretically, the coefficient 
of anisotropy for layered rocks is always greater than or 
equal to one. The ratio k defined here can be either 
greater or less than o n e . A k( w) greater than one is 
expected for flat-lying rocks containing laminated sulphides 
or interbedded graphitic layers. A k(w) less than one is 
expected for steeply dipping structures such as fractures, 
stockwork veining, or steeply dipping bedding.

Other more complicated orientations for anisotropy 
are possible. LeManse and Vasseur (1981) derived expres
sions for the electromagnetic field components on half
spaces where either the x and z or the y and z directions 
have the same conductivities. They use their expressions to 
predict the influence of vertical water-bearing fissures on 
the electromagnetic coupling of loops on the surface of a 
half-space. They did not consider electromagnetic coupling 
between grounded wires.
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CHAPTER 3

ANALYSIS OF ELECTROMAGNETIC COUPLING

Mathematical analysis of the mutual impedance of 
grounded wires for various earth models has been studied by 
many workers in the past eighty y e a r s , The problem is 
important in both electrical engineering and geophysical 
prospecting„ A comprehensive reference to the work done in 
the first half of this century is Sunde (1949). He presents 
the basic approach to formulating and solving the boundary 
value problem associated with the mutual impedance of 
grounded wires on a homogeneous half-space and a two-layer 
earth. He also discusses analytical approximations for 
special cases that allow computation of numerical results. 
His bibliography provides numerous references to earlier 
work on the subject.

Since the early 1950's some studies of mutual 
impedance and electromagnetic coupling have appeared in the 
geophysical literature« These studies were stimulated by a 
growing interest in electromagnetic exploration techniques 
and the recognition of distorting effects that EM coupling 
has on induced polarization surveys (Wait, 1959c). Numeri
cal results for the mutual impedance of grounded wires have 
been presented by: Millet ( 1 967 ) for a homogeneous and
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isotropic half-space; Hohmann (1973 ) for a two-layer earth 
with isotropic resistivities; and Dey and Morrison ( 1 973 ) 
for multilayered earths with either real or complex resis
tivities, Ramachandran Nair and Sanyal (1 980) studied EM 
coupling for a variety of electrode configurations on an 
isotropic half-space,

A computer program for computation of the mutual 
impedance of wires,on a layered earth model with isotropic 
resistivities has been written by Kauahikaua and Anderson 
(1979), Their program allows complex resistivities in the 
model to compute the combined effects of IP and EM coupling. 
Using this program, Washburne ( 1 9 82 ) calculated a set of 
coupling curves for dipole-dipole arrays on two layer earths 
with complex isotropic resistivities. For problems of two- 
and three-dimensional geometries, results are few because 
these geometries require costly numerical methods. Some 
results have been presented by Hohmann (1975 ) and Hohmann 
and Ward (1981 ),

The. first work on anisotropic earth models dates 
from the original work on DC resistivity interpretation. 
For EM fields, Wait (1966a, 1966b, 1982) presented solutions 
for the EM fields on the surface of an anisotropic layered 
earth and for the resulting EM coupling in grounded wire 
arrangements. For EM coupling in IP surveys on layered 
anisotropic earths, Wynn ( 1974, 1979) and Wynn and Zonge
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(1975, 1977) published results. But as pointed out by Wait
(1982, p. 165), several discrepancies in the theoretical 
derivations make these results questionable. The results of 
Xiong et al, (1 986) are for the most complicated IP and EM 
coupling model published to date. They computed the IP and 
EM coupling response for a three-dimensional block in the 
second layer of a two-layer anisotropic earth.

In this chapter, I present a detailed derivation of 
electromagnetic coupling for a two-layer earth using the 
•stratified, anisotropic resistivity model in Chapter 2, 
Results can be shown to be equivalent to Wait's solution for 
the fields of a dipole over a multilayered earth (1966b), 
This model is more general than the isotropic resistivity 
model, but unlike the two- and three-dimensional models, it 
has a relatively straightforward analytical solution due to 
symmetry about the vertical axis. The model can be de
scribed with only a few parameters and can be computed in 
only a fraction of the time required for two- and three- 
dimensional EM problems, It could be useful for interpret
ing EM effects in multi-frequency IP surveys,

General Approach
The derivation starts by solving for the electro

magnetic field generated by a horizontal dipole placed in 
the air over a two-layer earth. The general form of the 
solutions are found by applying Maxwell's equations in the
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regions of the problem; that is, the air and the layers of 
the earth. Then by applying boundary conditions on the 
field components at the interfaces between air and the first 
layer and between the first and second layer, coefficients 
in the general solutions are determined„

Allowing the dipole to approach the air-earth inter
face then integrating over the length of the transmitter 
wire results in the general expression for the field of a 
finite length grounded wire source on the surface of the 
earth. Mutual impedance is found by integrating the expres
sion for the electric field at the surface of the earth over 
the length of the receiver wire and normalizing by the 
transmitter current.

Maxwell1s Equations
In the frequency domain, the electric and magnetic 

fields can be written as

and

(3,1 )

(3,2)

Then, Maxwell's equations for source free regions with
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linear, homogeneous, complex, anisotropic resistivities can 
be written as

and

where

V x E = iwy H ,
V x H = [c]E ,
V ° B = y (V “ H ) = 0 ,

V » D = e(V » E) = 0 ,

and

with

and

i = (-1 )l/2

w = 2rf

f = frequency 
y = magnetic permeability

e = the permittivity»

The complex conductivity is:

[a]

where

a h 0 0

0 a h 0

0 0 C y

(3.3)
(3.4)
(3.6)

(3.7)

(3.8)

(3.9)

(3.10 )

aj = (1/pj ) = Oj + iwej (3.11 )
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with

j = x, y, and z =

The three-dimensional analog of Ohm's Law is then

Ej = pj Jj o (3.12)

Maxwell's equations represent the r e l a t i o n s h i p  
between the electric and magnetic fields in a region. Thus 
determination of these fields is often simplified by solving 
the problem using auxiliary function from which the fields 
can later be derived. The auxiliary function is introduced 
by letting H = V x A. Substitution of H = V x A into 
Maxwell's equations then gives

V x E = -iw u (V x A) (3.13)
and

V ° B = 0 , (3.14)
where by definition

V - V x A = 0 . (3.15)

Letting $ be an arbitrary scalar function, and using 
the vector identity V x (- V $) = 0 results in

V x (E + iwyA) = V x (- V $) (3.16)
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or

E + iw y A = - V ® (3.17)

When w = 0, $ can be identified as the potential of the
electrostatic field, because

Formulation for Anisotropy
Following Wait's approach (1966a, 1966b, 1982 ), I 

derive the partial differential equations governing the EM 
fields in the anisotropic earth problem by using the auxil
iary function A. Substituting for E and H in the equation 
involving the curl of H results in

E = — V $ (3.18 )

V x V x A = [a ](-iw y A - VS) (3.19)

Then using the vector identity

V x V A = V (V ° A) - V^A (3.20)
where

V2 = cijj V2 Ajj + ay V2 Ay + a% V2 A% (3.21)

results in
V2 a - [0 ]iw yA = V (V » A + [0 ]$) (3.22)
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The scalar cartesian components of A are then

Ax - Qjj iw y Ax = — ^ ' (V » A ^ )
. 3x

(3.23)

V2 Ay - ah iw y Ay = J_(v 6 A +oh &) (3.24 )

and
V2 a z - av iw y Az = — (V - A  +av 5)

92 .
(3.25 )

To get a unique solution to the components of the 
electromagnetic field, a condition must be set on the choice 
of A and 5. The commonly chosen condition for isotropic 
conductivity is the Lorentz condition

V ° A + a$ = 0 , (3.26)

but for anisotropic conductivity, the choice is

V ° A + a h $ = 0 (3.27 )

since this provides the greatest simplification of the 
equations.

Substituting the relation between A and into the 
equations for the components of A and letting
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k2 = (ah/av ) (3.28)

and
y g = iw y ah (3.29)

results in

V2 Ax -Y& Ax = 0 , (3.30 )
Ay — Yfi Ay —  O f (3.31 )

V2 Az - (1-(l/k2 ) j-i_(V - A) - (1/k2 ) Y l3™

oIIN<

z
(3.32)

These are the general equations to be solved for
regions of the problem. The equations for Ax and Ay are of 
the same form as those treated by Sunde for the isotropic 
resistivity problem, but the equation for Az is more compli
cated and reflects the coupling of the horizontal and 
vertical conductivities in A z . Only in an isotropic region 
such as the air does the equation for Az simplify.

Note that although k is defined in a form similar to 
the coefficient of anisotropy, they are not the same. As 
formulated here, o % and a v are arbitrary complex numbers 
thus, k is also an arbitrary complex number and can have a 
magnitude less than one. The coefficient of anisotropy as 
defined in Chapter 2 is the ratio of the longitudinal to the



transverse conductivity and is always greater than or equal 
to one.

After solving for A, the magnetic field can be found
from

H = V x A ,

which in Cartesian coordinates reduces to

(3.3j)

Hx " 9y ' 95
(3.34)

"y ™ 9 z (3.35)

and

_x
9y (3.36 )

The electric field components can be found by 
substituting into

Then
[a] E = V( V ° A) - V2 A

Ex = (1/0%) (V » A)

Ey = (1 /tf h ) [ ( V •> A)

(3.37)

Y h Ax 1 (3.38)

Y h Ay] (3.39)
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Ez = d / a h ) [JL(V ° A) - Az ] (3.40)
3 z

Of particular interest in the derivation of the mutual 
impedance of grounded wires are the equations for Ex and Ey, 
which are responsible for the voltage measured on the 
surface of the earth.

Boundary Conditions
Boundary conditions on the electromagnetic field are 

used to match solutions in the particular regions of the 
problem to find the complete expressions for the fields. 
The standard boundary conditions are. the continuity of the 
tangential electric and magnetic fields. For the problem of 
horizontally stratified earth, this means the continuity of 
the x and y components of E and H„ For problems with 
cylindrical symmetry about the z axis, as in the stratified 
earth model, only the Ax and Ay components of t h e 'auxiliary 
function need to be considered in the solution of the 
problem (Sommerfeld, 1949). The Ay component is not needed 
and can be set to zero.

B o u n d a r y  conditions at the interfaces between 
regions of different physical properties can be written in a 
simple form with respect to the components of A. With Ay 
set to zero and integration with respect to x and y per -

and
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mitted since conditions hold everywhere in the interface, 
the horizontal magnetic field components imply

Az,n - Az,n+1

and

3 z x,n 3 z x,n+1

(3.41 )

(3.42)

at the interface (where the second subscript designates the 
layer). Similarly, from the electric field at the interface 
between layers n and n+1

^x,n ~ ^x,n+1

and

Y 2 * 3x x,n 3z z ,n ' 
h,n

__ (4r—  A + A )+ ̂ ' 3x x,n+1 3z Az,n+1

Two-Layer Anisotropic Earth 
The problem is illustrated in Figure 3.1. A hori

zontal, x oriented, electric dipole is located in the air at 
a height h above a two-layer earth. Each layer has indepen
dent horizontal and vertical conductivities. The origin 
of the cartesian coordinate system is at the air-earth

(3.43)

(3.44)
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0 -

Layer 1

—d —

Layer 2

Figure 3.1. Dipole source over a two-layer, anisotropic 
earth. —  An infinitesimal x oriented dipole is 
located in the air at an elevation h over a two 
layer earth. The air extends along the z axis 
from zero to positive infinity and layer 2 
extends from -d to negative infinity. The 
electric field is to be determined at the 
earth's surface where z is equal to zero. The 
horizontal complex conductivities are cr̂  -j (w) 
and ah,2 (w )° The vertical complex conductivi
ties are a v , 1 (w ) and ^ v , 2  (w ) °
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interface and the positive z axis is oriented upward. The 
magnetic permeability is assumed equal to the permeability 
of free space in each of the layers„ The problem divides 
into three regionst the air (designated by subscript 0 ) ; 
layer 1 , with z ranging from 0 to -d; and layer 2 , with z 
ranging from -d to negative infinity.

In the air, conductivity is isotropic and is written 
as

o = iw eo (3,45)

In each layer it is represented by a tensor

h,n 0

0 h,n 0

v ,n

(3,46)

Equations for the Air
In the air, the solution is the sum of a primary 

field and a secondary field. The primary field is caused 
solely by the source dipole, and the secondary field results 
from the presence of the earth. For a dipole oriented in 
the x direction, the primary field contributes only to the x 
component of A, Solutions of the partial differential equa
tions in the air can then be written as



A = AP x,o x,o + A"x ,o
and

Az t o ,o
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(3.47)

(3.48)

where the superscript p denotes the primary field component 
and superscript s denotes a secondary field.

Primary Field
Considering first the primary field of the dipole, I 

want a solution to

V2 A - Y2 A = 0 x,o o x,o (3.49)

that has a singularity at the source at x = 0 , y = 0 and 
z = h. Following Sommerfeld (1949) or Stratton (1941), such 
a solution is

C_
r
-v

where

(x* + y + (z - h ) 2 ) 1 / 2

(3.50)

(3.51 )

This solution can readily be verified in spherical coordi
nates where reduces to
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V2 (r2 (3.52)

The constant C is evaluated using

V ° A + Qq 3 = 0

setting w = 0 ,

$ I dS
4TTOo

9

(3.53 )

(3.54)

the potential of a static electric dipole, and

I dS
C = 4 r “ (3.55)

Finally, the result is expressed in cylindrical 
coordinates by using the Fourier Bessel theorem and contour 
integration in the complex plane (Stratton 1941, p. 575 ). 
The result for a dipole at a height z = h is the "Sommerfeld 
integral":

APx,o
I dS4tt

h| .
Jo (Xr)dX (3.56)
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u0 - <X’V >1 / 2 (3.57)

Secondary Field
For Af f 0  and A|fQ, the expression

V 2 A - Y§A = 0 (3.58 )

is written in cylindrical coordinates as

<F A  ) + - i  7 3  + A  ) A - Yo A = 0r 3(j) d z

A general form of the solution can be found by the 
technique of separation of variables. The general solution 
is a linear combination of the following forms

Jn <Ar> cos ncj)

N
0
31CD

U Z
Yn (Xr> sin ncj) e °

(3.60)

For the A g f0 component, it is required that: (1) the fields 
vanish as r approaches positive infinity, (2 ) the fields be 
finite on the z axis, and (3) there is no angular depen
dence. Hence the general form of the solution is
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A sx ,o
fOo -u Z

C(X ) e ° Jo (Xr) dX . 
o

(3.61)

For the A | f 0  component, the conditions are similar 
except that now the fields and hence the auxiliary function 
should be even with respect to the x-z plane. Therefore

Az,o = cos»
-u z

D(X ) e Jq (Xr ) dX (3.62)

Then using the identity

3 r Joar)
3x j0 X dX = coscj) Jo (Xr) dX (3.63 )

the solution becomes

z ,o
_3
3x

eiii e"U°Z J <Xr> dX (3.64 )

Finally, the expressions for the auxiliary components in the 
air are given as:

Ax,o
I dS 
4tt

h|
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—u (z + h )

+ R (X). e ] Jo (Xr) d X (3.65)

and

. I d s  3
^z»o 4 ir 3x

-u (z + h)
S (X) e Jo (Xr) dX (3.66)

where the new coefficients Rj_ (X) and S ( X) absorb the manipu
lations with respect to the constants and functions of X.

Equations for the First Layer
In the first layer the range of the z values is from 

0 to -d. Ax ̂ i is a solution to an equation of the same 
form as A § f 0 , but now the bounded range of z means that the 
general solution takes the form

I dS
x , 1

u 1 z , 
[a^e + a^e

—u^ z
] JQ (Xr)dX, (3.67)

For Az^i, I want a solution to

VX l  - <1 -(1/k?) 3i- <V • A) - (1/kf) y 2 (1 a Z i 1  = 0 .

(3.68)

To do this, I follow the method of Wait (1966a). I 
assume a solution of the form



Az , 1
i  a s  _9_  f00
4 TT 3x J 0

G(A, z) Jq (A r ) d A
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(3.69)

where the function G (A ,z ) is to be determined. Substitution 
of this form into the partial differential equation then 
gives

_3_
9x

oo

0
[(^-| - A 2 G) 

3z^
(1 d/k^) G)

Jq (A r ) d A = 0 (3.70)

where I have used:

2 2
(— 5" + ——5-) J (A r ) = -A^ J (Ar) .
3 x2 3y2 0 0

(3.71 )

After simplifying , the non-trivial case for G (A ,z ) 
satisfies

3 2G 
3 z2

«kf x 2 + T h,i> G

(k' -
u 1 z

- u ^ e
, -u1 z

1 ) [u1 a1e (3.72)
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For the homogeneous solution

v1 z , -v1 z
G = B 1 (X )e + B 1 (X )e (3.73)

with

(3.74)

where it is required that

Re(vi) > 0 (3.75)

Now using the method of undetermined coefficients, 
the particular solution is found by assuming

u.z
G (X , z ) = e G ( X ) (3.76 )

Substituting this into the partial differential equation for 
G and simplifying leads to the particular solution

GP
- U 1 r , U 1 Z ' -U 1 Z . [a^e - a1 e ] (3.77)

and the general solution for A 2 in the first layer is
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. I dS 9
Az ,1 4tt 9z

v 1 z i -v1 z 
[ (A ) e + (X ) b

 ̂o
u 1 u 1 z

- X2 '
i -u1 z

a1e )]J0 (Xr)dX = (3.78)

Equations for the Second Layer
The forms for the second layer can be derived 

directly from those of the first layer. Since the region is 
unbounded on the negative z axis, the terms involving nega
tive exponentials are set to 0. Then

and

I dS 
4tt

rro u 9z
J a2e Jo (Xr) dX (3.79)

I dS
z / 2 (B2 e

V 2 Z
~2 ~  a2e

u2z
)Jo (Xr) dx

(3.80)

Solving for the Coefficients
Now the unknown coefficients are found by applying 

the boundary conditions on Ax and Az at the interfaces at 
z = 0 and z = -d. A system of eight equations in eight 
unknowns results. The eight equations can be simplified and 
grouped into two sets of four equations each. To derive the 
fields at the surface only the Rj_(X ) and S (X) coefficients 
need to be determined. In matrix form, the two sets can be
written as
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-u9d u.d
-e e

-u.d
e 1 0 a 2

0

- U g d  u^d
-u2e - U 1 e

—u. d
u.j e 0

f
a 1

0

0 -uo

^
01CDrC0
31

a 1

-u h 
- X e °

0 u 1
-u h o-u1 - A e , -XeU°h

(3.82)
and

- v 2 d
-e

v 1 d 
e

-v^d
e 0 B 0

_v2-a 2 e
d v. d
— cx̂ e (D

1 < Pj

0 Bi 0

0 -eU°h

01CD1 1 Bi (Rj. — i)/x
0

a i -u_h a 1 -u h
-■t 1 s (R± - 1 )/x

(3.83)
where

u v
a Q = —r- and a n - o —  ° (3.84)

To Y h,n

For the first set (Equation 3.82), a four-step 
forward elimination yields a solution for Rj_(X). After some 
cancellation, it can be written as
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u2 + u-jtanh u^d 

uo ~ U 1/ u- + u„tanh u,d^
1 1

u + u tanh u-d 
uo + ^ ------— >U|+ U 2 tanh u^d

Wait (1966b) expresses this result for an m layered

, Ho -  Y1 
i - Ho + Y,

where N0 and Y-) are computed recursively from:

N = Ym m i]aw

iyw ; n = m - 1 to 0

and

. »n+1  ̂ "n ^nh  ̂ ^  ^  ^  ^
Nn + Yn+1 tanh undn

Similarly, for the second set of equations, 
step forward elimination gives a solution for S(A) „ 
lot of algebra, the solution can be reduced to

(3.85)

earth as 

(3.86 )

(3.87)

(3.88)

(3.89)

a four- 
After a
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a 2 + a^tanh v^d 

a o a 1 a-j + a2 tanh v^d

S ~X R̂J_ + ot + a tanh v 1 d^ °
CX + CX ^o 1 ot | + a £ tanh v^d

1

Or again in the notation of Wait (1966b),

—  (Ri + R ii) A _L
and

R II
Kq -  Z1 

Ko+ Z 1
y

where for an m layered earth, K 0 and are
recursively by

Km = Zm ah,m

n ah,n
; n = m - 1 to 1

Ko o

(3.90)

(3.91 )

(3.92)

computed

(3.93 )

(3.94)

(3.95)
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and

Zn Kn
Zn+1 + Kntanh vndn 
Kn + zn+1 tanh vndn

n = m - 1 to (3.96)

Electric Field at the Surface
Completing the expressions for the electric field on 

the surface of the earth requires two more steps„ First, 
the expressions for S and must be substituted back into 
the equations for A. Then the x and y components of the 
electric field are determined from A and $„ Finally, the 
elevation of the source wire is allowed to approach zero, 
and the field is determined at the air-earth interface.

For the frequencies of interest in the IP method, it 
is common to further simplify the results by making the 
"quasi-static" assumption. This means neglecting propaga
tion effects at small distances with respect to the wave
length of radiation, where the fields are nearly in phase 
with the transmitter current (Grant and West, 1965, p. 470). 
A condition for the quasi- static region is | y 0 r l ̂  << 1
(Wait, 1982, p. 169). Effectively, the quasi-static assump
tion means setting cr0 = i£0w = 0, then uc = 1. This assump
tion implies that the propagation velocity on the current 
and voltage wires is infinite and that the current is inde
pendent of the position along the transmitter wire. With 
this assumption and using the notation of Sunde (1949), I
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can express the tangential components of the electric field 
at z = 0. For a horizontal dipole at the surface, those 
components are:

9E = I dS (-P(r) + — 5- Q(r) ) 
x 9x

and

92
Ey = 1 dS <3737 Q(r)) '

(3.97)

(3.98)

Using Wait's notation

and

P(r) iwUo 
" 27T

-00

<0 X +
X

l w V i
) JQ (Xr)dX (3.99)

Q(r) iw y o 
X + iwy — ) J0 (Xr) dX„

1 (3.100)

Mutual Impedance
To complete the expression for the mutual impedance 

of grounded wires on the surface, it is necessary to inte
grate the electric field over the length of the transmitting 
and receiving wires (Sunde, 1949, p. 31). The geometry for 
two straight grounded wires in the z = 0 plane is illus
trated in Figure 3.2. The origin is located at an elemen
tary section of the source wire d S , with the positive x axis
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Transmitter Wire

Figure 3.2. Geometry for the mutual impedance of straight 
grounded wires on the surface of the earth.
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oriented along the positive direction of the path S of the 
source wire.

The voltage induced in a section ds of the receiver 
wire is given by

d V = Es (r)ds (3,101 )
where

Eg (r)= cos(e)Ex (r) t sin(e)Ey (r) (3,102)

Substituting for Ex and Ey,

92
dV = ds I dS(-P(r)cos(e) + — r Q(r) cos(e)

9xz

+ 92
Sx9y Q (r ) sin(e)) (3,103)

Since the source is oriented along the x axis, dx =
d S , and

dV = I ds dS (-P(r)cos(e) -r

fg ( ^  Q(r) cos (e) + |̂ r 0(r ) sin(e) )) , (3,104)

• Now following Sunde (1949, p, 31),
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^ Q ( r ) c o s ( e )  + ^  Q(r)sin(e) =

—  Q(r)(cos(O)cos(e)+ sin(0)sin(e) )

= Q(r) cos ( 6 - e)

a
ds Q(r) (3.105)

A final expression for the mutual impedance is then

-V
~1 =

fB
dS

A
rb

ds(P(r)cos(e) 
J a dS ds Q(r)) (3.106)

where the double integration of Q(r) reduces to

Q(rAa> + O ^ B b 1 - Q<rAb» - 0<rBa> • <3-107)

Comparison with the Derivation of Wynn 
Wynn uses the horizontal and vertical Hertz vectors 

to derive his solution to the two-layer anisotropic earth. 
Unfortunately his development for the vertical Hertz vector 
ignores the coupling between the horizontal and the vertical 
components in the anisotropic layers. Wait (19 81 ) noted



57
this and other theoretical errors in his communications with 
Wyrtn in 1:981. In Wynn's 1979 publication, he assumes that 
he can use Sunde's (1949, p. 24) results for the isotropic 
case and expect the x and z Hertz vectors to satisfy

V2irj — YjTTj = 0 ; j = x, y (3.108)

where
2Tj = iwuOj .

This assumption is incorrect. The actual equation 
for the vertical component in the anisotropic case should be 
similar to Equation 3.32 and should be

V27r2 - (1 -(1 /k2 ) ) ^-(V o tt ) — (1/k2 )Y2 Tr2 = 0 .

(3.109)

Only the horizontal component satisfies Equation 3.108.
This mistake leads to other problems Wynn's solu

tion, the most obvious is that his ratio for anisotropy is 
inverted 6 This is most easily seen in Wynn arid Zonge 
(1977), where Equation 18 should be

v = (g2 k^ + 2 1 )1 / 2 (3.110)
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CHAPTER 4

RESULTS FOR ANISOTROPIC MODELS

Numerical results for complex and anisotropic earth 
models have been computed for the collinear dipole-dipole 
array. Calculations were made using a revised version of a 
program for isotropic multi-layered earths (Kauahikaua and 
Anderson, 1979 ), Before discussing numerical results, I 
will point out some of the obvious properties of the P(r) 
and Q(r) functions and describe how they are rewritten for 
numerical evaluation.

General Behavior of the P(r) 
and Q(r) Functions

An inspection of the inductive component, P(r), 
indicates that it is a function of the transmitter freq
uency, and separation of the transmitter and receiver wires. 
For the horizontally stratified anisotropic model, it 
depends only on horizontal resistivities. In general, the 
function tends to zero as separation of the wires approaches 
infinity or frequency tends to zero.

The Q(r) function depends on r, frequency, and both 
horizontal and vertical resistivities. As separation of the 
transmitter and receiver gets very large, the Q function 
approaches zero. Also, if either the source or receiver are
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ungrounded loops, this function equals zero and mutual 
impedance is independent of vertical resistivities„

For a half-space model (1 layer earth), the expres
sion for P(r) (Equation 3,99) simplifies to

P(r) iw u
2 TT T T —  Jo ttr) dX

0 1

Using
1 X — u.j u.j — X

X + U 1 X 2 - u2 Y?.

(4,1 )

(4,2)

Equation 4,1 can be rewritten as

P(r) iw u 
2 IT Y-2

( Xu1 JQ (Xr)dX -

X 2 JQ (Xr)dX) 
•'o

(4,3)

and evaluated analytically, The first integral can be 
written as

[
-U-j z

JQ (Xr)dX] z = 0 (4,4)

and the second integral as
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-u1 z

Jo (Xr»aAIY=0 , z= 0
(4.5)

Recalling the equation for the primary field of a dipole, 
the first integral is

~ ^ ~ 2 ( %  ) o ? r = (x2 + y2 + z2)1^2 „ (4.6)9z^ r Z_U

This reduces to

-Y 1 r
(1 +y1 r)e
— --- 5--- - (4.7)r

The second integral (Equation 4.5) therefore is

(4.8)

The expression for mutual inductance on the half space then 
is

_____i_____ [ B
2 roh,1 <w| JA

ds (cos(e)(
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1 +Y1 r -Y1 r

- ( g )e )) o ' (4.9)
r

As noted before, the expression is the same as for an iso
tropic half space (Sunde, 1949, p. 123).

For Q(r) (Equation 3.100 ) on an anisotropic half
space

Z
1 V i ,w)

and

l1
iw U

(4.10)

(4.11 )

Substituting into the general expression and simplifying 
results in

Q(r)
2,roh.i(" )<

00

0

vi - ui--- ;---- J (Xr)dX +
A  O

(4.12)

When the frequency goes to zero, the expression reduces to 
the potential on an anisotropic half space. Then the 
integral can be written as

(k- 1 )
»oo

Jo (Xr)dX (( ffh.i(w)
V i (w)

1/2 (4.13)
o



62
and

Q (r) 1 (4.14)

Numerical Evaluation
To get numerical r e s u l t s , I have m o d i f i e d  an 

existing program for a multi-layered earth with isotropic 
resistivities. The program by Kauahikaua and Anderson 
(1 979) numerically evaluates the P(r) and Q(r) functions 
using the linear digital filter method (Anderson 1974, 1979 ) 
and the double integration over the P(r) term by Gaussian 
quadrature. To generalize the program for an anisotropic 
model requires r e p l acement of the expression for the 
isotropic.Q(r) by the expression for the anisotropic Q(r).

In the F O R T R A N  program E M C U P L , the infinite 
integrals of Bessel functions in both the P(r) and Q (r ) are 
written with the half space response for the first layer 
subtracted under the integral sign and the a n alytical 
results added back outside the integral. This improves 
convergence of the integrals for numerical evaluation. They 
are also expressed as a function of the dimensionless 
"induction number," B, where

(4.15)
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and

6-1 = ( 2 )1/2
wl,ooh,1<0)

by making the substitutions

x - t

and

dX = dg o 
°1

(4.16)

(4.17)

(4.18)

To derive the kernel function for P(r), the integral 
expression for the half-space is subtracted under the integ
ral sign and the analytical result is added back outside the 
integral sign. Thus ’

P(r)
iw uo

X + iwyQY^ X + u. ' o) J (Xr) dX

 ̂ (1 + Y^r)e -Y1 r

2Trah,l(w) r'
(4.19)
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The first term of 4.19 is written as a function of B by sub
stituting for X and r. Combining terms in the integral and 
recognizing that

iw y____ o
2 77

27TX i (0)
2i
6?. (4.20)

the first term is written as

1 ,2i V l (w) gu1 (1 -F1 )

2l,ah,iiw) s2 ah,i(0> 0 <9+V  fg*uiFi>
-Jo (gB) dg

(4.21)

where, using the notation of Kauanikaua and Anderson (1979), 
for an m layered earth

iw y0 Y-, ^ u-i F t (4.22)
Fm 1 . (4.23)

and F-| is computed recursively from the bottom layer to the 
surface using

F„=
un+1 F:h 1 - un En
un + Un+1 Fn+1

n = m-1 to 1 (4.24)
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and

1 — G

1 + 0

( - 2 un dn/6 1 )

( - 2 un dn / 6 1 1

where

un 2i
(w)
7o7)

(4.25)

(4.26)

The complete expression for P(r) is then

P(r) 1 ,21 ah,1(w>
2'r°h,i<w > 6j ah,i(o>

gu1 (i- f 1 )
o (g+u1 )(g+u1 F1 )

•Jo (gB) dg

r
1 (1 + Y1 r )e

+ (-4 - ----— 1- 5 ---:----  )) « (4.27)
r r

This result is different from that used by Kauahikaua and 
Anderson (1979) by the multiplicative factor of

gh,i(w)
ah,i(0)

in the first term of the expression. My results agree with 
those of Kauahikaua and Anderson (1979) only when the first

(4.28)
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layer has a strictly real resistivity „ They apparently 
overlooked that 6 -i is defined to be real even when the first 
layer has a complex resistivity»

To derive the expression for Q(r), I follow a simi
lar procedure. By adding and subtracting the expression for 
an isotropic half-space and then rearranging terms, Q(r) 
becomes

Q(r) = ___ 1
2Tah,i(w)

1W W q
X + iw U YO

x ) j (Xr)dX + i
ah,i(w) 2Trrah,i(w)

(4.29)

Then making substitutions for r, X and dX and 
factoring out a - 1 results in

Q(r) - 1

27 h»i(w|
“gh . 1 (M> , lw "o {1 + q
o g + iw P0Y, ohi1(w)

” 51 Z1 Ĵo (qB) dg " P (4.30)

Substituting



67

lw V i  = 21 ff^TToT <4-311

(4.32)

(4.33)

and multiplying inside and outside of the integral in Equa
tion 4.30 by i and -i.

iw

and

«i°h,i<"' zi = vi Li

Q(r) -1
2 Troh, 1 ,w) 6 1 J

- , . u.'2 - g 2
— (iv1L1-i g.-i ----- r— )J (gB)dg

o 9 g + u1F1 °

‘ r } (4.34)
For an m layered earth, F-] is computed using Equations 4.22 
to 4.26 and L-j is computed recursively from the bottom layer 
to the surface using

1 . 0 (4.35)

Qh.n<w)vnt1I'n-t-1 *gh.n+1 (w)vnEn ;
*h,n+1 <w> vn - °h,n<w 1 vnt1Ln+l V

n = m-1 to 1 (4.36)
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1 - e
(-2 v ^ / S ,  )

(-2 vndn /«1 )
1 + e

(4.37)

where

vn - 57«®2 kn + 2 1 y ^ T )1/2 6 1 vn (4-38)

An equivalent form for the kernel would be

j -  (i vi Lr  ^  +

.gh.i(w)

g + u^F1
(4.39)

To express the kernel in a form comparable, to the isotropic 
kernel given by Kauahikaua and Anderson (1979) , I add and 
subtract iv-J to the kernel in 4.34, and after some re
arranging get

I 1 I
1  i i(u1- g ) (v1 -g)(v1+ g)

(iv (L - 1 ) - --- L— s---  + i  !-- r— 1----- ) oy  g  + u 1 F1 v 1 + g
(4.40)

Combining the second and third terms and again making the
.substitutions
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• 2 2 ah 1 ^- i ( u /  - 9 ) = 2 c ''(0 ) (4-41 )
h, 1

and

12 2 2 2 1 (w ̂ v /  - = (-k“ - 1) gZ + 2i g ^ i o y  (4-42)

I obtain

g (lv1 ( L 1 " 11 "

ah 1 (w ̂ 1 1 2 2 1
2 qh -i (°) (vi~ uiFi } +i9 (ki - 1 H g  + urFi)

I I( g  +  u 1 F 1 H v 1 +  g )
(4-43)

If the first layer is nonpolarizable and all layers, 
are isotropic, then = 1 , and the isotropic case
reduces to

1 2 u (1 - F )
^  (iu1 ( L ^  1) + -------i----- — ----— ) , (4.44)
9 (g + u 1F 1 ) (g + u1 )

Equation 4-44 is used by Kauahikaua and Anderson (1979) in 
E M CUPL. In the report accompanying the program, it is 
printed incorrectly on page 7 as
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f7(g) =
i u 1 (L1 - 1 ) 2 uT (l - F 1 )

(4,45)+ i ig (g + ) (g + u 1 )

From Equation 3,106, the final form for computation
is

V
I

rB
dS ds cos(e) P(r)

a

(4,46)

This equation follows the sign convention of Millet (1967), 
In practice, for frequencies approaching dc, this produces a 
positive real component and zero phase for the collinear 
dipole-dipole array. This sign convention has not been 
followed by everyone, so one must be careful when comparing 
results of different workers. For example, Dey and Morrison 
(1973) have negative real values and 180 degree phase shifts 
for their low frequency results.

models, I have replaced the kernel functions for P(r) and 
Q(r) in a 1981 version of EMCUPL with those derived in this 
chapter. Initial tests indicated that to avoid underflow, 
some models required double precision calculations of the

Numerical Results
To get numerical results for a general set of
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kernels when the program was run on a 32-bit computer„ 
Further testing revealed another minor p r o b l e m  in the 
computation of Q (r ). In subroutine finqdf, the statement

260 q4=finq(del,r3,tol) 

was changed to

260 q4=finq(del,r4,tol)

to give correct results for arbitrarily oriented wires. 
This statement was corrected in a 1984 revision of the 
program (Kauahikaua, 1989).

Calculations for electromagnetic coupling have been 
restricted to the dipole-dipole array, probably the most 
commonly used geometry for the routine field measurement of 
IP. The dipole-dipole array consists of equal length, 
collinear transmitting and receiving wires separated by a 
multiple of the dipole length. Length of the dipole is 
typically referred to as the "a-spacing," and separation of 
the transmitting and receiving wires is referred to as the 
"N spacing" or "N separation." Typically for any given 
receiver location, N spacing is varied from 1 to 6 , provid
ing both lateral and vertical investigation of the ground. 
Figure 4.1 illustrates the array geometry and the con
ventional pseudo-section representation of the data. As 
separa t i o n  of the t r a n s m i t t e r  and receiver d i p o l e s
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DIPOLE -DIPOLE

\ / \  /  \ / \^
h i | \  ....

/  \ / X / \  ....
/ \ / \m  —

N = 1

N = 2 

N = 3

Figure 4.1. The field layout for a collinear dipole-dipole 
array and the pseudo-section representation of 
field data (after Sumner, 1976).



increases, measured voltage reflects deeper resistivity 
structure.

In the multi -frequency IP method, a common way of 
plotting field data is to normalize the real and imaginary 
components of the voltage by the real part of the lowest 
frequency then plot the data as a continuous curve in the: 
complex plane. Figure 4,2 illustrates the complex plane 
plot and how other representations of the data such as the 
relative magnitude and phase of the received voltage can be 
determined from the plot. In this study, I have used the 
complex plane plot for all computed results.

Models with Real Resistivities
A set of models have been ,computed for a range of 

anisotropy values on a half-space with real resistivities. 
Figures 4,3a through 4,3i show the influence of varying the 
horizontal and vertical resistivity of the half-space. 
Results have been computed for a 100 meter dipole-dipole 
array at an N of 6 on a half-space with a constant mean 
conductivity of ,01 mhos/meter, The ratio of horizontal to 
vertical conductivity, in this case a real quantity, has 
been varied between 25 and 1/25,

Figure 4,3a is the isotropic case where the ratio of 
horizontal to vertical is 1, Figures 4,3a-4„3d illustrate 
how increasing the horizontal conductivity affects the shape 
of the mutual impedance curve. Figures 4„3e-4,3i show the

73
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IMAG (NCG)

10 HZ
0.1 HZ

Figure 4.2. The complex plane plot of multi-frequency IP 
data. —  The normalized mutual impedance is 
plotted as data points defining a curve in the 
complex plane with frequency increasing to the 
left. The real part of the lowest frequency 
data has been used as the normalization factor 
(after Sumner, 1976).
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1000

Figure 4.3a. Mutual impedance on a homogeneous, anisotropic 
half-space with real resistivities and a ratio 
of vertical to horizontal resistivity of 1 .—  
Computed for a 100 meter dipole-dipole array 
at an N of 6 for frequencies between .001 and 
10,000 Hertz. Half-space has a mean conduc
tivity of .01 mhos /meter. Normalization 
factor is 947.4 x 10""°.
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Figure 4.3b. Mutual impedance on a homogeneous, anisotropic 
half-space with real resistivities and a ratio 
of vertical to horizontal resistivity of 4.—  
Computed for a 100 meter dipole-dipole array 
at an N of 6 for frequencies between .001 and 
10,000 Hertz. Half-space has a mean conduc
tivity of .01 m h o s /m e t e r . Normalization
factor is 947.4 x 10-6.
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Figure 4.3c. Mutual impedance on a homogeneous, anisotropic 
half-space with real resistivities and a ratio 
of vertical to horizontal resistivity of 9 .—  
Computed for a 100 meter dipole-dipole array 
at an N of 6 for frequencies between .001 and 
10,000 Hertz. Half-space has a mean conduc
tivity of .01 mhos / meter. Normalization 
factor is 947.4 x 1 0 ~6 .
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Figure 4.3d. Mutual impedance on a homogeneous, anisotropic 
half-space with real resistivities and a ratio 
of vertical to horizontal resistivity of 16. 
—  Computed for a 100 meter dipole-dipole 
array at an N of 6 for frequencies between 
. 001 and 10,000 Hertz. Half-space has a mean 
conductivity of .01 mhos/meter. Normalization 
factor is 947.3 x 1 0 .
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1000

Figure 4.3e. Mutual impedance on a homogeneous, anisotropic 
half-space with real resistivities and a ratio 
of vertical to horizontal resistivity of 25. 
-- Computed for a 100 meter dipole-dipole 
array at an N of 6 for frequencies between 
.001 and 10,000 Hertz. Half-space has a mean 
conductivity of .01 mhos/meter. Normalization 
factor is 947.3 x 1 0 -6 .
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Figure 4.3f. Mutual impedance on a homogeneous, anisotropic 
half-space with real resistivities and a ratio 
of vertical to horizontal resistivity of .25. 
—  Computed for a 100 meter dipole-dipole 
array at an N of 6 for frequencies between 
.001 and 1 0,000 Hertz. Half-space has a mean 
conductivity of .01 mhos/meter. Normalization 
factor is 947.3 x 1 0 ~6 .
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Figure 4.3g. Mutual impedance on a homogeneous, anisotropic 
half-space with real resistivities and a ratio 
of vertical to horizontal resistivity of 
.1111. —  Computed for a 100 meter dipole-
dipole array at an N of 6 for frequencies 
between .001 and 10,000 Hertz. Half-space has 
a m e a n  c o n d u c t i v i t y  of . 0 1  m h o s /m e t e r . 
Normalization factor is 947.4 x 1 0 ”6 .
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j— i—

Figure 4.3h. Mutual impedance on a homogeneous, anisotropic 
half-space with real resistivities and a ratio 
of ve r t i c a l  to horizontal resistivity of 
.0625. -- Computed for a 100 meter dipole- 
dipole array at an N of 6 for frequencies 
between .001 and 10,000 Hertz. Half-space has 
a mean c o n d u c t i v i t y  of . 0 1  m h o s /m e t e r . 
Normalization factor is 947.4 x 10“6.
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1000

Figure 4.3i. Mutual impedance on a homogeneous, anisotropic 
half-space with real resistivities and a ratio 
of vertical to horizontal resistivity of .04. 
—  Computed for a 100 meter dipole-dipo 1 e 
array at an N of 6 for frequencies between 
. 001 and 1 0,000 Hertz. Half-space has a mean 
conductivity of .01 mhos/meter. Normalization 
factor is 947.4 x 1 0 -6 .
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influence of increasing the vertical conductivity. Dis
tinctly different results are found when the ratio is 
greater than or less than one. Increasing the horizontal 
conductivity has resulted in curves that plot in the first 
quadrant and have the same form as the isotropic half-space 
curve. At frequencies up to about 32 Hertz, values are very 
similar to the isotropic curve. But as the frequency is 
increased, quadrature component increases and the real part 
decreases compared to the isotropic case. The high freq
uency intercept with the real axis is shifted laterally 
toward the origin from the ,5 intercept of the isotropic 
case. Visually, the curves appear to be stretched towards 
the origin.

When the ratio of horizontal to vertical is less 
than one, different curves result. The sign of the quadra
ture component changes at low frequency and curves plot 
almost entirely in the fourth quadrant. Another charac
teristic of the curves is that the real part goes through a 
minimum and increases beyond the value of one. Increasing 
anisotropy causes the value of the high frequency intersec
tion with the real axis to increase.

In general, anisotropy appears to produce similar 
results to layering. Coupling curves associated with 
increased horizontal conductivity produce what has been 
commonly referred to as positive coupling (Hallof and
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Pelton, 1980). Previously this effect has been observed as 
the result of a surface layer which is more conductive than 
the underlying strata. Physically, similarity of the two 
cases is that they both channel currents horizontally, and 
less current flows at depth than would for a homogeneous 
half-space.

The case of increased vertical conductivity produces 
what has been termed negative coupling (Hallof and Felton, 
1980 ) and has been previously attributed to a resistive 
surface layer over a more conductive subsurface. The physi
cal similarity of the two cases is that they both channel 
currents deeper into the ground than the homogeneous half
space .

Interestingly, conventional sounding techniques on 
the same models as in Figure 4.3b -4.3 i would only detect 
h o m o g e n e o u s , isotropic half-spaces. A dc resistivity 
sounding would only sense the constant mean conductivity of 
the half-space. A conventional EM sounding technique on 
these models would only detect horizontal conductivities and 
would indicate homogeneous isotropic half-spaces.

Comparisons with previous anisotropic results are 
for models computed by Wynn (1979). Figures 4.4 and 4.5 are 
for two-layer models with real resistivities. Both figures 
are for a 305 meter dipole-dipole array at an N of 3. Fig
ure 4.4 is from Wynn's example 26, with a model consisting
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Figure 4.4. Compar i s o n  of results of this study with 
results of example 26 of Wynn ( 1 979 ). —  EM
coupling curve for a dipole-dipole array with 
a 305 meter dipole at an N spacing of 3 on a 
two-layer earth. The first layer is isotropic 
with a conductivity of . 0 2  mhos/meter and a 
thickness of 61 meters. The second layer has 
a horizontal conductivity of . 1 mhos/meter and 
a vertical conductivity of . 0 2  mh o s /m e ter. 
Curve A, Wynn ( 19 79 ); Curve B , this study. 
Normalization factor is 395.6 x 1 0 “6 .
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Figure 4.5. Comparison of the results of this study with 
results of example 28 of Wynn (1 979). —  EM
coupling curve for a dipole-dipole array with 
a 305 meter dipole at an N spacing of 3 on a 
two- layer earth. The first layer is isotropic 
with a conductivity of . 0 2  mhos/ me ter and a 
thickness of 61 meters. The second layer has a 
horizontal conductivity of . 0 2  mhos/meter and a 
vertical conductivity of 1 mhos/meter. Curve 
A, Wynn (1979 ); Curve B , this study. Normali
zation factor is 125.5 x 10“^.
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of a 61 meter thick 50 ohm-meter surface layer over a second 
layer that has a horizontal resistivity of 1 0 ohm-meters and 
a vertical resistivity of 50 „ In this model the second 
layer has a mean conductivity of 22.3 ohm-meters and an 
anisotropy ratio = 5. As a consequence, the curve is ex
pected to have components of both a horizontally conductive 
half-space and also a two layer case with a high resistivity 
over a low resistivity. In my results, at low frequency, 
the array is seeing the properties of the second layer and 
responding to its increased horizontal conductivity. As 
frequency is increased, currents flow closer to the surface 
and mutual impedance responds to the high-over-low resistiv
ity layering, causing a reversal in sign of the quadrature 
component and an increase in the real component. Wynn's 
results, plotted for reference on the figure, are quite 
different.

Figure 4.5 is a comparison with Wynn's ( 1 979 ) 
example 28. The second layer has a horizontal resistivity 
of 50 ohm-m and a vertical resistivity of 1 ohm-meter. Thus 
the second layer has a mean conductivity of 7.1 ohm-meters 
and a k2 = 1/50* The two- layer case has both increased 
vertical conductivity and a high-over-low resistivity layer
ing. These effects combine to produce a coupling curve that 
plots entirely in the fourth quadrant.
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Models with- Complex Resistivities

The r e m a ining models have been computed using 
complex resistivities. The form chosen for the complex 
resistivity is the Cole-Cole model (Pelton et al,, 1978)
discussed in Chapter 2, The expression for resistivity as a 
function of frequency is

p(w) = R (1 - m(1 - -------!------) ) (4,47)
1 + (iw t0 )c

The model has four parameters: R, m, tQ and c. The R value 
is the dc resistivity t erm, The m value is the charge- 
ability, t0 is time constant, and c is referred to as the 
frequency dependence. Through laboratory and in-situ 
measurements, parameters for the model can be related to 
typical mineralized environments (Pelton et al,, 1978),

In Figures 4.6a-4,6i, I have plotted mutual coupling 
curves for an anisotropic half-space with horizontal and 
vertical resistivity functions represented by Cole-Cole 
resistivity functions, Cole-Cole parameters were chosen to 
be intermediate in the range of values for porphry-copper 
mineralization. The mean dc resistivity term was chosen to 
be 1 00 ohm-meters, m was set at .30, t0 at 1.0, and c at 
.50. Based on Figure 6 of Pelton et a l „ (1978), these
values would be related to about 5 to 10 volume percent 
sulphides with grain sizes of about 5 to 10 mm. Since the
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Figure 4.6a. Mutual impedance on a homogeneous, anisotropic 
half-space with Cole-Cole resistivities and a 
ratio of vertical to horizontal R of 1.-- 
Computed for a 100 meter dipole-dipole array 
at an N of 6 for frequencies between .001 and 
10,000 Hertz. The mean dc conductivity is .01 
mhos/m. For horizontal and vertical resisti
vities, m = .30, t0 = 1.0, c = .5. Normaliza
tion factor is 931.5 x 1 0 ~6 .
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Figure 4.6b. Mutual impedance on a homogeneous, anisotropic 
half-space with Cole-Cole resistivities and a 
ratio of vertical to horizontal R of 4.-- 
Computed for a 100 meter dipole-dipole array 
at an N of 6 for frequencies between .001 and 
10,000 Hertz. The mean dc conductivity is .01 
mhos/m. For horizontal and vertical resisti
vities, m = .30, tQ = 1.0, c = .5. Normaliza
tion factor is 931.5 x 1 0 -6 .
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Figure 4.6c. Mutual impedance on a homogeneous, anisotropic 
half-space with Cole-Cole resistivities and a 
ratio of vertical to horizontal R of 9.-- 
Computed for a 100 meter dipole-dipole array 
at an N of 6 for frequencies between .001 and 
10,000 Hertz. The mean dc conductivity is .01 
mhos/m. For horizontal and vertical resisti
vities, m = .30, tQ = 1.0, c = .5. Normaliza
tion factor is 931.5 x 1 0 *6 .
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Figure 4.6 d . Mutual impedance on a homogeneous, anisotropic 
half-space with Cole-Cole resistivities and a 
ratio of vertical to horizontal R of 16.—  
Computed for a 100 meter dipole-dipole array 
at an N of 6 for frequencies between .001 and 
10,000 Hertz. The mean dc conductivity is .01 
mhos/m. For horizontal and vertical resisti
vities, m = .30, tQ = 1.0, c = .5. Normaliza
tion factor is 931.6 x 1 0 -6 .
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Figure 4.6 e. Mutual impedance on a homogeneous, anisotropic 
half-space with Cole-Cole resistivities and a 
ratio of vertical to horizontal R of 25.—  
Computed for a 100 meter dipole-dipole array 
at an N of 6 for frequencies between .001 and 
10,000 Hertz. The mean dc conductivity is .01 
mhos/m. For horizontal and vertical resisti
vities, m = .30, tQ = 1.0, c = .5. Normaliza
tion factor is 931.5 x 1 0 ~6 .
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Figure 4.6f. Mutual impedance on a homogeneous, anisotropic 
half-space with Cole-Cole resistivities and a 
ratio of vertical to horizontal R of .25.-- 
Computed for a 100 meter dipole-dipole array 
at an N of 6 for frequencies between .001 and 
10,000 Hertz. The mean dc conductivity is .01 
mhos/m. For horizontal and vertical resisti
vities, m = .30, tQ = 1.0, c = .5. Normaliza
tion factor is 931.5 x 10~^.
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Figure 4.6g. Mutual impedance on a homogeneous, anisotropic 
half-space with Cole-Cole resistivities and a 
ratio of vertical to horizontal R of .1111.—  
Computed for a 100 meter dipole-dipole array 
at an N of 6 for frequencies between .001 and 
10,000 Hertz. The mean dc conductivity is .01 
mhos/m. For horizontal and vertical resisti
vities, m = .30, tQ = 1.0, c = .5. Normaliza
tion factor is 931.5 x 10“ .̂
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Figure 4.6 h. Mutual impedance on a homogeneous, anisotropic 
half-space with Cole-Cole resistivities and a 
ratio of vertical to horizontal R of .0625.—  
Computed for a 100 meter dipole-dipole array 
at an N of 6 for frequencies between .001 and 
10,000 Hertz. The mean dc conductivity is .01 
mhos/m. For horizontal and vertical resisti
vities, m = .30, tQ = 1.0, c = .5. Normaliza
tion factor is 931.5 x 1 0 ~6 .
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Figure 4.6i. Mutual impedance on a homogeneous, anisotropic 
half-space with Cole-Cole resistivities and a 
ratio of vertical to horizontal R of .04.—  
Computed for a 100 meter dipole-dipole array 
at an N of 6 for frequencies between .001 and 
10,000 Hertz. The mean dc conductivity is .01 
mhos/m. For horizontal and vertical resisti
vities, m = .30, tQ = 1.0, c = .5. Normaliza
tion factor is 931.5 x 1 0 ~6 .
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half-space has independent horizontal and vertical complex 
resistivities, (the ratio of horizontal to vertical 
conductivities) is now complex„

Only horizontal and vertical values for the para
meter R have been varied in Figures 4„6a-4„6i„ The curves 
are quite similar to those calculated for real resistivities 
except that they have both a low frequency arc that corres
ponds to the IP effect and a high frequency response that is 
related to the EM coupling effect. The form and sign of the 
EM response is similar to the corresponding real case, but 
curves have been shifted towards the origin.

IP and EM effects are well separated, due largely to 
choice of the time constant, t0 - With tc equal to 1.0 for 
horizontal and vertical Cole-Cole resistivities, the IP 
phase peak occurs at frequencies below 1 Hertz, where EM 
induction effects are negligible. If a smaller time con
stant had been chosen, the phase peak would be shifted to a 
higher frequency where separate IP- and E M - d o m i n a t e d  
responses would not be so readily visible.

EM effects start in the range of 3 to 10 Hertz and 
dominate the higher frequencies. One interesting effect is 
the second arc-like feature in Figure 4.6f between 10 and 
100 Hertz. This feature is not related to the IP response 
but is only the effect of the interaction of the electro
magnetic field with the anisotropy.
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Other parameters in the Cole-Cole resistivity model 

can be varied instead of the dc resistivity term. Figures 
4,7a and 4,7b show the effect of varying the horizontal and 
vertical m while holding other parameters constant. Figure 
4,7a shows the effect of increasing the m in the horizontal 
resistivity function by a factor of two and decreasing m in 
the vertical resistivity function by a factor of two. 
Figure 4,7b shows the opposite situation, with the vertical 
m increased with respect to the horizontal m.

At frequencies up to about 10 Hertz, mutual imped- 
ance is dominated by the Q(r) function, which is responding 
to the geometric mean of the horizontal and vertical resis
tivities, Whether horizontal or vertical m is increased 
makes no difference, and the response is identical for both 
cases. When compared to the isotropic case in Figure 4,6a, 
the arc representing the IP response has flattened and the 
quadrature component has increased. The gentler slope for 
the low-frequency arc shows that the effective frequency 
dependence, c, is decreased by the anisotropy.

At higher frequencies where EM effects dominate, 
varying m has a similar influence as varying the resis
tivity, This should not be surprising since R and m occur 
as a product in the Cole-Cole function. Increasing the 
horizontal m value and decreasing the vertical m value 
causes a rising curve on Figure 4,7a between 10 and 100
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Figure 4.7a. Mutual impedance on a homogeneous, anisotropic 
half-space with Cole-Cole resistivities. 
Horizontal m = .60 and vertical m = .15.—
Computed for a 100 meter dipole-dipole array 
at an N of 6 for frequencies between .001 and 
10,000 Hertz. The horizontal and vertical 
resistivities have R = 100 ohm-m; t0 = 1.0, 
and c = .5. Normalization factor is 927.5 x10-6.
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Figure 4.7b. Mutual impedance on a homogeneous, anisotropic 
half-space with C o l e - C o l e  resistivities. 
Horizontal m = .15 and vertical m = .60.--
Computed for a 100 meter dipole-dipole array 
at an N of 6 for frequencies between .001 and 
10,000 Hertz. The horizontal and vertical 
resistivities have R = 100 ohm-m; tQ = 1.0, 
and c = .5. Normalization factor is 927.5 x
10-6.



Hertz. The curve in Figure 4.7b between 10 and 100 Hertz 
looks like the curve in Figure 4.6f where the ratio of the 
vertical to horizontal resistivity is 4. Two phase peaks 
occur between dc and 100 Hertz, but the IP response is not 
significant above 3 Hertz. The phase peak at about 32 Hertz 
is from EM coupling.

Increasing the horizontal t0 and decreasing the 
vertical by factors of 2, the same as was done for m, and 
had no noticeable effect on the normalized curve in the 
complex plane at either the high or low frequency. Coupling 
curves behaved the same as the complex, isotropic case. 
No figures were made to illustrate this since all curves 
appear the same as in Figure 4.6a. The mutual impedance is 
relatively insensitive to anisotropy related to the time 
constant. Much larger variations in the horizontal and 
vertical t are required to make a noticeable difference.

Figures 4.8a-4.8e, 4.9a- 4.9e and 4.1Oa-4.1Oe illus
trate the increasing complexity that can be introduced by 
placing a layer over the half-space. In this study, I have 
chosen the first layer to have a thickness equal to the 
dipole length. It is isotropic and weakly polarizable, with 
C o l e - C o l e  parameters of m - .1 , tp = .1 , and c = .5.
According to Figure 6 of Pelton et al. (1 978), this can be 
empirically related to about 2 percent by volume sulphides 
with a grain size of 3 to 5 mm. The second layer always has

103
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an isotropic m = »3, tQ = 1 and c = .5. The ratio of hori
zontal to vertical R is varied in the second layer.

Figures 4.8a-4.8e are for the case of a 100-meter- 
thick, 500 ohm-meter overburden over an anisotropic half - 
space. The calculations have been made with a 100 meter 
dipole-dipole array at an N spacing of 6. As a general 
rule, it is assumed that at an N of 6, the depth of inves
tigation is approximately one and a half to two dipole 
lengths.

The coupling curves have characteristics of both the 
high over low resistivity layering and the anisotropy of the 
second layer. At low frequency, the IP response is quite 
similar to that calculated for a half-space with the proper
ties of the second layer. The coupling curves are largely 
responding to the anisotropy of the second layer between 10 
and 10 00 Hertz. With a resistive overburden at low freq
uency, enough current flows in the second layer to influence 
the field measured on the surface. However, as the freq
uency is increased, the current flows closer to the surface 
and the electromagnetic fields respond more to the resistive 
surface layer. For curves associated with increased hori
zontal conductivity (Figures 4.8b and 4.8c), the imaginary 
part reaches a relative maximum between 100 and 1000 Hertz, 
then decreases steadily, changing sign at about 1000 Hertz
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Figure 4.8a. Mutual impedance on a two-layer earth with 
Cole-Cole resistivities. First layer dc 
resistivity is 500 ohm-m. Second layer has a 
ratio of vertical to horizontal resistivity of 
1. -- Computed for a 100 meter dipole-dipole
array at an N of 6 for frequencies between 
.001 and 10,000 Hertz. The first layer is 
isotropic, with m = .10, tQ = .1, and c =.5. 
The second layer has a mean dc resistivity of 
100 ohm-m and horizontal and vertical m = .3, 
tQ = 1.0, and c = .5. Normalization factor is 
1116 x 10-6.
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Figure 4.8b. Mutual impedance on a two-layer earth with 
Cole-Cole r e s i s t i v i t i e s . First layer dc 
resistivity is 500 ohm-m. Second layer has a 
ratio of vertical to horizontal resistivity of 
4. -- Computed for a 100 meter dipole-dipole
array at an N of 6 for frequencies between 
.001 and 10,000 Hertz. The first layer is 
isotropic, with m = .10, tQ = .1, and c = .5.
The second layer has a mean dc resistivity of 
100 ohm-m and horizontal and vertical m = .3, 
tQ = 1.0, and c = .5. Normalization factor is 
1116 x 10-6.
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Figure 4.8c. Mutual impedance on a two-layer earth with 
Cole-Cole resistivities. First layer dc 
resistivity is 500 ohm-m. Second layer has a 
ratio of vertical to horizontal resistivity of 
16. —  Computed for a 100 meter dipole-dipole 
array at an N of 6 for frequencies between 
.001 and 10,000 H e rtz. The first layer is 
isotropic, with m = .10, tQ = .1, and c = .5. 
The second layer has a mean dc resistivity of 
100 ohm-m and horizontal and vertical m = .3, 
tQ = 1.0, and c = .5. Normalization factor is 
1116 x 10-6.
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Figure 4.8d. Mutual impedance on a two-layer earth with 
Cole-Cole resistivities. First layer dc 
resistivity is 500 ohm-m. Second layer has a 
ratio of vertical to horizontal resistivity of 
.25. —  Computed for a 100 meter dipole-dipole 
array at an N of 6 for frequencies between 
.001 and 10,000 Hertz. The first layer is 
isotropic, with m = .10, t0 = .1, and c = .5.
The second layer has a mean dc resistivity of 
100 ohm-m and horizontal and vertical m = .3, 
t0 = 1.0, and c = .5. Normalization factor is 
1116 x 10-6.
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Figure 4.8e. Mutual impedance on a two-layer earth with 
Cole-Cole resistivities. First layer dc 
resistivity is 500 ohm-m. Second layer has a 
ratio of vertical to horizontal resistivity of 
.0625. -- Computed for a 100 meter dipole-
dipole array at an N of 6 for frequencies be
tween .001 and 10,000 Hertz. The first layer 
is isotropic, with m = .10, tQ = .1, and c = 
.5. The second layer has a mean dc resistivity 
of 100 ohm-m and horizontal and vertical m = 
.3, tQ = 1.0, and c = .5. Normalization
factor is 1116 x 10-^ .
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and tracking through the third and fourth quadrant of the 
complex plane.

For the models with increased vertical conductivity 
in Figures 4.8d and 4.8e, both the anisotropy of the second 
layer and the layering contribute to the negative coupling 
effects in the curves. An interesting feature is the closed 
loop in the frequency range of 100 to 3200 Hertz on Figure 
4.8e. This is apparently the result of the contrast between 
the first and second layer. This feature would most likely 
show up as a notch in a field survey where sampling may not 
be sufficiently dense to fully detail the curve. Notching 
was also noted by Wynn (1979) in his models.

In Figures 4.9a-4.9e I have changed the first layer 
dc resistivity term to 50 ohm-meters. This represents a 
case where the overburden is slightly more conductive than 
the bedrock. The curves are as expected for the cases of an 
isotropic second layer and second layers with increased 
horizontal conductivity. The major changes occur in Figures 
4.9d and 4.9e. Figure 4.9d develops a second arc-like feat
ure between 1 and 100 Hertz, with a peak at about 32 Hertz. 
A notch develops at 100 Hertz, then a positive coupling 
curve follows.

On Figure 4.9e, results are even more spectacular. 
A closed loop develops between about 1 and 200 Hertz. A
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Figure 4.9a. Mutual impedance on a two-layer earth with 
Cole-Cole resistivities. First layer dc 
resistivity is 50 ohm-m. Second layer has a 
ratio of vertical to horizontal resistivity of 
1. -- Computed for a 100 meter dipole-dipole
array at an N of 6 for frequencies between 
.001 and 10,000 Hertz. The first layer is 
isotropic, with m = .10, t0 = .1, and c = .5. 
The second layer has a mean dc resistivity of 
100 ohm-m and horizontal and vertical m = .3, 
tQ = 1.0, and c = .5. Normalization factor is 
761 x 10-6.
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Figure 4.9b. Mutual impedance on a two-layer earth with 
Cole-Cole resistivities. First layer dc 
resistivity is 50 ohm-m. Second layer has a 
ratio of vertical to horizontal resistivity of 
4. -- Computed for a 100 meter dipole-dipole
array at an N of 6 for frequencies between 
.001 and 10,00 0 Hertz. The first layer is 
isotropic, with m = .10, tQ = .1, and c = .5. 
The second layer has a mean dc resistivity of 
100 ohm-m and horizontal and vertical m = .3, 
tQ = 1.0, and c = .5. Normalization factor is 
761 x 10-6.
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Figure 4.9c. Mutual impedance on a two-layer earth with 
Cole-Cole resistivities. First layer dc 
resistivity is 50 ohm-m. Second layer has a 
ratio of vertical to horizontal resistivity of 
16. —  Computed for a 100 meter dipole-dipole
array at an N of 6 for frequencies between 
.001 and 10,000 Hertz. The first layer is 
isotropic, with m = .10, t0 = .1, and c = .5. 
The second layer has a mean dc resistivity of 
100 ohm-m and horizontal and vertical m = .3, 
tQ = 1.0, and c = .5. Normalization factor is 
761 x 10-6.
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Figure 4.9d. Mutual impedance on a two-layer earth with 
Cole-Cole resistivities. First layer dc 
resistivity is 50 ohm-m. Second layer has a 
ratio of vertical to horizontal resistivity of 
.25. -- Computed for a 100 meter dipole-dipole 
array at an N of 6 for frequencies between 
.001 and 10,000 Hertz. The first layer is 
isotropic, with m = .10, t0 = .1, and c = .5. 
The second layer has a mean dc resistivity of 
100 ohm-m and horizontal and vertical m = .3, 
tQ = 1.0, and c = .5. Normalization factor is 
761 x 10-6.
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Figure 4.9e. Mutual impedance on a two-layer earth with 
Cole-Cole resistivities. First layer dc 
resistivity is 50 ohm-m. Second layer has a 
ratio of vertical to horizontal resistivity of 
.062 5 . -- Computed for a 100 meter dipole-
dipole array at an N of 6 for frequencies 
between .001 and 10,000 Hertz. The first 
layer is isotropic, with m = .1 0 , tQ = .1 , and 
c = .5. The second layer has a mean dc
resistivity of 1 0 0  ohm-m and horizontal and 
v e r tical m = .3, tQ = 1.0, and c = .5. 
Normalization factor is 761 x 1 0 “6 .
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double-bumped spectra is apparent at low frequencies up to 
32 Hertz, with peaks occurring at about .1 and 10.

Figures 4.10a-4„10e represent the case of a first 
layer that has a dc resistivity five times as conductive as 
the second layer. The first layer is 100 meters thick and 
has a resistivity of 20 ohm-meters. Its Cole-Cole para
meters m, tG , and c are unchanged from the previous models. 
The second layer is the same as in the previous models. 
Again, the calculation is for an N of 6 with a 100 meter 
dipole-dipole array. At low frequencies the shape of the 
curve is changed significantly, even though the IP proper
ties are identical and conventional wisdom would indicate 
that the second layer should be detected at this N spacing.

I interpret the results in the following way. The 
conductive overburden is concentrating current near the 
surface. In the IP frequency range, the received voltage 
appears to be affected by the shorter time constant of the 
surface layer. For Figures 4.1Oa-4.10c, the low-frequency 
arc appears to peak at 1 Hertz, then go through an inflec
tion point between 1 and 10 Hertz before continuing with the 
expected positive EM coupling curve.

At higher frequencies, the properties of the first 
layer and the low to high resistivity contrast between lay
ers still appears to control the shape of coupling curves. 
For models with increased horizontal conductivity, the
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Figure 4.10a. Mutual impedance on a two-layer earth with
Cole-Cole resistivities. First layer do 
resistivity is 20 ohm-m. Second layer has a 
ratio of vertical to horizontal resistivity 
of 1. -- Computed for a 10 0 meter dipole-
dipole array at an N of 6 for frequencies 
between .001 and 10,000 Hertz. The first 
layer is isotropic, with m = .10, tG = .1,
and c = .5. The second layer has a mean dc 
resistivity of 100 ohm-m and horizontal and 
vertical m = .3, t Q = 1.0, and c = .5. 
Normalization factor is 471.1 x 10“^.



118

Figure 4.10b. Mutual impedance on a two-layer earth with
Cole-Cole resistivities. First layer dc 
resistivity is 20 ohm-m. Second layer has a 
ratio of vertical to horizontal resistivity 
of 4. —  Computed for a 100 meter dipole-
dipole array at an N of 6 for frequencies 
between .001 and 10,000 Hertz. The first 
layer is isotropic, with m = .1 0 , tQ = .1 ,
and c = .5. The second layer has a mean dc 
resistivity of 1 0 0 ohm-m and horizontal and 
vertical m = .3, t 0 = 1.0, and c = .5. 
Normalization factor is 471.1 x 1 0 "6 .
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Figure 4.10c. Mutual impedance on a two-layer earth with
Cole-Cole resistivities. First layer dc 
resistivity is 20 ohm-m. Second layer has a 
ratio of vertical to horizontal resistivity 
of 16. -- Computed for a 100 meter dipole-
dipole array at an N of 6 for frequencies 
between .001 and 10,000 Hertz. The first 
layer is isotropic, with m = .1 0 , t0 = .1 ,
and c = .5. The second layer has a mean dc 
resistivity of 1 0 0 ohm-m and horizontal and 
v e rtical m = .3, t Q = 1.0, and c = .5. 
Normalization factor is 471.1 x 1 0 “6 .
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Figure 4.1 Od. Mutual impedance on a two-layer earth with
Cole-Cole resistivities. First layer dc 
resistivity is 20 ohm-m. Second layer has a 
ratio of vertical to horizontal resistivity 
of .25. -- Computed for a 100 meter dipole-
dipole array at an N of 6 for frequencies 
between .001 and 10,000 Hertz. The first 
layer is isotropic, with m = .1 0 , tQ = .1 ,
and c = .5. The second layer has a mean dc 
resistivity of 1 0 0 ohm-m and horizontal and 
v e r tical m = .3, t Q = 1.0, and c = .5. 
Normalization factor is 471.1 x 1 0 ~6 .
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Figure 4.lOe. Mutual impedance on a two-layer earth with
Cole-Cole resistivities. First layer dc 
resistivity is 20 ohm-m. Second layer has a 
ratio of vertical to horizontal resistivity 
of .0625. —  Computed for a 100 meter dipole- 
dipole array at an N of 6 for frequencies 
between .001 and 10,000 Hertz. The first 
layer is isotropic, with m = .10, tG = . 1,
and c = .5. The second layer has a mean dc 
resistivity of 100 ohm-m and horizontal and 
ve r t i c a l  m = .3, t 0 = 1.0, and c = .5. 
Normalization factor is 471.1 x 10“^.
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curves all have a very similar shape, indicating a small 
influence of the second layer anisotropy„ Curves diverge 
only slightly between 50 and 500 Hertz»

For the models with increased vertical conductivity 
(Figures 4.1Od and 4.1Oe), the situation is complicated. On 
Figure 4.1O d , inflection points develop on the curve at 
about 1 and 32 Hertz. Again, the slight peak at 10 Hertz 
and the low at 32 Hertz are EM effects and do not reflect 
the IP response of either layer. This is seen in 4.10e, 
where a sharp notch has d e v e l o p e d  at 32 Hertz . The 
inflection seems to mark the transition from: (.1 ) the low-
frequency behavior that is responding to a weighted average 
of the first and second layers, to (2) a positive coupling 
response that reflects layering.
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CHAPTER 5 

CONCLUSIONS

The analytical solution for a two-layer anisotropic 
earth with complex resistivity has been presented. My 
results are compatible with Wait's solution (1982) for a 
multi-layer earth and contrast with Wynn's results (1979). 
The solution has been written in a form which takes advan
tage of existing software for the computation of electric 
fields on a multi-layer earth with c o m p l e x , isotropic 
resistivities. While modifying that software, an error that 
influences results for multi-layered models with complex 
resistivities was identified and corrected.

Computations have been made for both half-space and 
two-layer models, with resistivities ranging from real and 
isotropic to complex and anisotropic. Results are different 
from those previously published and appear to fit a simple 
physical explanation that correlates the coupling response 
on a two-layer earth to that occurring on a half-space under 
conditions of increased horizontal or vertical conductivity. 
Both increased horizontal conductivity for a half-space and 
a conductive first layer in a two-layer model cause an 
increase in lateral current flow and both produce positive 
coupling curves. Increased vertical conductivity or a



second layer that is more conductive than the first layer 
causes a relative increase in vertical current flow and can 
produce negative coupling curves, As predicted by Wait 
(1966a), the mutual impedance of grounded wires on an aniso
tropic half-space provides diagnostic information about the 
anisotropy, that is not available in either DC resistivity 
measurements or inductive EM soundings.

Two-layer models with real anisotropic resistivities 
have been computed for two of the models of Wynn (1979) and 
have produced quite different results. His assertion that 
anisotropy can cause the normalized amplitude between dc and 
. 1 Hertz to exceed 1 could not be verified. Notching and 
even closed loops were observed in some layered models, but 
it was not clear whether this result was caused by the 
anisotropy of a layer or simply reflected a strong contrast 
in the layer properties.

To model polarizable, anisotropic layers, horizontal 
and vertical conductivities can be represented by indepen
dent Cole-Cole models. For the few models computed here, 
Cole-Cole parameters were selected to represent intermediate 
properties of porphyry-copper mineralization. For large 
time constants, the complex r e s i s t i v i t y  causes a low 
frequency arc and a left lateral shifting of the mutual 
impedance curve when data are plotted in the complex plane. 
At higher frequencies, curves have the same form and plot in
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the same quadrant as in the real case. Varying parameters 
other than resistivity in the Cole-Cole model produces 
results consistent with physical reasoning. Variations in m 
(changeability) can cause similar results as variations in R 
(dc resistivity term).

Two-layer cases have been computed to show the 
influence of overburden on response of a target at d e p t h , 
Conductive overburden can obscure the response of the second 
layer, Not enough transmitted current flows in the second 
layer to influence the field measured at the surface. The 
high-frequency EM effects that are i n d i cative of the 
anisotropic behavior of the second layer are subdued. When 
conductive overburden is present, simple rules for the depth 
of penetration of a dipole-dipole array do not hold.

When the first layer is more resistive, currents 
penetrate deeper and second layer properties can be more 
easily detected. Anisotropic behavior can be recognized 
over a wider frequency range. Layering appears to affect 
the high frequencies and, at least for increased vertical 
conductivities, can produce local closed loops on mutual 
impedance curves, when plotted in the complex plane.

Results of this study suggest that measurements of 
the mutual impedances of grounded wires are useful in the 
interpretation of the subsurface electrical properties. In 
particular, information is available in the EM coupling



component of multi -frequency IP measurements that is not 
readily available in conventional EM, IP or DC resistivity 
measurements „ Many mineralized environments, targets for 
subsurface water, and even oil environments appear to be 
associated with vertically oriented fractures, veins or 
boundaries. Locally these environments might be approxi
mated by the microanisotropic resistivity model studied

/
here„ Negative coupling curves might be indicators of such 
environments. High resistivity surface layers are not 
required to produce negative coupling effects.

This study also has relevance to problems in the 
recognition and separation of IP and electromagnetic effects 
in geophysical exploration systems. The goal in making 
multifrequency IP measurements is often to derive a descrip
tion of IP properties of the ground over a wide frequency 
range. The detailed IP response allows prediction of the 
size and volume percent of mineralization and, potentially, 
discrimination between economic and uneconomic targets.

To separate the IP response from mutual impedance, 
the usual approach is to fit an empirical model that sup
posedly represents separately the responses of low frequency 
IP effects and higher frequency EM effects. Methods have 
concentrated on empirical techniques because of problems 
computing responses of physical models that represent all 
the complexities of the mutual impedance curve.
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Because the goal of these decoupling schemes is to 

derive the complex apparent resistivity of the equivalent 
half-space, a direct approach to this problem. would be to 
invert the data to an anisotropic half space. When the IP 
response can be represented by a single Cole-Cole model, a 
simple, 5 parameter model, involving horizontal and vertical 
resistivity and a single m, t0 , and c could be used. This 
physical model could match both positive and negative 
coupling curves over the frequency for which measurements 
are not complicated by the effects of layering. Complex 
resistivity and electromagnetic effects would be treated in
a more realistic fashion, and better resolution of the IP7
response at high frequency should be possible.

An area of active research is measurement of the 
IP effect using ungrounded sources and/or receivers. The 
anisotropic model suggests that this type of measurement 
could produce results different from those measured with the 
grounded receiver and transmitter combination. If the 
transmitter or receiver (or both) are ungrounded loops, the 
Q(r) function is zero. For the uniform-layered, microaniso- 
tropic model, mutual impedance is only a function of P(r), 
which depends only on the horizontal conductivity function.

Currently, little is known about the anisotropy of 
resistivity in typical exploration environments. Thus it is 
impossible to judge its influence on inductive IP measure-



128
mentSo Certainly it can be expected to be significant in 
deposits such as porphyry-copper and disseminated gold 
deposits where vertically oriented structures, veins and 
stockworks are common. More case histories and more three- 
dimensional measurements of the electrical properties of 
rocks are required to properly assess the advantages and 
disadvantages of grounded versus inductive methods,
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